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PREFACE. 


Tus text-book is designed with special reference to the needs of 
the undergraduate work in mathematics in American Colleges. 

The preparation for it consists in fairly good elementary courses 
in Algebra, Geometry, Trigonometry, and Analytical Geometry. 

The course is intended to cover about one year’s work. Experi- 
ence has taught that it is best to confine the attention at first to func- 
tions of only one variable, and to subsequently introduce those of 
two or more. For this reason the text has been divided into two 
books. Great pains have been taken to develop the subject con- 
tinuously, and to make clear the transition from functions of one 
variable to those of more than one. ‘The ideas which lie about the 
fundamental elements of the calculus have been dwelt upon with 
much care and frequent repetition. 

The change of intellectual climate which a student experiences in 
passing from the finite and discrete algebraic notions of his previous 
studies to the transcendental ideas of analysis in which are involved 
the concepts of infinites, infinitesimals, and limits is so marked that 
it is best to ignore, as far as possible on first reading, the abstruse 
features of those philosophical refinements on which repose-the foun- 
dations of the transcendental analysis. 

The Calculus is essentially the science of numbers and is but an 
extension of Arithmetic. The inherent difficulties which lie about its 
beginning are not those of the Calculus, but those of Arithmetic and 
the fundamental notions of number. Our elementary algebras are 
beginning now to define more clearly the number system and the 
meaning of the number continuum. This permits a clearer presen- 
tation of the Calculus, than heretofore, to elementary students. 

As an introduction and a connecting link between Algebra and 
the Calculus, an Introduction has been given, presenting in review 
those essential features of Arithmetic and Algebra without which it is 
hopeless to undertake to teach the Calculus, and which are unfor- 
tunately too often omitted from elementary algebras. 


The introduction of a new symbolism is always objectionable, 
ili 


iv PREFACE. 


Nevertheless, the use of the ‘‘ English pound ’’ mark for the symbol 
of ‘‘ passing to the limit’’ is so suggestive and characteristic that 
its convenience has induced me to employ it in the text, particularly 
as it has been frequently used for this purpose here and there in the 
mathematical journals. 

The use of the ‘‘ patenthetical equality’’ sign (=) to mean 
‘* converging to ’’’ has appeared more convenient in writing and print- 

‘ing, more legible in board work, and more suggestive in meaning than 
the dotted equality, —, which has sometimes been used in American 
texts. 

' An equation must express a relation between finitenumbers. The 
differentials are defined in finite numbers according to the best mod- 
ern treatment. In order to make clear the distinction between the 
derivative and the differential-quotient, I have at first employed the 
symbol Df, after Arbogast, or the equivalent notation /’ of Lagrange 
exclusively, until the differential has been defined, and then only has 
Leibnitz’s notation been introduced. After this, the symbols are 
used indifferently according to convenience without confusion. 

The word guaniily is never used in this text where number is 

meant, ‘True, numbers are quantities, but a special kind of quantity. 
Quantity does not necessarily mean number. 
' The word ratio is not used as a relation between numbers. It is 
taken to mean what Euclid defined it to be, a certain relation between 
quantities. The corresponding relation between numbers is in this 
book called a quotient. The quotient of a by 4 is that zumber whose 
product by 4 is equal to a. 

In preparing this text I have read a number of books on the 
subject in English, French, German, and Italian. The matter pre- 
sented is the common property now of all mankind. The subject 
has been worked up afresh, and the attempt been made to present it 
to American students after the best modern methods of continental 
writers. 

I am especially indebted to the following authors from whose 
books the examples and exercises have been chiefly selected: Tod- 
hunter, Williamson, Price, Courtenay, Osborne, Johnson, Murray, 
Boole, Laurent, Serret, and Frost. 

My thanks are due Dr. John E. Williams for great assistance in 
reading the proof and for working out all of the exercises. 

Wie i Be 


UNIVERSITY OF VIRGINIA, October, Ig02. 
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INTRODUCTION TO THE CALCULUS. 


SECTION I. 
ON THE VARIABLE. 


1. Calculus, like Arithmetic and Algebra, has for its object the 
investigation of the relations of Numbers. It is necessary to under- 
stand that the symbols employed in Analysis either represent numbers 
or operations performed on numbers. 


2. The Symbols. 

T, 2, 3, 4,-+---. (i) 
are symbols used to represent the groups of marks which we call zz/e- 
gers. Thus* 

Tes 
I+], 
T + I zt I, 


I 
2 
3 


The system of integers (i) etends indefinitely toward the right, 
as indicated by the sign of continuation. This system is called the 
table of integers. Each integer has its assigned place, once and for 
all, in the table. Any integer in the table is, conventionally, said to 
be greater than any other integer to the left of it, and less than any 
integer to the right of it in the table (i); 


3. Definition of Infinite Integer.—When an integer is so great 
that its place in the table of integers cannot be assigned in such a 
manner that it can be uniquely distinguished from each and every 
other integer, that integer is said to be unassignably great or infinite. 
Mathematical infinity has no further or deeper meaning than this. 


4. The Inverse Integer. 








The reciprocals of the,integers 

(3p pp tl (ii) 
constitute an extension of the table (i) to the left of the integer 1, 
which number is its own reciprocal. As before, any number in this 
table is said to be greater than any number to the left of it, and less 


than any number to the right of it. 
Corresponding to each number in (i) there is a number in (ii), 





* The symbol = is to be read, ‘‘2s identical with,” or ‘is the same as.” 
I 


2 : INTRODUCTION TO THE CALCULUS. [Sec. I. 


and conversely. Those numbers in (ii) which are the reciprocals of 
the infinite or unassignably great integers, are said to be zmfinilesimals 
or unassignably small.* 


5. The Absolute Number. The Absolute-Number Continuum. 

When in the table of numbers 

Pe eg oe iby We 2h eee (iii) 
the gap between each pair of consecutive numbers is filled in with all 
the rational (fractional) and irrational numbers that are greater than 
the lesser and less than the greater of the pair, we construct a table of 
numbers which is called the aésolute-number continuum. Each number 
in this system has its assigned place. It is said to be greater than any 
number to the left of it and less than any number to the right of it. 
Each number in the absolute-number continuum is called an absolute 
number. 

Any and all numbers in the table that are greater than any integer 
that can be uniquely assigned, as in § 3, are said to be zzjimite or unas- 
signably great. In like manner any number in the table that is less 
than any reciprocal-integer that can be uniquely assigned a place in 
the table is zzfimitestmal or unassignably small. 

The absolute continuum is thus divided into two classes of num- 
bers: the uniquely assigned or simply the assigned numbers, which we 
call the fimze numbers ; and the numbers which cannot be uniquely 
assigned or /ransfinile numbers. 

The transfinite numbers greater than 1 are called infinite, those less 
than 1 infinitesimal numbers. 


6. Zero and Omega.—The absolute-number system, as con- 
structed in $5, extends indefinitely both ways, in the direction of the 
indefinitely great and in that of the indefinitely small. In this sys- 
tem there isno number greater than all other numbers in the system, 
nor is there any number that is less than all others in the system. 

The system is conventionally closed on the left by assigning in the 
table a number zero whose symbol is 0, which shall be less than any 
number in the absolute system. Since now there is no number greater 
than 1 to correspond to the reciprocal of this number o, we design 
arbitrarily a number omega whose symbol is Q, as the reciprocal of o, 
and which is greater than any number in the absolute system. 

The number o is the familiar xaught of Arithmetic. The num- 
ber O is the wlt#mate number of the Theory of Functions, and with 
which we shall not be further concerned in this book. 

The number 0 is not an absolute number, but is the inferior boundary 
number of that system. In like manner the number Q is not an abso- 


lute number, but is the superior boundary number of the absolute 
system. 








_ *The words ‘great’ and ‘small’ have in no sense whatever a magnitude mean- 
ing when applied to numbers. They are mere conventional phrases and the words 
‘right’ and ‘left’ or ‘in’ and ‘out,’ might just as well be employed, 
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7- The conventional symbol for the whole class of unassignably 
great or infinite numbers is 0. There has been adopted no conven- 
tional symbol for the class of infinitesimals ; the symbol most com- 
monly used is the Greek letter iota, 2. 


8. The Real-Number System.—When in the algebraic system 
of numbers 


= O,.. NOS RYT eee Ro OS dl Als a ar hc -» + Q, 
the gap between each consecutive pair is filled in with all the rational 
and irrational numbers that are greater than the lesser and less than 
the greater of the pair, the system thus constructed is called the real- 
number continuum, 

It is understood that any number in this table is greater than any 
number to the left of it and less than any number to the right of it. 

The modulus of any real number is its ari/hmetical or absolute 
value. Thus, the modulus or absolute value of -+ 3 or —3 is the 
absolute number 3. If we employ the symbol x to represent any 
number in the real continuum, then its modulus or absolute value is 
represented by |x| or mod x. 

In this book we shall be directly concerned only with real num- 
bers and their absolute values. Hereafter when we speak of a number, 
we mean a real number unless otherwise specially mentioned.* 

9. Geometrical Picture of the Real-Number System.—We assume a cor- 


respondence between the points on a straight line and the numbers in the real 
continuum. 


Ste = 3 ea Ome eA Zie ekS Tey 
PL 6 al RS Sa O vee) 2 etna 22.) be D 
Ihren Gi 


Select any point O on a straight line. Choose arbitrarily any unit length; with 
which construct a scale of equal parts, 4, B, C,.. . starting at O proceeding 








* The real-number continuum is a closed system of numbers to all operations 
save that of the extraction of roots. When we consider the square root of a nega- 
tive number we introduce a new number. The complex or complete number of 


analysis is 
x+Y, 


where « and y are any two real numbers, and z is a conventional symbol represent- 


ing + ¥Y—x1. Corresponding to any real number y there are as many complex 
numbers as there are real numbers x; and corresponding to any real value x 
there are as many complex numbers as there are real numbers y. The complex 
system is a double system. In the theory of functions of complex numbers, 
which includes that of real numbers as a special case, the ultimate number () is 
conventionally a number common to all systems in the same way as is 0. 

The student is already familiar with the impossibility of solving all questions 
in analysis with real numbers only. For example, in the theory of equations 
when seeking the roots of equations. All the more so is this true in the Calculus, 
for we cannot solve the fundamental problem of expanding functions in series with- 
out the use of complex numbers, except in a very few particular cases. 

If z is any complex number x + zy, its modulus or absolute value is 


kJ=t+ Vatpy. 
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toward the right, and 4’, B’, C’, .. . toward the left. Mark the points of divi- 
sion, 0 at the origin O, and +1, +2, etc., toward the right; —1, —2, etc., 
toward the left. Then, corresponding to any real number «x there is a point P on 
the line to the right of O if x is positive ; and P’ to the left of O if x is negative. 
The number x is the measure of the length OP with respect to the unit length 
chosen, Conversely, corresponding to each point Pon the line there is a number 
in the real-number system. 


10. Variable and Constant.—In the continuous number system, 
as designed in § 8, it is convenient to use letters as general symbols 
to represent temporarily the numbers in that system. Thus, we 
can think of a symbol x as representing any particular number in that 
system. Further, we can think of a symbol x as representing any 
particular number, say + 3, and then representing continuously in 
succession every number between + 3 and any other number, say 
+ 5, and finally attaining the value + 5. We speak of sucha symbol 
x, representing successively different numbers, as a number, and 
we speak of any particular number which it represents, as its 
value. s 


Definition.—A number ~x is said to be variable or constant ac- 
cording as it does or does not change its value during an investigation 
concerning it. 

We shall frequently be concerned with symbols of numbers which 
are variable during part of an investigation and are constant during 
another part. 

Generally, variables are represented by the terminal letters z, v, 
w, Xx, y, 8, etc., and constants by the initial letters a, 4, c, etc., of 
the alphabet. This is not always the case, however, as the context 
will show. 


11. Interval of a Variable.—We shall sometimes confine our 
attention toa portion of the number system. For example, we may 
wish to consider only those numbers between a and 6. We shall employ 
the symbol (a, 4), @ being less than 4, to represent the numbers a, 6 
and all numbers between them. If we wish to exclude from this 
system 4 only, we write (a, (; if @ only, we write ) a, 4); when we 
wish to exclude a and 4 and consider only those numbers greater than 
a and less than 4, we represent the system by )a, 4(. 

If x is a general symbol representing any number in sucha portion 
of the number system, or interval, defined by @ and 4, we have the 
equivalent notations, 








(2, )=S=ea sx = 4, 
(2, 6(S@ =x <4, 
ja, b)= a we Sb, 
ja, (=acx<d, 
A variable is said to vary continuously through an interval (a, 4), 


when x starts with the value @ and increases to 4 in such a manner as 
to pass through the value of each and every number in (a, 4). Or, x 
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passes in like manner from 4 to a2. The number - is said to increase 
continuously from a@ to 4, or decrease continuously from 4 to a. 


O a x (0) 
rn rrr 
O A $e B 
BIG. 2 


In the geometrical picture, of $9, illustrating the number system, if the points 
A, FP, 4, correspond to the numbers a, x, 4, the segment 48 represents the inter- 
val (a, 6). As x varies continuously from a to 4, or through the interval (a, 4), the 
point P corresponding to the number x generates the segment 42. 


12. The Limit of a Variable. 


Definition.—When the successive values of a variable x approach 
nearer and nearer to the value of an assigned constant number a in such 
a manner that the absolute value of the difference x — a becomes and 
remains less than any g7ven assigned constant absolute number e€ what- 
ever, we say that the number ~ has a for its Limit. 

In symbols, under the above conditions we write 


4 (*) =4, 
which is read, ‘‘ the limit of xis a.’’ The variable is said to converge 
to its limit. 





EXAMPLES. 


Arithmetic furnishes examples of a limit . 

1. In the extraction of roots of numbers. Whenever anumber has no rational 
number for a root, its root, if real, is an 27vat/ona/ number called a surd, which is 
the limit of a sequence of rational numbers constructed according to a certain law. 

2. In general, the definition of a number is: * 

Any sequence of rational numbers 

By Aq, + + + 9 My wo 
defines and assigns a number, when it is constructed according to any law which 
requires each number in the sequence to be finite and such that, whatever assigned 
number e be given (however small), we can always assign an integer for which 
|@n — an +-pl <6; 
for any assigned value of the integer f (however great). ; ne 

The very definition of a number, on which all analysis is founded, is a limit. 
The number assigned by the above regu/ar sequence of numLers is but the limit to 
which converges the element a, of that sequence, as 7 increases indefinitely. If a 
be the symbol of the number thus defined, then in symbols we write, 


OS 4 (47). 


It should be observed that irrational numbers having been thus defined, the 
numbers a, in a regular sequence can be any numbers rational or irrational. The 
regular sequence defines and assigns a number in its place in the table of numbers. 

Algebra furnishes a useful and an interesting example of a limit in the evalua- 
tion of the infinite geometrical progression. 

3. The identity 

1—a@tis(r—axyitetet... +2) 
is established by multiplying the two factors on the right. 





* Due to Cantor and Weierstrass. 
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Therefore, in compact symbolism, which we shall frequently employ, 


r=" A+1 
: I x 
2 at = 


r=0 





ta4 ea 





If x is any number such that |x| <1, we can make and keep «* +1, and there- 
fore also the second term of the member on the right, less than any assigned 
number e, by making » sufficiently great. Therefore, the limit of the sum of the 
series on the left is 1/(1 — x), or in symbols 


rf Soxrsitaetet. os 


N=om r=0 





In this example thévariable is 
S,=titet... +24" 
If now xis any assigned number in )o, I(, x is positive, and S, continuously 
increases as y increases. The variable S, is always less than the limit. If x is in 





)— I, O(, it is negative, say x= — a; then 
n 
S(-prersi—eta—.. 4 (= ren, 
r=0 
I (— 1)*a* 11 
a= BS) ee She ES 


7 i+e Ita 

When z is even the variable S, is greater than its limit; when 2 is odd 
the variable S, is less than its limit. Therefore, as 2 increases through integral 
values, the variable converges to its limit, changing from greater than the limit to 
less as 2 changes from even to odd and vice versa. 

It is to be observed that if |xj > 1, the sum of the series and the equivalent 
member on the right increase indcfinitely with ~, in absolute value, and can be 
made greater than any assigned number and therefore become infinite. Under 
these circumstances the serics has no limit; its value becomes indeterminately 

reat. 
e Geometry furnishes numcrous illustrations ofthe limit. The most notable being: 


4. The evaluation of the area of the circle as the limit to which converge the 
areas of the circumscribed and inscribed regular polygons as the number of sides 
is indefinitely increased. 


5. The evaluation of the irrational and transcendental number z representing 
the ratio of the circumference of a circle to its diameter. 

Trigonometry furnishes an illustration of a limit which will be found useful 
later: 


6. To evaluate the limit of the quotient sin x + x as x diminishes indefinitely 
in absolute value. 





A Draw a circle with radius 1. Draw 144 = 
MB perpendicular to O7. Then 
1 Area quadrilateral OA 7B = tan x, 
; Area triangle OAMB = sin x, 
Area sector OANB = x, 
% where x is, of course, the circular measure of 
O Z AOT. 
T Then, obviously, from geometrical consider- 
ations, 
sin.x <-x < tan x, 
I 
or Dice Feri See 
sin: cosa 
B sin + 
o%. > >> ‘COS 2. 


Fic. 3: 
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When x diminishes indefinitely in absolute value, cos x becomes more and more 
nearly equal to 1, and has the limit 1 as x converges too. Consequently the quo- 
tient (sin x)/x converges to the limit 1 as x converges too. In our symbolism, 


sin x 
= ee 
x 


2(=)o 

13. Definition.—When a symbol «x, representing a variable num- 
ber, has become and subsequently remains always less, in absolute 
value, than any arbitrarily small assigned absolute number, x is said 
to be tfinitesimal. 

When a variable becomes and remains greater, in absolute value, 
than any arbitrarily great assigned number, the variable is said to be 
infinite. 

When a variable x is infinitesimal, we write * x(=)o. It follows 
from the definition that when a variable becomes infinitesimal it has 
the limit o, or assigns the number o. 

When ~ has the limit 2, or 4x = a, then by definition 

4(* — 2) =0. 
When x — a is infinitesimal, we write 
x — a(=)o. 
This same relation we shall frequently express by the symbol 
A(=)a, 

meaning that the absolute value of the difference between x and a is 
infinitesimal. When a is the limit of x, the symbol x«(=)a is to be 
read, ‘‘as x converges to a,’’ or ‘‘.% converges to a.”’ 

We shall frequently use the symbol € (efsz/oz) to represent an 
arbitrarily small assigned absolute number. We then speak of the 
interval (2 — €, a+ €) as the neighborhood of an assigned number 
a. ‘The symbol x(=)@ means that ‘‘ x is in the neighborhood of a.’’ 
All numbers that are in the zezghborhood of an assigned number are 
said to be consecutive numbers. 

When a variable « becomes infinite we write x =o. Such a 
variable has no limit, it simply becomes indeterminately great. The 
symbol + = co merely means that x is some number in the class of 
unassignably great numbers. 


14. The Principle of Limits. 
I. A variable cannot simultaneously converge to two different 
limits. 





*The equality sign in parenthesis (=) may be read ‘‘parenthetically equal 
to,” the word ‘parenthetically ’ carrying with it the explanation of the nature of the 
approximate equality. It is simply another way of saying that the difference 
between two numbers is infinitesimal. 

jz —al=2 and x — a(=)jo 
mean the same thing. The symbol = has been used for (=), but appears less con- 
venient, expressive, and explicit. 
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It is impossible for a (one-valued) variable x to converge to two 
unequal limits @ and 4. For, the differences |1 — a| and |x — 4| can- 
not each be less than the assigned constant number 4|é — a| for the 
same value of x. 

The direct proof of this statement rests on this: 

The number x must be either greater than, equal to, or less than 
the number 4(a@ + 4), where say a < 4. 


If x= 4(a+ 4), . *“&£—a=4(b—<a), 
Vr 4@t Dy st. Ake alae 
Ifx <4(a+ 3d), . 6—x>43(b—a). 


II. If two variables x and y are always equal and each converges to 
a limit, then the limits are equal. 

If £x =a, and £ y= 6, and « = y =z, then, by I, the variable 
z cannot converge to two unequal limits simultaneously. Therefore 
a= db. : 

15. Theorems on the Limit.* 

I. If the limit of x is 0, then also the limit of cx is 0, where c is 
finite and constant. 

For, whatever be the assigned constant absolute number e, we can 
by definition of a limit make and keep || less than the constant 
|¢/c|, and therefore cx less than ¢€ in absolute value. Consequently, 


by definition 
& (cx) =o = ¢£ (x). 
2+(=)o 
II. If each of a finzfe + number of variables By Bye ae ae 
the limit o, then the algebraic sum of these variables has the limit o. 
Let x be the greatest, in absolute value, of the ” variables. Then 


la ta,t...+4,|s nx. 

Since # is finite, the limit of this sum is 0, by I. 

Wf La = @,, 4a, = Qi. , hee, then whee 
finite integer 

Ae, ay a) Bae ee eae + £x,. 

For, put) a, = ¢)-b ay, .  4-%, Sa e,. By definition, the 
limits of a,,..., @areo. Hence 

Heat... - +e =H=(GQ+...4+4)+ (at... + a,), 
by II, gives 

Asin + = eb a 

Therefore the limit of the sum of a fimzve number of variables is 

equal to the sum of their limits. 





* The theorems of this article are of such fundamental importance and so 
absolutely necessary for the foundation of the Calculus that it will, in general, be 
paaneege hereafter that they are so well known as to require no further reference to 
them. 

+ If the number of variables is #o¢ finite, this theorem does not hold in general. 
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IV. The limit of the product of two variables x, and x, which 
have assigned limits a, and a, , is equal to the product of their limits. 
Let, as in IT, 4, = ¢,-+ a, «, = a, + a,. 
i: ata) = a4, a aa, a Ba 5 a, &,. 
By III, we have 
A(%,%,) = a4, a a,£a, Se a, £a, is 4(a,a,). 
But, £a,=0, La, = 0, and a fortiort £(a,a,)=0. Therefore 
45%) = aa, a (4£x,)(4~,)- 
Cor. The limit of the product of a jimzfe number of variables having 
assigned limits, is equal to the product of their limits. In symbols * 


n ba 
£W(x,) = 1L£(«,). 
r=t1 r=1 
V. The limit of the quotient, x,/x,, of two variables is equal to 
the quotient of their limits, provided the limit of the denominator is 
not o. 
With the same symbolism as in IV, 
5 ca Ae Na ele i lc Rare GEE 
= = ; 
Xs a+ a, a, a+, 4@, sad 
a 88, = a0, 
a, a,(4, a) a) 
By hypothesis, £a,=0, £a,=0, anda,#o. Therefore the 
denominator of the second term on the right is always finite, while, 
by III, the limit of the numerator iso. The limit of this term is 


o, by I.+ 
» {0-2-8 


VI. If x and y are two variables and a is a constant, such that y 
always lies between x and a, then if Ax =a, also Ly= a. 





| 





* As the symbol & is used to indicate the sum, so JZ is used to indicate the 
product of a set of numbers. Thus, 


w 
StypHa, +a. +... +44, 
1 


n 
TEE Chg Xe cael CK igs 
I 

The advantage of such symbolism is in compactness of the formule. 

+ Notice particularly the provision that £x, 4 0. For, when #%_ =O and 
£x, # O, the quotient x,/*» incieases beyond all limit or becomes infinite as x) 
and x, converge to their limits. An infinite number cannot be a limit under the 
definition. : ie A 

Again, if £x, = 0 and also £x, = 0, the quotient of the limits 0/o is com- 
pletely indeterminate, while the quotient x,/x, = 4g may or may not converge to 
a determinate limit. The value of this quotient as x, and x, converge to o depends 
on the law connecting the variables x, and x, as they converge too. This case is 
one of profound importance and is the foundation of the Differential Calculus. 
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The truth of this is obvious, since |« —a|>|y—a|, and « —a@ 
has the limit o. 

In like manner, it follows that if « and z have the common limit 
a, and y is a third variable between x and z, then also must {y= a. 
For, |_y — @| must at all times be less than one or the other of the 
differences |~ —a| and |z —aj, and each of these differences has 
the limit o. 


VII. If one of two variables is always positive and the other is 
always negative, and they have a common limit, that limit is o. 

Let a be the common limit of « and y, where x is always positive 
and'y is always negative. Then 


+le|=ata, and —|y|\=a+ 6, 
where La=o, £8 =o. Subtracting, 
Fea ls edie 
Since f(a — f) =0, .. @+a=2a=0, anda, the com- 
mon limit of x and_y, is o. 


VIII. Ifa variable x continually increases and assumes a value 
a but is never greater than a given constant A, then there must exist 
a superior limit of x equal to or less than A. 

(1). No number such as a which x once attains can be a limit of 
x. For, since x continually increases, it must subsequently take some 
value a’ > a, and it is never possible thereafter for « — a to be less 
than the constant a’ — a. 

(2). The variable x cannot attain the number 4, since if it did, x 
continually increasing must become greater than A, which is contrary 
to hypothesis. 

(3). Divide the interval A — a = 4 into 10 equal parts. The vari- 
able x after attaining @ must either attain a+ ;44 or remain always 
less than a+ j),4. Ifxattainsa + 54, it must either attain a + A 
or remain always less than a+ 2,4. We continue to reason thus 


until we find a digit f, such that x must attain @ + A, and remain 
Io 


I : 
always less than a eee That is, x must enter and always 


remain in one of the ro intervals. 
In like manner, divide the interval 
A A, +1 

a+-+h, a+*!-—h 

( ato” + 10 
into 10 equal parts. In the same way we find that + must enter and 
always remain in one of these intervals, and that there is a digit p, 
such that 


h 


Io” 


at Fat Papcucat hay Pay 


Io 
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In like manner, continue this process ” times. Then 
* n h 
Py £ 
ath —<x<cath = 
Ae Shi Sie Sapa 
I I 

This process can be carried on indefinitely. Consequently the 
construction leads to the constant number 
py 


10” 


Ton 


a=a+th 
I 
from which x can be made to differ by a number less than 4/10* which 
can be made and kept less than any given number e, for all values of 
m greater than m, where 2/10” < €. 

Therefore the constant @ is the limit of «, and is either equal to 
or less than A. 

In the same way, we prove the theorem: If a variable x always 
diminishes and attains a value a, but is never less than an assigned 
constant number A, then the variable x has an inferior limit that is 
equal to or greater than A. 


IX. If there be two variables « and _y, such that _yis always greater 
than x, and if x continually increases and y continually decreases, and 
the difference y — x becomes less in absolute value than any assigned 
absolute number ¢, then there is a constant number greater than x 
and less than y which is the common limit of x and _y. 

By Theorem VIII, x hasa superior limit a, and y has an inferior limit 
6. For, any particular value_y, of y fixes a constant than which + 
cannot be greater, and any particular value x, of x fixes a constant 
than which y cannot be less. Hence, if we put 


x=a—a, andy=sb4 £, 


y—x=(a—5)— (a+). 

But, £(y— x) =0, £(a + f) =09; .*. @—b =o. This defines 
the equality of@ and 4. Therefore « and y converge to a common 
limit. 


we have 
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EXERCISES. 


1, The successive powers of any assigned number greater than 1 increase 
indefinitely and become infinite as the exponent becomes infinite. 
Let @ be any absolute number, and # any integer. 


Then a+am>i1+ma. (1) 
In fact, (I+ a@ayv=142a+a’>1+4 2a. 
The formula (1) is true when #7 = 2. Assume it to be true whenm =m. Then 
(Ifa >1+na. 
Multiply both sides by 1+ a@. 
(1 ays > 1+ (m+ 1a + nat, 
>14+(@+ Ia. 
(1) istrue also for#-+ 1. But, being true for m = 2, it is also true for m = 3, 


and therefore for m= 4, etc., and generally. Therefore, since mq@ and conse- 
quently (1 + a)” can be made greater than any assigned number, the’ proposition 


is demonstrated. 
2. The successive powers of any assigned absolute number less than 1 diminish 


indefinitely and have 0 for limit. 
Any number less than I can be written as the quotient 1/(1 + a). sBy Exec 


I I I 
(+a ~1+ma we 
This can be made less than any assigned number e, by sufficiently increasing m. 
_ 3. The successive roots of an absolute number greater than 1 continually 
diminish ; those of an absolute number less than 1 continually increase ; and in 


either case have the limit 1. 
Whatever be the absolute number a, 


ne Gers) eee tem eae: 
ot =a n(w+1)— ) gu(n+t) ; 


me! n I I " 
atti —=q *n+4+1) =) gnt+3) t r 
Therefore, by Exs. 1, 2, whatever be the integer x, 
I T 
nti; : 
Qh > Gr ie eon ty 
r I 
Pe Ieee LE A Sis ean 


I 


Ifa@>i1, ‘then a® > T. 
I 
Let a@=>1I-+a,_ and a*=-11 8; 
‘ 
then (tt a)* =1+4, 
or (fa) =(I-+ BS 14 nf. 
«. $< @/n, and we have 
uy 
7” S 
a at ee 
I 
n 


Hence PD ma 8 
n=O 
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Rete <1, say @=1/(1-+ a): 
~s tT 
Also, a*<1, say a" =1/(14+ f) 
Then, as before, (£ < a/n, and 
I 


— I 
LS a ————-, 
' ‘ I+a/n 
which shows again that 
I 
Js Ca= Ts 
: K=O 
4. Show that when a is any assigned positive number, 
We a == 5; 
#%(=)o 


whatever be the way in which x converges to o. 
(1). Let m, x, ~, g be any positive integers. Then 


m p m 4 


a al — qt ¢, 
Bp 
Mieee he athe. 2%) Te 
Bowe” Ce -~(2+4) ae 
(PO SE SSS Type and OB SEEN DLE eg 


Therefore a* continually increases as x increases by rational numbers. 
pas 
ovat, then % <1; 


BERD: me mM t) m 
COE AE OE Ga LE and ER OSE SP WSEL OSS Te eid 


Therefore @* continually diminishes as x increases by rational numbers, 
When |x} is rational and less than 1, there can always be assigned two con- 
secutive integers 72 and m + 1 such that 


I | I 
Up ea ae m : : 
The above results show that whether a be greater or less than 1, a* lies between 
I [ I I 


a+ and am, When m=, a+ and a” converge to 1, Ex. 3, and there- 
fore also does a*; and £a* = 1, when 2(=)o. 

(2). When «x is irrational there can always be assigned two rational numbers @ 
and £ differing from each other as little as we choose, such that a < x < /. 
The number @* is defined by its lying between a¢ and a8. Since x(=)o when 
a( =)6(=)o, we have, as before, @* converging to I along with ae and a8, 

5. Show that fax = a4* = af, if £x = f. 

We have | aB — ax = aB(I — a*—8), 

Passing to limits, we have, by Ex. 4, 

ap — fu SOs 
6. If a and £ are positive numbers, and fx = , show that 
log, & logs A(x)\1= log, f- 


5 
We have log, 6 — log, « = log, z 
The above exercises show that however x converges to 6, £ logy (f/x) = 0. 
Therefore 


log, 6 — £ loggx = 0. 
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7. Utilize Ex. 6, to prove IV, V, from III, § 15. 


8. Use Ex. 6, to show that 
IAG?) NAST 
where y has a positive limit, and the limit of x is determinate. 


9. A set of numbers a@,, a@,..., 4,...., arranged in order is called a se- 
quence. Any number of the sequence, a,, is called an element of the sequence ; the 
number 7 is called the order of the element a, Any sequence is said to be known 
when each element is finite and known when its order is known. 

If a), dj, +++, Qn, -..+ be a sequence of numbers such that a, is finite when 
ry is finite, then will £a,, when x = 0, be Oor « according as 


ft 


a= 
is less or greater than I, respectively. 
Let, when z = 20, £(@n41/@n) = k, and&> 1. Then, by the definition of a 
limit, we can always assign a number # such that 1 < #/ < %, whence corre- 
sponding to & we can find an integer m for which we have, for all values of x, 


an +3| 


an | 





Qn+m+i ee 
Qnim 
ae Ay ty > BR Gsn 


12 
Om +2 > k an4+1 > am, 


Cp tig > i ane 
By hypothesis, @,, is finite. Since we can make 2 greater than any assigned 
number by sufficiently increasing x, we have La, = 0. 


In like manner, if £(@,4;/an) = 2 < 1, 
Om in < Ray, 
which can be made less than any assigned number by increasing x, when as before 
Tee tae. ots Gp = Orn Wiiehest == 601. 
In order that the element a, may have a finite-limit different from 0, it is neces- 


sary that * 
pede Pe 
an Wy ; 


The quotient, a, 4 1/an, of each element by the preceding one will hereafter 
be called the convergency quotient of the sequence. This theorem is of importance 
and will be used later. 


10. The series of numbers 


Oya Gye Sea aaa a ok (i) 
is said to be absolutely convergent when the corresponding series of the absolute 
values of the terms is convergent. 

That is, when 

ao |@,| at |@y| ela re Fe aa lan 

has a determinate limit when z =o. 
Show that (i) is absolutely convergent if 


Anty 
ee aS 
mH <| 


I: 


’ 


and if this limit is greater than 1, the sum of the series is 00. 





* When the symbols |=], |> |, |<| are used, they mean that the equality or in- 
equality of the edsolute values of the two members of the equation is asserted. 
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Let the letters in (i) represent absolute numbers, and let 


Then there can always be assigned an integer m corresponding to any number 
R' such that & < 2’ <1, for which 


Umtnt1 < RB, 
amin w 
for all values of w. As in Ex. 9, we have 


amtn < Rn am: 
Hence the sum of the series after a, is less than 
Bayt... + RtGy +... =a,(R+...4+h"44+... ys 
R! 
sae a 
This is finite, since 2’ # 1. Therefore S,, must be finite. Also, by Ex. 9, 


£ %m =0, when m=. Consequently we can always assign an integer 7 such 
that 


== 


Snim — Sn < €, 


for all values of 7, where e is any assigned number. Hence .S, has a determi- 
nate limit. Otherwise, the existence of the limit of S,, follows at once from VIII, 
§ 15. For S, continually increases, but can never exceed 


ata... a me “bom —} 
Again, if £(@n41/an) > 1, say equalto2 >1. Then, as before, we can assign 
k between & and 1, and have the sum of the series after @,, greater than 


GE Leo SRE. UY: 
which is 0. 


The number £(an41/@n) is called the convergency quotient of the series. 





11. The arithmetical average, or mean value of a sequence of # numbers, 
Dy Og 9) 9 


is one wth of their sum, or 
I n 
=- 5%. 
n 
1 


Show that when the number of elements in a sequence increases indefinitely 
according to any given law, the mean value has a determinate limit, if all the ele- 
ments are finite. 

Since 

Ub, Ze Oki Me 


where Z and J/ are the least and greatest elements respectively, the mean value 
must remain finite. Also, 





I n+p I n 
Anip— An ae r oes 
n+p 
FE 
>a r Be awe se 


Tat pe met Dp) 
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But 
ae fee eae 
Wat pe |<lnetp) nth 
n+p pG 
app elle 


G being an assigned number, than which no element can be greater in absolute 
value. Whatever be the assigned integer 2, we can always assign an integer z 
that will make an,s— a@nless than any assigned number e. The mean value 
therefore converges to a determinate limit. The value of this limit depends on the 
law by which the sequence is formed. 


12. Find the limit of 
(3) 
Zz 


when z becomes infinite in any way whatever. 
Divide both numerator and denominator in 


m+i 
xm 1 
Fees 
Bia 
where m is a positive integer, by x” —1. Whence results 


Pony ea Se (am )” I 


i a 
ae Te ts eA oe 2. eee 


, then each of the # terms in the denominator of the frac- 








tion on the right is tess on I. 





m+-1 
xm —I I m-+I1 
es I 5 . 
x—I Z BES m 
Hence MENT. 
xm —~I>-, 
J m+t ane m 
or I —— >{I+-—]. 
aaa m 


Therefore, the value of the expression continually increases with m, and is 
always greater than 2, by Ex. 1. 





I : : 
(2) Hx =1- rage, each of the #z terms in the denominator of the same 


fraction is greater than I. 





m+ 
I—« ™ I m+trI 
“. ———_ <I4+-—-= a 
I—<x m m 

m+. I 
Hence P= 7G Mee 
m 
m+. : 
or BD > 


m 


ART. 15.] EXERCISES. a7 


ee (+ wh I ae (: a zy 
m+ 1 m) ~ 

6 (he ae 

m+tI ; m 7 


Therefore the expression continually diminishes as the positive integer m in- 
creases. 


(3). Whatever be the positive number x, we have 
x2 > x2 — 1, 
os I 
See 


x—I x 


LAS I\* 
Hence (: = = Ss (: #2) ; 


whatever positive value + may have. 


(4). Also, 
Cae leek 


1\¥ I 1\y 
= (14+ 5) 4 o(r+ 5), 
if we putx=y+1. 


These results (I), ..., (4), show that 


I\2z 
(3 

continually increases as z increases by positive integers, and continually de- 
creases as z decreases by negative integers, and that the latter set of numbers is 
always greater than the former, by (3). Also, these ascending and descending 
sequences have a common limit,* by (4). 

The value of this limit lies somewhere between 

(1 + 1/6)6 = 2.521... and (§ — 1/6)-© = 2.985 ..- 

We represent it, conventionally, by the symbol ¢. More accurately computed, 

its value is 




















é = 2-7182818285 ... 


A more convenient method of computing e will be given later. It only remains 
now to show that the limit is the same, whether ¢ increases by rational or irrational 
values, or continuously. 

If z isany positive number, rational or irrational, we can always find two con- 
secutive integers and m + 1, such that 


m<2<m+i, 
I m t\2 y\m+1 
and («+ a < (+ =) <a Gas , 


or (+545) (+aq5)"'< eae (: +3) (#+3); 


This shows that when 7 = o, thenz = o, and 


fl4y= 


tate) 








* Put (1 — m-1)—™ = am, [1 + (m — 1)-7]”—* = by. Then assigning to 
m the values I, 2, 3,..-, we have two sequences of positive numbers. The 
sequence a, always diminishes, the sequence 4,, always increases. The difference 
Q2y — 8, is a positive number converging to O when =o. The two sequences 
therefore define a common limit ¢. 
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‘The result in (4) shows this is true whether z be positive or negative.* This 
limit is the most important one in analysis. 


I 
13. Show that 4 (I+ xX = é 


x(=)o 


14. Show that 


4 loga( +3) = £ loga(1 + x)* = logge, 


x =O x(=)o 


and is 1,ifa@=e. Use Ex. 6. 


15. Show that ie (+ + *\= & (t+ ye =e) 


x= x(=)o 


16. Show that 4 (a — 1)/x = log, a. 
x(=)o 


Hint. Puta* = 1+ 2, 
17. If mis a positive integer, show that 
aw — gm 
—- = ma-}, 
x— a 
2(=)a 
18. Show that Ex. 17 also holds true when m is a negative integer, sien if 
is any positive or negative rational number. as 
Hint. Put m = ~/g. Divide the numerator and denominator by i — af, 
to obtain the quotient in determinate form for evaluation. 


19. Show that £ SO PS es do OES 6,9§ 123 
Hela ee 
20. Let 4, represent some particular one of the digits 0, I, . . . , 9, fora par- 
ticular value of y, Show that the periodic decimal 
DP x suey PiPyeeae s  PE opt vey l= ee tame ee 


has for its limit the rational number 
iN 


MSs 10/(10” — 1) 


where M= a-pi..-fl, and M= ipi41-+-.Dlims and pi+r=pltqmirs 
g being any integer, aid 7 any integer less than or equal to g. 


? 





* The evaluation here given is a modification of one due to Fort, Zeitschrift fiir 
Mathemattk, vii, p. 46 (1862). See also Chrystal’s 4/gedra, Part II, p. 77. 


SECTION II. 


ON THE FUNCTION OF A VARIABLE. 





16. Definition.— When two variables x and y are so related that 
corresponding to each value of one there is a value of the other they 
are said to be functions of each other. 

If we fix the attention on yas the function, then x is called the 
variable ; if on x as the function, then y is called the variable. 

Such functions as x and y defined above are not amenable to 
mathematical analysis until the daw of connectivity between them can 
be expressed in mathematical language. 


CLASSIFICATION OF FUNCTIONS. 


Functions are classed as explice or zmplicit functions according as 
the law of connectivity between the function and the variable is direct, 
explicit, or indirect, implied, implicit. 

17. Explicit Functions.—The simplest form of a function of a 
variable « is any mathematical expression containing x». Such a 
function is called an explicit function of x, because it is expressed 
explicitly in terms of the variable. 

Our attention will be confined in Book I principally to explicit 
functions of one variable. 

The three standard or elementary functions, 


ans sin x, loge 
and their inverse functions, 
hee sin "2, a, 


represent the three fundamental classes of functions called algebraic, 
circular, and logarithmic or exponential. All the elementary explicit 
functions of analysis are formed by combining these standard functions 
by repetitions of the three fundamental laws of algebra, 


Addition, Multiplication, Involution, 
and their inverses, 
Subtraction, _ Division, Evolution. 


Explicit functions are classified as a/gedrazc or 4ranscendental accord- 
ing as the number of operations (including only 
addition, multiplication. involution, 
subtraction, division, evolution, 
by which the function is constructed from the variable), is fimi/e or 
inpinite. 
19 
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18. The Explicit Rational Functions. 


I. The Explicit Integral Rational Function. 

The function of the variable x, 

A, + ax par? . 6. fayX", 
where the numbers a,, . . . , 2, are independent of x, and 2 isa finite 
integer, is called an explicit integral rational function of x, or briefly a 
polynomial in x. 

This is the familiar function which is the subject of inquiry in the 
Theory of Equations. Its place and properties in the system of func- 
tions correspond in many respects to the place and properties of the 
integer in thesystem ofnumbers. It can advantageously be expressed 
by the compact symbolism 

n 
Da Op Bee 
r=o 


meaning the sum of terms of type a,x” from r= 0 tor =”, 


II. The Explicit Rational Function. 
The quotient of two explicit integral rational functions of a vari- 
able x, 
@ 4 O20 os Gets 
b+6x+-... 46,0"? 
is called an explicit rational function of x, or simply a rational function 
of &. 
Its place in the system of functions corresponds to that of the 
rational or fractional number in the number system. 


III. The Explicit Irrational Algebraic Function. 

Any expression involving a variable x, or an integral or rational 
function of x, in which evolution a finite number of times (fractional 
exponents) is the only irrational part of the construction, is said to be 
an explicit irrational algebraic function of x. 

Such a function in the function system corresponds to those irra- 
tional numbers in the number system called surds. 

For example, 

I 
Va? — x2, a+ bx3, VI x/ Vi — 4, 
are irrational algebraic functions. 

19. Explicit Transcendental Functions.—Any expression which 
is constructed by an mfinife (and cannot be constructed by a finite) 
number of algebraic operations on a variable x is said to be an ex- 
plicit transcendental function of .. 

Examples of such functions are sin , e”, log «, tan—1!.x, etc., which can only be 
constructed from « by an infinite number of operations, such as infinite series or 
products, or continued fractions. 

20. Implicit Functions.—Whenever we have amy equation involv- 
ing two variables, v and_y, this equation is an expression of the law of 
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connectivity between the two variables and defines one of them as a 
function of the other. The functional relation is implied by the 
equation and is not explicit until the equation is solved with respect 
to one or the other of the variables. 
For example, the equation 
ax* + by? —c=0 


defines « as a function of y, and, just as much so, yas a function of x. These 
functions can be expressed explicitly by solving for x and y. Thus we have 


c— by c— ax 
al Bae and y= Sarees 


or x and y are expressed as explicit irrational algebraic functions of each other. 





In general, any algebraic polynomial in two variables x and_y 
when equated to zero defines y as an algebraic function of x, and x 
as an algebraic function of y. The explicit algebraic functions of 
§ 18 are but particular cases of this more generally defined algebraic 
function. 





21. Conventional Symbolism for Functions.—We frequently 
have to deal with a class of functions having a common property 
or common properties, and with functions of complicated form, 
which makes it convenient to adopt abbreviated symbols for func- 
tions. Thus, we frequently represent a function of the variable x 
by the symbol /(*), or /(x), d(x), (x), etc., when it is necessary 
or advisable to indicate the variable and the function in one com- 
pact symbol. When the variable is clearly understood, the paren- 
thesis and the variable are frequently omitted and the function symbol 
written 7, /, @ or y, etc. 

We frequently employ the symbols y, 2, 4, v, etc., as functions of x, 

In like manner we write a function of two variables x, y as f(x, y) 
or (x, y), etc., meaning a mathematical expression containing x and 
y. The equation 

P(*, 9) = 0 
implies, as said before, a functional relation between x and y, and 
defines yas an implicit function of x, or x as an implicit function ofy. 

If (x) is a function of x, and if @ is any particular assigned value 
of x, we write /(a) as the value of the function when + = a, or, as we 
say, the value of /(*) at a. 

For the present, when we use the word function we mean an 
explicit function of one variable. 

A function, /(*), is said to be uzzform or one-valued at a when the 
function has one determinate value at a. 

For example, ; 

avet bx+e, (2m, sin x, 
are one-valued functions for any value of x. 
If 7(x) has two, three, etc., distinct values corresponding to a 


22 INTRODUCTION TO THE CALCULUS. [Sec Il. 


value of the variable, it is said to be a two-, three- valued, etc., func- 
tion. 
For example, ax*, Va? — x*, are two-valued functions of x. 

Frequently a function does not exist (in real values or finite values) 
for certain values of the variable. Then, it is necessary to define the 
interval of the variable in which the function does exist and in which 
the investigation is confined. 


For example, the function 4/a? — 2? exists as a real function only in the inter- 
val ( — a, + a); the function represented by the series 


rteteot... 
exists as a determinate finite function only in the interval ) — 1, + 1(. 

22. Continuity of a Function. 

Definition : /(x) is said to be a continuous function of x atx = a, 
when /(x) converges to /(a) as a limit, at the same time that x con- 
verges continuously to @ as a limit. 

The definition and condition of continuity of /(x) at @ are com- 
pactly expressed in symbols by 

AI(*) =NZ*)- 

The function /(v) is said to be continuous in an interval (a, #) 
when it is continuous for all values of x in (a, f). 

The definition of cgntinuity of f(x) at x asserts that whatever 
absolute number 6 is assigned, we can always assign a corresponding 
absolute number / such that for all values of x, satisfying the inequality 

|x, —x| <4, 


| Ax) —AB)| <6. 


Since, by definition, the limit of /(x,) is /(x), we can make and 


keep 

|A*,) —S7()| 
less than any assigned absolute number 6 for all values of /(v,) sub- 
sequent to an assigned value /(.’). 

If « + 4 is the value of the variable corresponding to /(x’), then 
all the values of the function corresponding to the values of the vari- 
able in (x, x + ’) satisfy the inequality above. 

An important corollary to the above and a principle which will 
constantly be employed later is: If /(@), the value of /(x) at a, is 
different from o and is finite, then we can always assign a finite num- 
ber #4 such that for all values of x in the interval (@ — 4, a + h) the 
function /(x) has the same sign as /(a). 

The above definition shows that a continuous function must change 
its value gradually as the variable changes gradually, and that the dif- 
ference of the values of the function 

I\%) —SI(%.), 
must be arbitrarily small in absolute value when the difference of the 
corresponding values of the variable, «, — ,, is arbitrarily small. 


we have 
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It also shows that a function cannot be infinite at a value of the 
variable for which the function is continuous, and vice versa. 
In symbols, when /(x) is continuous at a, we must have simulta- 


neously 
£(@—a)=o and £LAx) —/fa)] =o. 


The definition and condition of continuity at @ can be expressed in 


the compact symbol 
& A(x) =S(): 
23. Fundamental Theorem of Continuity.—If /(x) is a uniform 
(§ 21) and continuous function of x in an interval (a, 4), then what- 
ever number JV be assigned between the numbers /(a) and /(4), there 
is a value & of x in (a, 6) such that at & we have 


Ag) =. 
The proof of this theorem falls under two heads. 





I. If a function /(x) is one-valued and continuous throughout an 
interval (a, 6), and /(a) and_/(4) have contrary signs, then there is a 
number & in (a, 4), at which we have 

J (5) = 0. 

Suppose /(a) is negative and /(4) positive. Then /(x) cannot be 
o or + arbitrarily near to x =a, nor can f(x) ‘be o or — arbitrarily 
near to x = 4, by definition of continuity of f(x) at @ and 4. 

Let —a=h. Divide this interval into 10 equal parts by the 
numbers ‘ 

a,at rh, ...,a+ qh, 4. 

Either /(x) is o for x equal to one of these numbers, in which 
case the theorem is proved, or it isnot. In the latter case let a, be 
the last of these numbers, proceeding from the left, at which /(.%) is 
negative, and 4, the first at which it is positive. 

Proceed in exactly the same way, subdividing the interval (a, , 4,) 
into ro equal parts. Then if /() is not o at one of the new division 
numbers, let a, be the last at which it is negative and 4, the first at 
which it is positive. 

Continuing this process ” times, we find that either f(x) is 0 at 
one of the interpolated numbers, or that /(a,) is negative and /(0,) is 
positive (see $15, VII, 3), and 


- = p 
a=a+h ) Pe , b,=ah ee 


TO% Io 


where each p,(r = 1, 2, . . - , #) represents some one of the digits 
o, I,.-..-, 9. If f(x) is o for some one of the interpolated 


numbers obtained by continually subdividing (a, 4), the theorem is 
proved; if not, then the two numbers a, and 4,, the former always 
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increasing, the latter always diminishing, converge to the common 
limit a 
ks Pr 
§&=a+h or 
Meanwhile /(a,) and /(4,) converge to the common limit /(&), 
by the definition of continuity. The first of these / (@,) is always 
negative, the second /(4,) is always positive. Also, since 6, — a, = 
h/t0”, we must have 


AiS Gs) —S@)} = SUSE) F1Z Ga) > 
=2|/()|. 


But this limit is o, by definition of continuity. 
f (8) =0. 
In like manner we prove the theorem when /(@) is positive and 
SF (4) is negative. ; 
II. The general theorem now follows immediately. For, what- 
ever be the numbers / (2) and / (4), if V lies between them, then 


f(x)—-N 
must have contrary signs whenx =a, x = 6. Therefore, by I, there 
must be a number & in (a, 4) at which 
f(é) —-N=o. 

The important fact demonstrated by this theorem is this: Ifa 
function / (x) is uniform and continuous in an interval (a, 4) of the 
variable, then as the variable x varies continuously through the inter- 
val (a2, 4), the function must vary continuously through the interval 
determined by the numbers f(a) and _/(4). That is, the function /(x) 
must pass through every number between /(a) and /(4) at least 
once. 


24. General Theorems.—The following general theorems result 
immediately from the theorems on the limit, § 15, and the definition of 
a continuous function. 


I. The sum ofa finite number of continuous functions is a con- 
tinuous function throughout any common interval of continuity of 
these functions. 

If f,(*), Z,(~), ~ . - > fa(%); are continuous at x, then 

A(x) SfA(%) +... +A (*) 
is a continuous function at +. For we have 


Abe) = LAH) + os FAC, 


=ZA("') +... £AA%’), 
=S/(4") + -- - AL’), 
=f(x«) +... +/A(*) = O(2). 
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Il. The product of a finite number of continuous functions is a 
continuous function in any common interval of continuity of these 
tunctions. 
If BEA) Ale)» - Ale), 
ae / 
then ee) Stare sa Sal® i, 


=A) «- » SL’), 
=S(4*') - . - FAL*’), 
=S(%) » - » Su(*) = (2). 
Corollary. Any finite integral power of a continuous function is a 
continuous function in the same interval of continuity. 


III. The quotient of two continuous functions is a continuous 
function in their common interval of continuity, except at the values 
of the variable for which the denominator is zero. 

If 7(x) = O(*)/#(*), then we can consider /(x) as the product of 
(x) and 1/i(x). The theorem is then true by the reasoning of the 
preceding theorem. 


Otherwise, yp 
vy {P%)_ L4O(%') 
BLO = Le) = £ERQY 
_ P(*) 
a(x)’ 


provided s(x) #0. If p(x) =o and G(x) # 0, then (x) = « and 
is not continuous at x. If #(«) =o and also G(x) = 0, then /(x) 
may or may not have a determinate value as the limit of /(x’), a case 
which we shall investigate later. 
IV. It has been shown, Exercises, Sec. I, Ex. 5, that 
Lat) = ah = afd, 

when @ is positive. Therefore 2% is continuous when /(%) is con- 
tinuous. 


V. In like manner, Ex. 6, Exercises, Sec. I, 


L log. M(*) = logs A(*) = logaN£*); 


7(x) being positive. Therefore, log, /() is continuous. 
VI. Again, if /(x) and $() are continuous and /(-) is positive, 


we have 
y= (fe). 
. logy = £(*) log ((*), 

4 logy = £[P(*) log A*)]; 
= £(x)-£ log /(*). 

w. log Ly = (4) log (L+); 

= log [A4*)]**. 

Lis? = 4s)]**, 
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and the function y is continuous when #(~) is continuous and /(x) is 
continuous and positive. 


SPECIAL THEOREMS, 


Since y = x is a continuous function of x, the product a,x”, where 
a, is independent of x, and 7 is any finite integer, is continuous for all 
finite values of x. Also the sum of any finite number of terms of this 
type is continuous. Therefore the algebraic polynomial in x is a 
continuous function for all finite values of x. 

By the theorem for the quotient, it follows that the algebraic frac- 
tion or rational function is continuous everywhere, except at the roots 
of the denominator. 

By Trigonometry, since 

sin «’ = sin x + 2 cos 3(x’ + 4) sin £(x’ — x), 
and 4.sin h(x) = 0, when, 2/(=)4; 
we have SOL SS Sia Se La. 

Therefore sin x is everywhere continuous. 

In like manner we show that cos x is everywhere continuous, and 
by § 24, III, tan x, cot x, sec x and csc x are continuous functions 
everywhere except at the roots of their denominators, cos x, sin x. 

The continuity of any algebraic function of 

Ya aes sin x, log x, 
can now be easily determined. 


25. Geometrical Illustration of Functions.—If we adopt the method of rep- 
resenting the variable, in §§ 8, 11, by points on a straight line, such as Ox, then at 
any point JZ on Ox corresponding to « = a@ we can represent the corresponding 
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value of a uniform function /(x) by a point Pina plane xOy. The point Pis con- 
structed by laying off a perpendicular J7P to Ox, such that the distance AZP is 
equal to the number /(@), and is measured upward if _/(@) is positive, and down- 
ward if /(a) is negative. 

For each and every value of « for which f(x) is a defined function, such as a,, 
ve ; . ., we can construct corresponding points P,, P,, ..., representing fla), 

(Qos e ss 

This is the familiar methad of Analytical Geometry, invented by Descartes. 
If we put y = fx), then Oy perpendicular to Ox can be called the axis of the func- 
tion, corresponding to Ox, the axis of the variable; and x, y are’the Cartesian coor- 
dinates of the point ? representing the functional form /(.). 
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If the function /(x) is continuous in any interval (a,, @;), then corresponding to 
any point JZ in 47,7, there is a point F, inthe plane xOy, at a finite distance 
from Ox, representing the function. Moreover, any two such points 7’, ?” cor- 
responding to AZ’, JZ’ can be brought as near together as we choose by bringing 
M' and M” sufficiently near together. Can we say that the assemblage of a// the 
ee /, representing a continuous function in a given interval (a, 4) of x, isa 

ine? 

To answer this question it is necessary to consider the question: What con- 
stitutes a line, or in general a curve? 

Geometrically speaking, the older definitions, now antiquated, required a line 
to have in the first place a determinate /ength corresponding to any two arbitrarily 
chosen points on the line, and also to have drection at any point. This requires 
a definition of direction and of dength, concepts themselves abstruse. The old 
definition, ‘‘a line has length without breadth or thickness,” is now taken to mean 
that a line is simply extension in one dimension. 

In order that the assemblage of points in the plane xOy representing a con- 
tinuous function f(x) can be defined as a line, this assemblage must have some 
analytical property at each point that will define a determinate direction, and cor- 
responding to any two points some analytical property that will define a determi- 
nate length. These properties must be inherent in the function /(«) of which the 
assemblage of points is the geometric picture. 

To define the first of these properties, i.e., a determinate direction, is the prov- 
ince of the Differential Calculus ; the second, which gives meaning to a definite 
length, is furnished by the Integral Calculus. ; 

At our present stage of knowledge, then, we cannot say that the assemblage of 
points which represents a continuous function is a line. But it will be demonstrated 
in what follows that such continuous functions as those with which we shall be con- 
cerned can be represented by curves, and we shall in the course of our work 
develop an analytical definition of a line, and find means of measuring its direc- 
tion, length, and curvature, and many other properties that are unattainable save 
through the Calculus. 

In order to take advantage of the intuitive suggestiveness of geometrical pictures 
as illustrations of the text, we shall assume for the present that the assemblage of 
points P,,..., 2, representing values of a continuous function in the interval 


M, M,,, has the following properties : 
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Join the consecutive points by straight lines. Consider the broken polygonal 
line P, P,.-- Pn. Then, if M4, and J, correspond to two fixed values a, 4 of x, 
and we increase the number of points, 17, between JZ, and J, indefinitely, in such 
a manner that the distance between any two consecutive points JZ, and JZ, 4; con- 
verges to zero, we shall have: 

First. The distance between the corresponding points P, and P, +1 converges 
to o. For, 2 P,+, is the hypothenuse of a right-angled triangle, /, VP, +15 
whose sides P, Vand VP, i ;=M/,M, + , converge too together, when 4Z,( = 
since the function fx) is continuous.* 





* The point 4, not shown in the figure, is the point in which a straight line 
through P, +, parallel to Ox cuts M/, F,. 
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Second. We assume that the angle P,_, P, P,+4, between any pair of con- 
secutive sides of the polygonal line, such as /, __, P, and P, P, + ,, converges to two 
right angles as a limit. 

Third. We assume that the sum of the lengths of the sides of this polygonal 
line P, P, converges to a determinate limit length. 

The first consideration secures continuity, the second determinate direction, and 
the third determinate length. 

The three together constitute the necessary conditions that the assemblage of 
points shall be a curve. 

The analytical equivalents of the second and third conditions will be developed 
later. That for the first has already been established in the definition of a con- 
tinuous function. 
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EXERCISES. 


= Seat bd . * A 
gat ae eo a a ay se) Ge that the function has a root in 
2. If O(*) =(* — 1)/(x +1), show that 
pa) — 94) _ a—s 
1+ $a) p(6)” 1 fab" 
3. If p(t) =e 4+ e-4, show that 
H(3t) = [¥()]° — 340), 
V(x +I) X YX — ¥) = Y(2x) + lay). 





4. If Mx) =log . + =, show that 
AA) + Ro) = ¥ (EEA), 


5. What functions satisfy the functional equations 
Ke +9) = 1%) Ss 
P(*) + AY) = P(y); 
(x) — Wx) = Wx/y), 
x — y) = Hx)/Fy). 
6. If f(x) = ax? — bx +c, write /(sin x). 


7. 1f y=«?+«—5, write x as a function of y. 
I 


8. Show that e* is discontinuous at x = 0. Examine the behavior of this func- 
tion as x increases through 0, 


9. If y = log (x + x? + 1), show that 
x = 1(ey — e-). 
This last function is called the hyperbolic sine of y and is written 
sinh y = }(ey — e—4). 


10. If y = log (x + x? — 1), x is called the hyperbolic cosine of y and 
written cosh y. Find this as a function of y. 


11. Show that ey = sinh y + cosh y. 
12. Let x be any assigned real number. Consider the function 
eal 
(2) = PARC 


where z takes only positive integral values. Show that A(z) has the limit o when 
nw = «©, whatever may be the finite value of x. 


13. Show that 
_a@a—1)...(@a—r+1) 
f(r) = a ey, 
in which @ and x are assigned real numbers, has the limit o when r = ow, pro- 
vided |x| <1. What is the value of /(oo ) when |x| > 1? 


14. Investigate 
xn 
Toa9 


nw 


for | |a|pzr. 
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2 2 
we (HS 
2 2 
shows that the geometrical mean, 4/aé, of two unequal numbers lies between them 
and is less than their arithmetical mean 3(@ + 6). 

Finding the square root of any absolute number / can be reduced to finding 
the square root of a number between 1 and 100. For, we can always assign an 
integer 2 such that 107746 = a, where I < a < 100; being + or — according 
as ( is less or greater than 1. Then 


VB =< 10-*4/@. 
Consider any given number between 1 and 100. Choose x, from one of the 
integers 2, ..., 10, such that 


(4, -—1P <a< x2. 


15. The identity 





Then feVa<n, 
ai 


a = I a 
eats ithe Pe 


Show that if this construction be continued to x,,, then 





22m —1? 
and therefore the sequence of numbers x,, x,, ... defines the square root of a, 
and 
Le lm a. 
Mm=cO 
16. Apply 15 to show that 4/5, to six decimal places, is 
2207 
KS = 2.236068 9. 
17. Show that the cubic function of «x, 
ass MG Es =/(*) 
h ; b— x, ie 
les ? Sf y, phe 


always has three real roots. 
Expanding with respect to the first row, 
Ax) = (@ = 2)[(6 — xe — 2) — f*] - [Re — &) — 2 feh + 6 — 2), 


Let 4, g, of which # is not less than g, be the two roots of the quadratic 
function 
(Gee) (Gn? a Oe ace bc — f2. 
Then Prg=b—+-«o¢ and pg = 6c — 7% 
Therefore neither # nor g can be between J and ¢ or equal to 4 or c, and pis 


greater and ¢ is less than either 6 orc. But 


+0) =—o, 
Kt) =+[hVp —c+ ¢ Vp — OF, 
AQ = —[kV¥e—g—g¢ Vi — gp, 
K-~)=+o. 


Hence, by S235 I, J (x) vanishes between + co and ~ betwee p Ss 
; n and g also 

bet een. q and —— and the three roots are real This exe ise wi : e 
n Ww : : By 1 EC} ill be need d 
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18. Determine the condition that the function 


ax? + 2bx+¢ 
shall retain its sign unchanged for all values of the variable x. 
The function can be written 


b b iphsee 
ofeagea tae (eat) rs 2 
— (ax + 6)? +. (ac — 67) 

2 5 





In order that this shall retain its sign unchanged for all values of x, it is 
necessary and sufficient that ac — 6? shall be positive. This condition being satis- 
fied, the function has the same sign as a for all values of x. 


19. Determine the condition that the function 


ax? + 2hxy + by? 
shall retain its sign unchanged for all values of the variables x and y. 
By completing the square, the function can be written 
(ax + hy) + 9%(ab — @) 
? 
a 
which, when ad — #2 is positive, has the same sign as @ for all values of x and y. 





20. Determine the condition that the function 


ax® 1 by? + cz2* 1. 2fy2z + agxz + 2hxy 
shall keep its sign unchanged for all values x, y, 2. 
By completing the square, the function can be written 


~ | (ax + gz + hyp + (ab — B)y” + 2(fa — hg ya + (ae — g?)2? iS 


The function will keep its sign unchanged and have the same sign as @ what. 

ever be the values of x, y, z, provided the quadratic function 

(ab — My? 4- 2( fa — hg) ye + (ae — g%)2 
is always positive. This will be the case, by Ex. 19, when 

ab — 7}? and (ab — })(ac — g?) — (fa —hgyP 
are both positive. Or, what is the same thing, ab —fh® and 
2 LDN SAF 

a(abe + 2feh — af bg ey 

sf ¢ 





must be positive. ; 
Exercises 18, 19, 20 will be drawn on in the sequel. 





BOOK I. 
FUNCTIONS OF ONE VARIABLE. 





PARTE 


PRINCIPLES OF THE DIFFERENTIAL CALCULUS. 


CHAP LER <I. 
ON THE DERIVATIVE OF A FUNCTION, 


26. The Difference of the Variable.—The difference oi a variable 
x is a technical term, which means the result obtained by subtract- 
ing a particular value of the variable, say x, from an arbzirarily 
assigned value of the variable, say x. 
Or, in symbols, 
ok. 
We use the characteristic letter J to represent the symbol of this 
operation, and write 
Ax=x,—%. 
This difference, J.x, is of course positive or negative according 
as x, is greater or less than ~. 
We sometimes for convenience write 


Ax= el i h, 
so that 
X= #4, 
and call & the increment of the variable x. 


27. The Difference of the Function.—The aference of the func- 
tion is a corresponding technical term, which means the result 
obtained by subtracting the value of a function at a particular value 
of the variable, say x, from the value of the function at an arddrariy 
chosen value of the variable, x,. In symbols 


: J\*,) — f(*) 
is the difference of the function /(x) at x, 
As in the case of the difference of the variable, we use the letter 
A as the symbol of this operation, and write 
Af{x) =/(*) =I): 
35 
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28. The Difference-Quotient of a Function. 


A difference of a function and a difference of the variable are. 
said to ‘‘ correspond’? when the same values of the variable occur 
in the same way in these differences. 


Definition.—The quotient obtained by dividing a difference of 
the function by the corresponding difference of the variable is called 
the difference-quotient of the function at the particular value of the 
variable. 

Thus, in symbols, 

Afx) _ fx) =e) _ 


AL & Kk, —% A 





is the difference-quotient of the function /(x) at x. 
For an assigned particular value «, the number g, depends on 
the value assigned to the arbitrary number ~,. - 


29. The Derivative of a Function. 


Definition.— Whenever the function f(x) is such that when we 
assign to the arbitrary value of the variable successive arbitrarily 
chosen values 

Xx. 


Gilg eB U Aare © OARS eh 


in such a manner that this sequence converges to the particular value 
x as a limit, and the corresponding sequence of difference-quotients, 
DASA) SNE) 9 INE) ee LAS) S(%n) —*) _ 

x, — x UE ee i Lice Ma 
has a determinate number as a limit, this /mz/ is called the derzva- 
te of the function /(x) at x. 

In other words, the function /(x) is said to be differentiable at x 
when the difference-quotient 


AN) Ax’) =) 


Fae Oe 





converges to a determinate limit as x’ converges to x asa limit in 
any arbitrary manner whatever, 


In symbols, 
Ix’) —/(#) 
x — x 
x (= )x 

is called the derivative of f(x) at x. 

This derivative is, in general, a function of x, and we shall 
represent it, after Lagrange, by the symbol /’(x), a convenient and 
characteristic symbolism because it shows the association of the 


derivative /’(x) with the primitive function /(x) from which it has 
been derived. 
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We shall also use sometimes another symbolism, to represent the 
operation by which this limit is derived, instead of the cumbersome 
one employed above representing the limit of the difference-quotient. 

We use the characteristic letter D as a symbol to represent the 
operation gone through of dividing the difference of the function by 
the corresponding difference of the variable, and determining the 
limit of this difference-quotient when the arbitrary value of the 
variable converges to the particular value of the variable as a limit. 

In compact symbols, we write 

; 
os {= ) Az) 


Uo tae? 





2G ee 
But we have already agreed that this limit, the derivative, shall 
be represented by /’(x). Hence we have the equivalent symbolism 


D(x) =f" (4). 
Or, the operation D performed on the function /(x) results in 
the derivative /’(x). 
This operation is called differentiation. 


30. Observations on the Derivative.—We observe that in order 
that a function /(v) may be differentiable (have a derivative), it must 
be continuous. For, unless we have 


4M) = LU) — fa) = 0 
as is required by the definition of a continuous function, then, since 


we do have 
a eo = x) = 0, 
: aN (=) x 
the value of the corresponding difference-quotient would be o«, or 
no limit exists. 

Hence the Differential Calculus deals directly with none but 
continuous functions. 

The converse of the above statement is not true, i.e., a function 
that is uniform and continuous is not always differentiable. There 
exist functions that are uniform and continuous and yet the limit of 
the difference-quotient is completely indeterminate for all values of 
the variable in certain finite intervals.* We shall not have occasion 
to meet any of these highly transcendental functions in this book, 
and the functions with which we deal will, in general, be differentia- 
ble. Only for isolated values of the variable will the derivatives of 
these functions be found indeterminate. Such values are singular 
values and receive treatment in their appropriate places. 

The evaluation of the derivative of a function falls under the 
case specially excepted in § 15, V. Here, the limit of the numerator 





* See Appendix, note I. 
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(the difference of the function, 4/7), and the limit of the denomi- 
nator, 4x, are each o, 

The quotient of the limits o/o is always indeterminate. 

We are not concerned, in evaluating the derivative, with the 
quotient of the limits, but only with the limit of the quotient. 
We are not concerned or interested in the dzfference-raho but with 
the difference-quotent. 

This is a variable number which does or does not have a limit 
according as the function is or is not differentiable at the particular 
value of the variable considered. 

The derivative of any constant is necessarily o by the definition. 
For, the quotient of differences is constantly o and remains o for 
2x(==)0. 


EXAMPLES. 


1. Differentiate the function «?. 
We have the difference-quotient, 
al? rae x2 


prea gee 


The limit of this number when el (eae eT 





Dx = 2x. 
2. Differentiate the function x. 
ee oes 
We have pe ze = : ; 
Kae xl? + x 


the limit ot which is x—*/2 when les) ice 
Dit = dat, 


3. If (x) =sinx, show that D sin x = cos x. 
We have, by Trigonometry, 


sin x’ — sin « = 2 cos A(x’ + x) sin Ua’ — x). 
sin x’ — sin x sin $(x’ — x) 


Ne = cos d(x’ + x) 


But, by § 12, Ex. 4 ee ur 


a(x” — x) * 


x! (=)x 
Dieta (2) =eCOS ees 
4. Show that the derivative of any constant is zero. 


If A is any constant, it keeps its value unchanged whatever be the val 
Therefore the difference-quotient is 5 ee 


A—A 
wy — « 
for all values of x, x and when x(=)x. Consequently DA = o. 


5. Show that the derivative of the product of a constant a i 
: nd any function of 
is equal to the product of the constant and the derivative of the rasa S. % 





== 0) 
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Let a be constant and y a function of x. Let y take the value y, when x takes 
the value x, The difference-quotient of ay is 


EM En SIs 


x, — « eer 
the limit of which is aDy. = Day = apy. 


31. Geometrical Picture.—We have seen that a differentiable 
function is necessarily continuous. We shall now see that the as- 
semblage of points taken to represent it possesses the characteristic 
property of a determinate direction at each point and can be considered 
as a curve. 








In the figure, if P, P’ represent /(x), /(x’), then 
Des eee TM! 
Af (x) =/(%') —/(*) = NP’, 
Ale’ Es 
a ae Py 
where 6’ = / NPP’ is the angle which the secant PP’ makes with Ox. 
By the definition of a tangent to a curve, the limiting position of the 
secant PP’ as the point P’ moves along the curve and converges to P 
as a limit is thé tangent PZ’ to the curve at P. At the same time 0” 
converges to 4 as a limit, @ being the angle which the tangent Wed 
makes with Ox. But tan @ is the limit of tan 6’, and is therefore the 
limit of the difference-quotient, or is the derivative of /(~) at ~. 
Therefore we have 


Dixy = f'(e) = tan 6. 


Hence the derivative of a function is represented by the slope of 
the tangent to the curve which represents the function. The direc- 
tion of a curve at any point on it is the direction of the tangent there, 
and the slope or declivity of the curve is that of its tangent at the 
point. 





= tan 6’, 
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32. Ab Initio Differentiation.—The process of differentiating a 
given function directly from the definition by evaluating the limit of 
the difference-quotient is, in general, a complicated and tedious pro- 
cess. We shall in the next chapter deduce certain rules of differentia- 
tion by which, when once we have differentiated log x and sin x by 
the ad imilio process, we can write down directly the derivatives of all 
the elementary functions in terms of these derivatives and those 
which follow. Meanwhile, in order not to lose sight of the ad znztio 
process and the rationale of differentiation which is at bottom always 
the evaluation of a limit, the limit of the difference-quotient, the fol- 
lowing exercises are set for solution by this method, 


EXERCISES. 
Differentiate the following functions : 
1. 3x? — 6x. 6(* — 1). 
2. 7x4 —-13. 2823. 
3. (x — 1)(2% + 3). 4x +1. 
4, x. — x2, 
5. ax-3. — 3ax-4, 
6. (x — a)/(x + a). 2a(x + a)-2. 
7. x3 $23. 
8. (4? — 2)h Bs Bete) en 
9. 2(7 -E 1)7*. — («+ 1)7%. 
10. «3. dai, 
11. x”. (# any finite integer.*) nxn, 
b é 
12. «7%. (p and q positive integers. *) Pye 
13. cos x. ef sin x, 
14, tan x. sec* x. 
15. log x. (See § 15, Ex. rr.) Cae 
16. sec x. sec x tan x. 
17. 2%. (Use Ex. 15, § 15.) a* log, a. 
18. x2. (x positive, @ rational.) axa, 





* Divide numerator and denominator of the diff.-quot. by x, — x in Ex. Dy 
I 2 


and by x? — x* in Ex. 12. 


CHAPTER. TI, 
RULES FOR ELEMENTARY DIFFERENTIATION. 


33. As was stated in Chapter I, when we have once differentiated 
x, sin x, log x, by the ad mio process, we can differentiate directly 
any elementary function of these functions by certain rules for 
differentiation, without recourse to the ad zo process directly.* 
These rules are themselves deduced by that process, and their appli- 
cation to differentiation is but a short method of evaluating the 
limits which we call derivatives. We shall see that the direct differ- 
entiation of only two, sin « and log x, are necessary, for a* can be 
differentiated by means of log x. Independent proofs, however, are 
given in each case. 


34. Derivative of log, x.—We have for the difference-quotient, 
writing +, — «=A, 





log, oF — log. x 1 log,(x i 
om log. (x is ay 
me log,(x ar *), 
writing 7/2 =z. When 4(=)o, z= 0. 
5 DILOR), A f pbs. (: — “\, 
= 308 fl + ae S05, Ex. 6: 


Z=00 





* Asa matter of fact, the evaluation of only one of these functions, log x, by 
the ab initio process is necessary. That is, the differentiation of all functions can 
be reduced to the evaluation of the single limit, (1 + 1/x)*, when x =o, 
$15, Ex. 12. For, the differentiation of log » gives that of e, and we have 


Thee, Z ; == . 
sin « = —(e% — e—*), where 27> + /— 1. Wedo not, however, recognize com- 
27 


plex numbers in this book directly, which necessitates an independent differentia- 
tion of sin x, and restricts us to a geometrical definition and differentiation of that 
function. : 


41 
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The evaluation of this limit is effected in § 15, Ex. 12, and is 


( } at AE 7 182 reat t 
z/ ' 


ee eae ti é. 
o Ober Fase Sax % 


In particular, if a=e, then log, e = 1, and 


Leal 


DDC Ae 


According to common usage, when the base of the logarithm 
employed is e we omit writing the base and put log ~ for log, ~. 


35. Derivative of x4._Let a = f/g, where fp and ¢ are positive 
integers. . 

Dividing the numerator and denominator of the difference- 
quotient 


9 be 


— & 








x,— x 
I oe 
by x,7 — x@, the difference quotient-becomes 
(x2) + (a) x eles)" “+ (a) 
x4 Se NAP ee Ae ot, ae ee + \x¢ 
are ea ss EY 3% o EA Ss 
(ree lea xa+... Re Pr) hes 


In the numerator there are p terms each of which has the limit 





ED Va 
i) , and in the denominator there are g terms each of which 


Tr 


q-1 
has the limit Cea} , when x,(=)x. Therefore the limit of the 
difference-quotient is 


me eal a ee 





— aes = —\x7 
g Va} g 
é 
= £ x rae . 
If a = — p/g, then the difference-quotient is 
ght wa e rs 
naa apc ak Ge. — 2 XT — KF 
Be OO Pee 
X,IKF i 
the limit of which for «,(=). is, by the above, 
I ee Bees 
ea tah reg : aaa ae q 


% 
xr g f 
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Therefore, whatever be the rational number a, 
DONE in te cea 
Rule: Multiply by the exponent and diminish the exponent by 1. 


36. Derivative of sin x, cos x.—It has been shown in Chapter I, 

$30, Fox. 3, that 
D sin x« = cos x. 

The derivatives of all the other circular functions can and should 
be deduced in like manner. ‘They can, however, as we shall see, all 
be deduced from that of the sin x. 

For immediate use we have, from Trigonometry, 


cos x’ — cos x = — 2 sin $(«’ + x) sin d(x’ — x). 
cos x’ — cos x sin 4(x/ — a) 
SS FS x! a ae Rae, 
x’ — x in 3( ote x) 7 E(x! = a 
Hence, on passing to the limit, 
Dcos a= — sin: x, 


RULES FOR DIFFERENTIATION. 


37. We proceed to establish rules for the derivative of the (1) sum, 
(2) product, (3) quotient, (4) inverse function, and (5) function 
of a function, in terms of the derivatives of the functions involved. 

These are the general rules for the differentiation of all functions 
with which we shall be concerned. It is necessary to know them 
perfectly, for they are the tools with which the Differential Calculus 
works. 

38. Derivative of an Algebraic Sum. 

Let y=utvt+»w, 
where w, v, ware differentiable functions of x. Let the differences 
of these functions be Jy, Ju, Jv, Aw, respectively, corresponding 


to the difference 4x of the variable x. Then, if y, uw, v, w take the 


values y, , v,, w, when x takes the value x,, we have 


I, -I = YY, NM HI+TYD, 
and so for #, v, w. 


uy, 


y,=4, +744, 
Lines ae Eyes ae arn 


Ay = 4u + Av+ dw. 
Ay 
ee ine ee ae Sa 
The student should observe the detail with which the difference- 
quotient is worked out here, as this detail will be omitted hereafter 
and he will be expected to supply it. 


or 
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Since the limit of a sum is equal to the sum of the limits, we have 
for 4x(=)o, on passing to limits, 


Dy = Du + Dv + Du, (I) 

or Diu +v+w) = Du+ Do+ Dw. 
Corollary. What has been proved for three functions here is 
equally true for any finite number of functions w,, . . . #,, and it can 


be proved in the same way that 
DS = Dae 
I I 


hence the rule: 
The derivative of the algebraic sum of a finite number of differ- 


entiable functions is equal to the sum of their derivatives. 

In all cases in which we pass from an equation in difference- 
quotients to one in derivatives, the student is required to quote the 
corresponding theorem of limits, § 15, which justifies the equality. 


_ EXAMPLES. 
1. The derivative of any polynomial in x, 
; %+axtawet... + anr, 
i @, + 2a,.x + 3a,%7 + 2. . +ayx®-1, 


This can be expressed in the following rule : 

Strike out every term independent of x, since its derivative is zero, and 
multiply each remaining term by the exponent of that term and diminish that 
exponent by I. 

rele y = 2x3 4+ log «> — 3 sin z, 
show that Dy = 5x2? + 5/x — 3 Cos x. 

cat 6 
3. If fa S tt? chow that 


Fe) ree 
4. Make use of the identity 
sin (@ + x) = sina cos x + cos @ sin x, 
to show that D sin (a + x) = cos(a + x). 
39. Derivative of a Product of Functions. 
het SS Ua, 
Then, with notation as in § 40, we have 
Ay = (u + 4u)(v + Av) — w, 
= v4u+ud4v+ Ju. dv. 
Ay 1. du 4v.. 4u-Av 
4a” Ae? ae ee (i) 
Since, by hypothesis, 


4u Av 
Du = amas ASE sO 
u f 7a and Dv =f = 
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are finite, the last term on the right of (i) has the limit o when 
4x(=)o ; for it can be written either 
<<) Ad, 


| 
a(S Ae 
and 4u(=)o, 4v(=)o, when 4x(=)o, the functions being con- 
tinuous. 
Therefore, in the limit, (i) becomes 


(= 


D(uv) =v Du+ u Do, (II) 
In particular, if v is constant, v = a, then Da = o, and 
D(au) = a Du. 


Corollary. Show that 
D(uvw) = uv Dw + uw Do + vw Du, 
and, in general, that the derivative of the product of a finite number of 


functions is equal to the sum of the derivative of each function multi- 
plied by the product of the others. 


EXAMPLES. 


. Show that D(x sin x) = ”x*—! sin x + x” cos x. 
D(x4 log x) = «2-1 (log. «¢-+ 1). 
. Show that £ (D log xsinx — cos log x) = 1. 


‘a(=)o 
. Show that JD sin? x = sin 2x. 


2 
If y = (log x)?, showthat Dy = log (x)*. 
. It f(x) = log 2, then 7(*) = 2/2. 
. Show that D sin 2x = 2 cos 2x. 


. Show that Dcos2x = — 2 sin 2x. 
Use cos 2x = (cos x + sin x)(cos « — sin). 


9. Show that WD (log x*) = log x + I. 
40. Derivative of a Quotient. 


ONoo fF WN = 


u 
Let yo. 
U 


Then y, «, v, become y+ Jy, u+ 4u, v + Av, when x becomes 


x + dx, and we have 
y _utdu iu 
TEE NSTOD, aan ie 


v4u — udv 
v(v + Av) ° 
Au Jo 


fy "dx ” ax 


eee Moloch 2). ~ 
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Since 4v(=)o when 4x(=)o, we have, provided v0, on 
passing to limits 














u v Du — u Do 
Dy = D{ = : Ill 
o v v ire, 
In particular, if «=a, any constant, then Du = o, and 
a Do 
p(2) Rs ees, IV 
: _ qv) 
EXAMPLES. 
1. Show that: DP tan x% = see’ a: 
We have DP tant ae ae 
cos x 
COS ale sin? x 
a cos? x ; 
=) sect 
2. Show that D cotx = —csc?x, using both 
cotx = cosx/sinx« and cot « = I/tan x. 
3. Show that D sec « = sec x tan x, 
using both secx = 1/cosx and secx = tan x/sin x. 
4. Show that D csc x = — csc x cot x. 
5. Show that D vers x = sin x. 
a+t<x b-a 
6. Show that D A aagae Gas 
2 
7. Show that D eae = fie Bos a 
(nes (2 — zp 
LES 
] x 
8. Show that D ihe Ses ee . 
log ax ~ (log ax)? 


41. Derivative of the Inverse Function.—lIfy is a continuous 
function of x, we must have 4y(=)o when 4.x(=)o, by the defini- 
tion of continuity. Therefore for any particular value of x at which 
y is a continuous function of « we can always make 4y converge to 
© continuously in any manner we choose, such that simultaneously 
we have 4x = 0. Also, for corresponding differences Jy and 4x, 
we have 


Ay Bx _ : 
Ax Ay ~ 
If we represent the derivative of _y with respect to x, by D,y, and 
the derivative of x with respect to y, by D,x, then whenever y is a 
differentiable function of « and D, y # 0, we shall have x a differ- 
entiable function of y, and the relation 
DY Dat 
always exists. 


Therefore, if_y and x are functions of each other and the deriva- 
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tive of the first with respect to the second can be found, then the 
derivative of the second with respect to the first is the reciprocal or 
inverse of the first derivative. 

Ify = /(«), then x = G(y), obtained by solving y = /(x) for x, 
is the inverse function of /(.x). 


GEOMETRICAL ILLUSTRATION. 


If the curve AB represents the function y = /(x), and we con. 
sider x as the function and y as the variable, we have x = A(y\ 





Fic, 7. 


represented by the same curve, except that now Oy is the axis of 
the variable and Ox the axis of the function. Fora particular ~, 
the point X represents /(x) and (y), and we have 
HA (Ke I = PY): 
Again, if 6, @ are the angles made by the tangent to AB at X, 
with Ox, Oy respectively, measured according to the conventions of 
Cartesian Geometry, we have 


Dey er Aa) = tang, 
Dx = $9) = tan ¢. 
But, since we always have tan @ tan @ = 1, 
*, Dy: D,x = 1. 


EXAMPLES. 


1. If y = x2? + 20x +4 6, then 
Dyy = 2(x + a). 


T 
Dix 


OTe Oke G), 
If we solve for x, we get the inverse function 
x= —at Va ty —4, 


a function which we do not yet know how to differentiate, but we know its deriva- 
tive must be the value D,« obtained above. 


2. Ify = «3, find D,y, Dyx, and verify Dy Dx = I. 
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3. Differentiate sin—tx. 
Iiy =sn—%, then «= siny. 
Stas Ne = COS 9 aM arenes 
I 
VI xe 
We know from Trigonometry that the angle whose sine is x, sin—-tx, is 
multiple-valued and that 


Hence LE a 


sin [zw + (—1)”6] = sin 6, 


where z is any integer. Inthe derivative of sin—!x above, the radical shows its 
value is ambiguous as to sign. But if we agree to take sin—tx to mean that angle 
between — $7 and + 4m whose sine is x, there is no ambiguity, since then cos y is 
positive. 
Then we have 
I 
D sin—x% = ——____., 
+ VI — x 
4. Show in like manner that 
I 
oe 
— VI-# 
where O < cossln <7. 


DDicosm iva 


This can also be shown immediately by differentiating the identity 
sinS4 + cos = iz, 





5. Show that DD tan ae erg 
I= <2 
Put y= tan, then x = tan y) and 
Dye == 'SeC# yr at, Ex. 1, § 41. 
D tan-'x = a ae 
I+ x 


where we take tan—x to be that number such that 


— $m < taney < + Im. 
6. Show in like manner that 


—I 
Pico = 
x ees 
where © < cots <a. 


Also, by § 38, from 
tan“ + cot-'x = }z. 


7. Show that DYSON = ee 
Atay 
Ii-y-= sect, then x = secy, and 
Dyx = secy tany = x 4/x? — 7, Ex. 3, §41. 
Dyy = eso Eee 
xx? — 7 


8. Show, as in Ex. 7, that 

Discmte = oe 
oa Vie ae @ 
Also, by § 38, using the identity 


csc“ + sec—ix = Iz, 
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9, Differentiate a*. 
Botery vox. then) i = los, y. 
Therefore, by § 34, we have 
IOS Fa ~ log, é. 


a 


Oe 
ae log, e 


In particular, if @ =e, then 
Dax = a* log a 


= a* log. a 


becomes 
Dex = e%, 
or the function e* is not changed by differentiation. 

42. Differentiation of a Function of a Function.—We come 
now to consider one of the most powerful methods of differentiating 
certain classes of functions.* 

Let z be a function of the variable y, say z = /(y), and let y be a 
function of x, say y= f(x). We require the derivative of z with 
respect to the variable x. 

If zis a differentiable function of the variable y, and y is a dif- 
ferentiable function of the variable x, for corresponding values of z, 
y and x, then we shall have 


Der) sD) 9, (VI) 
or SAI) HS) Ded 
For, we have 
4z_ 42 Ay 
Ax: Ayan’ 


and since by hypothesis D,z and D,y are determinate limits, D,z is a 
determinate limit equal to their product, and (VI) is true. 

Corollary. If w is a function of v, v a function of w, wa function 
of z, z a function of y, and finally ya function of x, then the difference- 
relation 


4u_ fu Av dw Az Ay 


Aa” de Aw Az Ay Ar 
leads to the derivative 
Du = D,u-D,p- Dw: Dz Diy 
whenever the derivatives on the right are determinate. | Hence the 
following rule: The derivative of a function of a function, etc., is 
equal to the product of the derivatives of the functions, each derivative 
taken with respect to its particular variable. 





EXAMPLES. 


1. Differentiate x«, when «x is positive and q@ irrational. 
Put y = a, then taking the logarithm or, as we shall say, ‘‘logarating,’’ + we 
have 
: logy = @ log x. 





*For a geometrical picture of a function of a function, see Appendix, Note 2. 
+ The term ‘‘taking the logarithm” is the meaning of an operation so eee 
used that it seems to deserve a verb ‘‘to logarate.”’ 
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Differentiate with respect to x. We have 


I a 
woo a 


Dy = a—= axa-t 
Ay s , 


the same formula as when @ is rational. 


2. Differentiate (a + bx)*. 
Put fv) =v, where y =a-} bx. 
filly) = ayetDy, and Dy=4#. 
D(a + bx)e = bala + bx) o-. 
3. To find Dicos.x “from Pisin = cosa; 
We have cos « = sin (47 — ~). 
D cos x = D sin (4a — x), 
= cos ($a — x) Dita — x), 
== Sin v 
4. Deduce in like manner J cot x, D csc x, given the derivatives of tan x 
and sec x. 
Gael 7) scsi). then as —_ Cosi. 
Differentiate both sides with respect to x. 
I= — siny Dy. 
. ... 2 cos—tx, as before. 
6. Find in like manner D cotz, Dcsc-tx, from Dtansx, Dsec x. 
i. lig o7,0 theny loswi==—o lov. 
Differentiating with respect to x, we have 
D, log y-Dzy = log a, 
I 
or . eV, = loge. 
D,zy = a log a, as before 


8. Differentiate Va? — x2. Put w= a? — x, 
Dye = Dyk D2, 


= yu 4 2x), 





: 9. As an example of the differentiation of a complicated function of functions 
differentiate : 
log sin e Cos (a—dx)>, 


Let 
yaa — bx, ‘Sey LOE a eres aL 
£=(¢— 62) =p ww. Dyz = 37. 
u = cos (@ — bx)® = cos 2, .. Dawe = — sin z. 
V = € 008 (a—bx)> — en, os Dyu = ex, 
w = sin e cos (a—bx)* — sin uv, .. Daw == cos v, 


Therefore the required derivative is the function 
36 : 
— y*gt sin 2 COS 2, 
zw 


which can be expressed as a function of x directly. 
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43. Examples of Logarithmic Differentiation.—The differentia- 
tion of products, quotients, and exponential functions are frequently 
simplified by taking the logarithm before differentiation. 





EXAMPLES. 
1. Show that 


D(uv*) Du Dv 
= a 25 
uv+i u U 


the upper signs going together and lower signs going together. Put y = wy *1, 
then taking the logarithm, 





? 


log y = log w + log v. 
Dy Du , Du 
By eae 
This expresses compactly the formulz for differentiating the product and the 
quotient of two functions. 


2. Show that if w,#,... unis the product of z functions of x, the derivative of 
the product is given by 
n 
DIT yu, — Du, 
LE thy 
I 
3. Differentiate w%, where w and v are functions of x. 
Put vy = w and take the logarithm. 
log y = v log wu. 





Differentiating, 
D. 
7s =. Dyv-log u + ne 


Dur = uw (ls u Du + rad 


4. Differentiate log, w. 
Put y = log, w, then vw? = wu Logarate this with respect to the base ¢, and 
we have 
y log v = log w, 
Differentiating with respect to x, 
y Du 
D —Dv = —. 
log v Dy + pee % 


D. 1 Dou 
i Dogs = ( “%  logu ) I 





uw logv wv} logy 


44. For general reference in differentiation a table or catechism of 
the standard rules and elementary derivatives is compiled and should 
be memorized. 

In this table w or v is any differentiable function of a variable with 
respect to which the differentiation is performed. 
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Io. 
Tate 
12, 
es 
14, 
TR: 
16. 


17. 
18. 


IQ. 


20. 


21% 


22. 


23. 


24s 


THe DERIVATIVE CATECHISM. 





D(cu) =cwDu. 
D(u + v) = Du + Do. 
D(uv) =uDv-+v0Du 
2%) iad v Du = u Do 
v v 
a) --8 
v wv 
Dut = qu? * Du, 


D 
Diogu = = log. e. 


Du 


1 DY = ae 
, Da =a" log aa: 


Det ss eee, 
Du? = v# log u Dv + vu? Du. 
D sinu = + cosuDu. 





PD cos 4 = — sin uw Du. 
D tan «= + sec* wu Du. 
D cot w= — csc? Du. 
D sec u = + sec uw tan un Du. 
D csc uv = — se w cot x Du: 
: Du 
D sin ‘zw = + Se SS 
Vi — wv 
Du 
D cosu = SP es 
VI—2uw 
Du 
Dtantuw = + : 
1+ 2 
Du 
Oona 5 
I u> 
Du 
D sec ‘z = ———— 
uVue—1 
Du 
/2) CSGalw — 
uVur—1 
Du 
D vers*u = 


Vou — ue 
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EXERCISES, 


1, Differentiate by the aé znitio process, and check by the catechism, the follow- 
ing functions : 


(1), *. (2), c% (3), 243. (4), crt, (5), *-%. (6), ax-4, (7), 27 — 2x. (8), 
5x8 —4x+ 7. (9), I/(ax+ 6). (10), a - eres (11), (« — 1)(34 4+ 2), 
(12), (w — 3)/(~ + 5% (13),a4. (14), x8. (15), x 


The solution in each case depends on the fact that a — 4” is divisible bya —6 
when z is an integer. 


x : 
(16), cos -. (17), sin ax. (18), tan ax. (19), csc ax. 


2. Draw the curve y = 3” and find the slope of the tangent where x = 2. 


3. Draw the curve y = x? + 2% — 3, and find the angle at which it crosses 
the Ox axis. 


4. Use the enon of the derivatives of inverse functions to find the derivatives 
of «3, x3, «4, « *, and check the results by the rule for differentiating a function 
ofa function. 

5. Show that the equation tothe tangent to any curve y = J(*) is 

¥ =f) + (& — 2)f"(a), 
the point representing f(a) being the point of contact. 


6. Differentiate Va? — x, Vx? — a?, Va® + 2dx. 
Ans. — x(a? — x°)~4, x(x? — a) 4, (a? 4+ 26x)4, 


(1) Dat xe = ca + xe, 
(2) Dia + 2°) = 6x(a + 2x)? 
(3) Dle + bx8)t = 126x%(c 4 dad), 
(4) D(ax* + bx + ¢ = 5(ax? + bx + c)(2ax + 6). 
(5) D(a — x?)® = — 10x(a? — x?)f, 
(6) Dax + bx*)' = 7(a*x + bx*)6(a? 4 26x), 
(7) DG + cam) = mncxm—1(b. + cxm)r—, 
(8) D(x +ax%)~* = — ax(t + ax) 4. 
(9) Dia — «fF = — 3x%(a? — x8)~4. 
(10) D sin? ax = — D cos? ax = a sin 24x. 
(11) D sin* ax = na sin”—tax cos ax. 
(12) D sin (sin x) = cos «x cos (sin x). 
7. Show that the equation to the tangent at x = a, y = f, for the curve 


(22 32 = a is Rey ee 
2 2 
QS +%=1 is < 2B =. 
(3) 9? = 4px is IB = (x + @). 


8. Given sin3x = 3sinx —4sin?x, find cos 3x. 
9. Given cos 5x = 16 cos’ x — 20 cos? x + 5 cos x, find sin 5x, 
10. Verify cos x = 1 — 2 sin? 4x, by differentiating. 
11. Obtain new identities by differentiating 
sin 3a + sin 2a — sin a = 4 sin a cos fa cos $a, 
sin 6 sin (4a — 4) sin (ta + 6) = } sin 36, 
a and 6 being variables. 
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12. Differentiate the identity 
cos? 2x — 3 cos 2x = 4(cos® x — sin® x). 


13. Differentiate «3 sin x, x? 4/a + bx, (ax + 2). 
14.. Die + 1)(22 — 1)?] = (16x 4+ 1)(* + 1)(2% — 1). 


15. D(a? + 1) — x)'] = ST. 


16. D{(1 — 2x +4 32? — 4x3) + 2)? } = — 20x%(1 +4 2), 
17. Di (a — 3x7 + 624)\(1 4+ 2°)8} = 6oxi(r 4 7p. 
18. Show that 























D I++ p= is a pits Se 
I—-% (1—x2) 1-2 w+ 3 Curae 
xn os nxn—-t x oa y—3 

Pam =e Vine ee 

pelt ee ae Om 

VEIT i Yee aae 3+2 ~G4ays’ 
pletet+yYe—*_  P+aye— x 
ape VYa—x eae 


19. Show that 
PAT) A = Sop ase Vera, Digs + 2% ed t 
Tae a eee are ea 


20. Differentiate sin—'(«/a), tan—1(ax + 6), cos—1 


D tan- 





, seC—1(a/x), 





ae 
vipa 


sec-t(x + cx’). 
21. D log sin x = cotx; Dlog cosx =? 
22. Differentiate 62x, e—%, enx, eSinx, glog x, 
, 23. Differentiate a-*, qsinex, glogx, gtanx, 
24. Differentiate log at, log (a+ x), log(ax+ 6), xtex, axex, 2%, 
e* log (x + a), log (x e*), ex/log x, log (xe*), sin (e*) log x, e98*log (cos Xx), 
log, tanx, 3logx, ssinax, log,2(cos ax). 
25. D sin[cos(ax + 6)"] = — na(a + bx)"-1sin (ax + 6)* cos [cos(ax + 4)*]. 
26. If y = 4(e* — --*), show that 


x= log (y+ 71+ 9), 
and that D,y Dyx = 1. 


_ 27. In Ex. 1, § 41, differentiate « as a function of y and check the result there 
given. 


CHAPTER. IIL 


ON THE DIFFERENTIAL OF A FUNCTION. 





45. Definition.—The differential of a function is defined to be 
the product of the derivative of the function and an arbitrary differ- 
ence of the variable. 


If /(x) represents any function of x, and ., — x any difference 
of the variable, then 
(% sd x) f(x) 


is the differential of /(x) at x. 

The value of the differential at a particular value x depends on 
the value assigned to the arbitrary number ~,. 

We use, after Leibnitz, the characteristic letter d to represent the 
differential, and write dfx) to represent the differential of the func- 
tion f(x) at x. Thus 

a(x) = (x, eS x)f"(), 
=f'(x)Ax. 
46. Theorem.—The differential of a function is equal to the 


product of the derivative of the function into the differential of the 
variable. 


For, let f(z) =, then /’(x) = 1, and 
(Bo 8 awa 
= BK. 
Therefore we can write dx for 4x, and have 
GNA) z= 7 (x) ax. 

The differential of the variable is then any arbitrary difference or 
increment of the variable we choose to assign. In writing the 
differential of a variable we choose to assign to it a/ways a finite 
number as its value. In fact we cannot assign to it any other value. 


47. The Differential-Quotient of a Function.*—Since the differ- 
ential of the variable is a finite number we can divide by it, and have 


ae Sey 








* By some writers the derivative /’(x) is called the differential-coefficient of 
the Baccron (x), because of its relation to the differentials in the equation 


a(x) = f(x) ax. 
55 
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or, the differential-quotient of a function, which is the quotient of the 
differential of the function by the differential of the variable, is equal 
to the derivative of the function. 

This furnishes another notation, due to Leibnitz, for the value of 
the derivative, and expresses that number as the quotient of two 
numbers. The advantages of this notation will appear continually 
in the sequel, in the symmetry of the equations, and in the analogy 
and relation of differentials to differences. 

We frequently abbreviate the differential-quotient into 


YT dy 
os ah ator De 
’ where y = f(x). Also, when /(x) is a complicated function we fre- 


quently write 
CORB 2 os (x). 


Dige 


48. Geometrical Illustration.—We have seen, § 31, that if 
J =/(*) is represented by a curve PP,, then the derivative £ ‘(x) or 





Fic. 8. 


Dy is represented by tan 6, where @ is the angle made by the tangent 
LEAS the curve at P with the axis Ox. 
Assign any arbitrary number x,, and let P, represent /(x,), and 


tf ee corresponding point on the tangent to the curve at P. Then 
we have 


PM=x«,—x= Ax = dx. 
Y\x) = (x, — x) /"(x), 
= PMtan MPT. 
Sry. 


MT therefore represents the differential of the f i - a 
corresponding to x, While ; € function /(x) at x 


MP, = f(x,) — Ax) = Af(x). 


df and 4/ are more nearly equal when 4.x or dx is a small number. 
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Observe that for a particular x the differential-quotient 
d, 
Aad =7 (x) = tan 0 
is constant for all aoe ie 


49. Relation of Differentials to Differences.—Since the differ- 
ence-quotient has the derivative for its limit, we can put 


Af a We ( x) — Qa, 


where a(=)o, when ee Therefore 
4f(x) =f" (x)4x + a Ax, 
= f'(x) dx + a Ax. 
4/(x) a 
So SaaS SERS 
TA FG) 
Hence, when /’(x) € 0, we have 
a Afa) _ 
dfx) 
Az(=)o 
This substantiates the remark made in § 48 that the difference 


and the differential of a function are more nearly equal the smaller 
we take dx. 


50. Differentiation with Differentials.—Observe that all the 
formulz in the derivative table, § 44, are immediately true in differ- 
entials when we change J into d. For we need only multiply such 
derivative equation through by dx in order to make it read differen- 
tials instead of derivatives. 


We have 
df(u) = D,f(u) dx. 
For, by definition, 
df(#z) = D,/(u) du, 
= ao AE Du ax, 
== U/(u) dx, 
since D,/(u)=/'(u) Dw, and du= Dudx. 
“Di (uv) dt = Df(e) dx, 
or the first differential of a function is the same whatever be the 
variable. 
More generally, let u, v, and w be functions of x. Distinguish- 
ing differentials like derivatives by subscripts, we have 
A he D,f(u) dv = D,f(u) Diu d, 
Su) du = aft). 
In like manner, d,, fw) = d,f(u). Therefore 
d, f(z) a ‘wJ (%); 
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or the differential of a function is independent of the variable 
employed. It is not necessary, therefore, to indicate the variable by 
subscripts or in any other way; in fact the variable need not be 
specified. It is due to this that frequently the use of differentials 
has marked advantages over that of derivatives. 

51. We add a further list of exercises in differentiation, using in- 
differently the notations of derivatives, differential-quotients, and 
differentials in order to insure familiarity in their use. The sequel 
will show the advantage of each in its appropriate place, 
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EXERCISES. 
1. If x, vy, are the coordinates of a point on a curve, show that 
= dy 
VS sr OF Says 
ee. se! ax 
or (VY—y)dx = (X — x)dy 


is the equation of the tangent at x, y, where X, Yare the current coordinates 
on the tangent. This equation can also be written 


Y—y..X—-x 
dy Cee ae 
2. Show, with the above notation, that 
(V—y)y+(X — x)de =0 
is the equation of the normal at x, y. 
3. Show that d«* log x) = x*(log x 4+ 1) dx. 


4. d(cos mx cos nx) = — m cos nx sin mx dx — n cos mx sin nx ax. 





(oes : 
5. —sin* « = sin”! x cos &. 
ax 


6. dsin (1 4+ x”) = 2 cos (I 4 +) dx. 
7. If y = sin” x sinmsx, show that 
sin? x = m sin’tix sin(m + 1)x. 

8. D(a sin? x + 6 cos? x)* = n(a — 6) sin 2x (a sin? x + 6 cos® x)#-1, 
9. dsin(sin x) = cos x cos(sin x) dx. 
10. f(«) = sin—1(«"), show f’@) = mx*—-1(1 — xin) —-4, 
HW. dsin-(1 — 2) = — (1 — 24) -Fde. 

d b+ acosx Va® — B 
os dx cost x a+bcosx 
13. dsec% « = nsec” x tan x dx. 

2ax 





14. d sec—1(x*) = a Ga 
15. da? + 2°)! = x(a? 4 x*)“dx. 
16. d(a? — x) t= x(a — x2) 4 dx. 
d = a 
17. le +a) t= Vera 
18. D,(2ax — x°)t = (a — x)(2ax — x?) 
19. If f(x) =4x—1sin2x, then /'(x) = sin’ x. 
20. Show that d(4« + sin 2x) = cos? x dx. 





21. elope ~ os = sin® x. 
ax 
RE ec WE oy 
22. lf y= sinx—jsin’x, then 7 = cos’ %. 
23. dlog cos x = — tan x dx. 


24, 7) log sin « = cot x. 
25.y =tanx— x. dy = tan’ x dx. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 
38. 
39. 


40. 


41. 


42. 


43. 


44. 


45. 
46. 
47. 


48. 
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- P(t) = cot ¢+ 7, then f'(¢) = — cot? 4. 


. If 2 = log tan fy, 


ad 
—— tan-! 


dp 


dz 


dy 


= cse Yi DP log 


I1+sina@ 
I— sing 


ap+ sé 


show that 


Dy, log tan (4a + 4) = sec m. 


eo 
da °% 


d sin—(30 — 403) = 3(1 — 62)? a, 


== SCC WZ, 


I — cosy 
I+ cosy” 


Vac — B 





Yau wap fe 





ad 


d 
an 


d 


dad 
dz 


a | 


d@ log 


| & log 


g 





7 bog (22)! = Z . 
du “uti ue — 7 
Gee iF 
sso 7 
Et eT 
bya ee 


+ — tan— 


V3 





ae I 


= reas 


V3 





[ave a + at sin) = 9 yar, 





cos“ 


I 


pr ieaa TT 
ip a— 6 2V(a— pp — B) 


a@cosz+6 _ Vat — Be 








at bcosz 
dex(y — x8) = ex(1 — 322 — x3) dx. 
@ (sin mv) 

du (cos nv)™ 
@ sin” @ 


@+6cosz 


(cos 2u)m +t 


sin’”—1 @ 





a8 cos* @ ~~ cos#+1 @ 


dx* = x*(1 + log x) dx, 


d 
ay 


d 


d 
dt 


r= 


ad ex — e-x 


dx ex 4 e-% = 


my 


Dex* = ex* x*(r + log x). 


(: ++ log x} 


4 





@ log (e* 4+ e-x) — 


(Ff ay 


ex — ex 


pr = Tapes ax. 


& e(I— z)—1 





ds ex — 1 


( 


t 
I+ Yi +e 


; 


(71 


“68 n 
tvr+2f 


( 


(m cos? § + 7 sin? 6). 


zt 


mn (sin mv)"— cos (nv — mv) 


2. 
Delors)’ sin «x = eats)" [2(a@ + x) sin x + cos x]. 


I+ 41 
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aio 
49. If (2) = a@*-*) * show that 


We) = Be OS ee gata)? log a. 
Gey 
38 ae Z 
50. dtana* = — a u-? sec? a* log a du. 


51. @ [6 + log cos (fa — 6)] = 2(1 + tan 6)— dO. 
52. Dib sin-*y) = sin pb + P(r — Wy? 
53. D(tan 6 tan— 6) = sec? 6 tan—16 + (1 + 6”)—1 tan 9. 


54. De~*"** cos bx = — e"*" (2a%x cos bx + b sin bx). 
I I 


55. dx* — xe (1 — log x) dx. 
56. def — cf ex dx. 
57. Dt = a” xx [~—t + log « + (log x)?]. 
58. dae = xf ex x (1 + x log x) dx. 
59. Dit — tan x) cos x = — cos x — sin x. 
60. D log (log ¢) = 1/log ¢#. 
61. If P(t) = e2 sin d¢, show that 
g(t) = ett (a? + 02)? sin (bt + 6), 


where tan 6 = b/a. 
62. If siny = xsin(@+y), prove that 
dy _ sin*?(a+ y) 


dx sin @ 
63. If x(1 + y) + y(t + xt = 0, show that 
Dyy = —(1+4)-2 or I. 
64. If y = /f(4) and «= F(t), show that 
Se (t) 
DY = 
OS FG) 


65. If x+y = e*-¥, show that 

dy log x 

dx (1 + log x)® 
66. d (sin x)* = (sin x)* (log sin x + x cot x) dx. 





log tan ¢ 


d 
Ce 
67. oF (log tan ¢)? = 4 arias 


CHAPTER, IV. 
ON SUCCESSIVE DIFFERENTIATION 


52. The Second Derivative.—The derivative /’(x) of a function 
J (x) is itself a function of x, which is, in general, also differentiable. 

The derivative of the derivative /’(x) of a function x) we call 
the second derivative of /(x), and write it /’’(x). 


Thus (2) 
S'(x,) — f(x 
Mf — 1 
Fe 
x1(=)x 
For example, if (x) =”, the first derivative /’(x) is mx", and 
in the same way we find the second derivative 
TAS — ae. 
Again, if /(~) =sin x, then 
ff (*) = Cos. x and. f(a) => — sna, 
If we use the symbol D/() to represent the operation of differen- 
tiation performed on /(x), then two successive differentiations of 
/(*), which result in the second derivative, are represented by D?/(x). 


+. DIDAx) ED Ax) =/(2). 


EXAMPLES. 
1. Dia + bx 4+ cx?) = 6 + 20x, 
D(a + bx + cx) = D(b + 2¢x), 


= 26. 
2. D cos ax = — asin ax, 
D? cos ax = — aD sin ax = — a? cos ax. 
3. D log ax =a/x; D* log ax = — a/x?, 
4. DY a — 2 = — x(a? — x)-3, ; 
Da — 2 = — (a — 32)-3 + xa? — 32)—9, 


53- Successive Differentiation.—The second derivative like the 
first is, in general, a differentiable function. Its derivative is called 
the third derivative of the function, and written 


sje fFWALO, 


x — XX 
X1(=)x 


= D*/(x). 
: 62 
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In general, if the operation of differentiation be repeated 2 times 
on a function /(x), we call the result the zth derivative of the func- 
tion, We write the wth derivative in either of the equivalent symbols 


D* fx) =/(@). 

It is customary to omit the parenthesis in /”)(x), including the 
index of the order of the derivative attached to the functional symbol 
/ when there is no danger of mistaking it for a power, and write 

D" f(x) =f" (x). 
The index of either D or / in D”, f” denotes merely the order of 
the derivative and number of times the operation is performed. 


54. Successive Differentials.—In defining the first differential 
of a function, the differential of the independent variable was taken 
to be an arbitrary number. In repeating this operation it is con- 
venient to take the same value of the differential of the independent 
variable in the second operation as that in the first. In other words, 
we make the differential of the independent variable constant during 
the successive differentiations, 

Thus the second differential of /(c) is 


a°f\x) = 4[¢/x)], 
=| f (x) ax], ; 
= df" (x)] «de, (i) 
since dx is constant. But, by the definition of the differential, 
aL f"(a)] = DUF(a)] ax, 
aa ee) ae (ii) 
Substituting in (i), we have for the second differential 
d* f(x) = f(x) (ax), 
or the second differential of a function is equal to the product 
of the second derivative into the sguare of the differential of the 
variable. 

It is customary to write the square of the differential of the 
variable in the conventional form dx* instead of (dx)*, whenever there 
is no danger of confounding 

dx? = (dx)? 
with d(x)*, the differential of the square of x. We shall write then 
CP rau (ae) ae, 
In like manner for the third differential of /(x) 
dd*f(x)] = dL /"(x) ax"), 
= dL /"(x)] 2°, 
since dx is constant; and since by definition 
at f"(x)) = DLP"(x)] @, 
sof) ae, 
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we have for the third differential 
dfx) = f(x) da’, 
and so on. 


In general, the zth differential of a function is equal to the 
product of the zth derivative of the function into the th power of 
the differential of the independent variable. In symbols 


aft) =f (Aer, 
where it is always to be remembered that dx” means (¢x)”, and @*, 
J” indicate the number of operations and order of the derivative 
respectively. 


EXAMPLES. 
1. We have d sin x = cos x dx, and 
@* sin x = d(cos x dx) = d(cos x)-dx = — sin x dx, 
2. d(a + bx?) = ad2bx).dx = 2b dx. 
2 
3. @ log a= a(5).as — ae 
x a2 


55. The Differential-Quotients.—The mth differential-quotient 
_of a function is the quotient of the wth differential of the function by 
the mth power of the differential of the independent variable. 

In symbols we have, from § 54, 





DI) ee 
dx” =f (x). 
This symbol is also written, for convenience, in the forms 
E(x) ed 





Ce = ae) = (=) Le) : 


all of which notations are equivalent to either of 


D*f{2) =/"(2), 


and are used indifferently according to convenience. 


56. Observations on Successive Differentiation.—In practice 
or in the applications of the Calculus we require, in general, only 
the first few derivatives of a function for solving the ordinary 
problems that are proposed. But, in the theory of the subject, i.e., 
the theory of functions, we are required to deal with the general or 
ath derivative of a function in order to know all the properties of the 
function, 

The formation of the th derivative of a given function presents 
no theoretical difficulty, but owing to the fact that differentiation, 
in general, produces a function of more complicated form (owing to 
the introduction of more terms) than the primitive function from 
which it was derived, the successive derivatives soon become so 
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complicated that the practical limitations (of our ability to handle 
them) are soon reached. 

The Differential Calculus as an instrument for investigating func- 
tions finds its limitations fixed by the complexity of the general or 
nth derivative of the function whose properties we wish to investigate. 

There are a few functions whose th derivatives can be obtained 
in simple form, as will be shown below. 

We are aided in forming the zth derivatives of functions by the 
following: 

(1). The th derivative of the sum of a finite number of functions 
is equal to the sum of their th derivatives. 

(2). The th derivative of the product of a finite number of func- 
tions can be determined by a formula due to Leibnitz, which we shall 
deduce presently. 

(3). The wth derivative of the quotient of two functions can be 
expressed in the form of a determinant and in a recurrence formula, 
directly from Leibnitz’s formula. This is done in the Appendix, 
Note=3. ] 

(4). The th derivative of a function of a function can be 
expressed in terms of the successive derivatives of the functions 
involved. This is also given in the Appendix, Note 4. 

In the application of the Calculus to the solution of ordinary 
geometrical questions, we need the first, frequently the second, and 
but rarely the third derivative of a function. When the function is 
given explicitly in terms of the variable, these derivatives are found 
by the direct processes as heretofore applied. If the derivatives are to 
be found from an implicit relation, such as @(x, vy) = 0, we can of 
course solve for y, when possible, and differentiate as before. It is 
generally, however, better to differentiate @(x, y) with respect to x 
and then solve for Dy. If we wish D*y, we can either differentiate 
Dy with respect to x, or differentiate P(x, vy) = o twice with respect 
to x and solve the equations for Dy. 

In illustration, 
223 — 37° — axy =0. 
.t. 6x7 — ay — (gy? + ax)Dy = 0, 
12x — aDy — (18y Dy + a)Dy — (97” + ax)D¥y = 0. 





Therefore ae 
_ 647 — ay 
OY OPE ax? 
Fee 12x(97? -+- ax)? — 2a(6x? — ay) gy? + ax) — 18y(6x? — ay)? 
cas (oy? + ax) 


Again, we frequently, require the derivatives D, y and Dz y, when we have 
given the polar equation ¢(p, 6) = 0, where « = p cos 6, y = a sin @. 
We have 
Doy 
Diy = Dgy D8 ine 
__ sin 6 Deo + p cos 6 


~ cos 6 Dep — p sin ® (1) 
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Also , 
Diy = DAD. N= Dy Day DH, Doel 
_ Day - Dox — Day: Dox D> 
if (Donji Bey ee ee 
_ 0 + 2(Dep)? —pD5p Oe es ee 
= (cos @ Dep — p sin 6)* eto)" o~ 


In which Dg and Djp must be determined from the polar equation @(p, 6) = 0.* 


EXAMPLES. 
1.. The wth derivative of x7, a being constant. 
(1). Let a= m be a positive integer. Then 
Dat = mx", 
Dx = m(m — 1)ax"-, 


Dixm = m(m—1)... (m—n-+ I)xn-*, 
for all valuesof ~<m. If n=m, then 
Duyn = m(m—1)..-3:2-l=m! 
This being a constant, all higher derivatives are o. 
D+txm = 0 


for all positive integers /. 
Also, when + = 0, 


Dtxm = 0, | GR <ame 
(2). Let the constant @ be not a positive integer. Then, as before, 
Dexa = aia —1)... (€—n+ 1)xe™, 


Whatever be the assigned constant a, we can continue the process until 2 > a, 
when the exponent of x will be negative and continue negative for all higher deriv- 
atives. 

Consequently, when x = 0, 

D*x@ = O,; n< a. 
D*xe = 0, n> a. 





* The differentiation of an implicit function @(x, vy) = Ois, properly speakin 
the differentiation of a function of two variables, and a sisi! pel: will fe 
given in Book I. 

It will be shown in Book II that the derivative of y with respect to x, when 
P(*, y) = 9, is 


Ip 
dy ox 
de Ok” 
y 
ap aoe : 
where 34, means the derivative of @(x, v) with respect to x, x being the on/y vari- 
ap 


able ; ‘ay means the derivative of @ with respect to y, v being the only variable. 
For example, if (x, v) = 25 — 378 — axy = 0, 


ap ap 
then a Oe — aS i ee 
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2. Deduce the binomial formula for (1 + x)", when the exponent 7 is a posi- 
tive integer. 
We have 


(If e\r fae) S (i + x) Si + ox + 2, 
(Qa pals (rp ah a1 grt 32403. 


By an easy induction we see that (1 + x)” must be a polynomial in x of degree 
m. It is our object to find the numerical coefficients of the various powers of x in 
this function. Let 


(Itefsa+taxtaxet... + a,x, 
Differentiating this ~ times with respect to x, we have 
mmu—1)... (w—r-+I)(I+x)* =r! a, +... + n(m—1)... (W—r+I)an xt. 
This equation is true for all assigned values of x and r, and when x = 0, 


REE Ep re 8) 


a 
i r! 


’ 
n\ 
GES ae 


a number which it is customary to represent conventionally by either of the 


symbols 
Cry or E ) 


This number is of frequent occurrence in analysis. In Algebra, when x is an 
integer, it represents the number of combinations of z things taken 7 at a time. 
Hence we have the binomial formula of Newton, 


a+e«eye= 3 Ca, Xt : (1) 


r=o 
Corollary. If we wish the corresponding expression for (2 + y)”, then 


y n 
@+oyee (r$2)" 
Put y/a for x in (1), and multiply both sides by a*. 
eas cae. 
T= 20 


This can be written more symmetrically thus: 
(Cand 2 2 et pat 
mo Be — wy eb 
3. The xth derivative of log x. We have 


I 
D \og x = pee 
Therefore, by Ex. 1, 

I 
D* log « = (— 1)*"(” — 1)! 7 
4. The th derivative of a. We have 


Da* = a* log a. 
D*a* = a* (log a)". 
In particular, Det = e*; Dex = e%. This remarkable function is not changed 
by differentiation. 
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5. The zth derivative of sin x"and’cos 2. 
We observe that 


D sin x = + cos x; D cos « = — sin x; ‘ 
Disine = — sinexs, 7 cosa —.e0s 5 
De siné = — cos 43 cos 7 —= sin ws 


Msinx=+sinx; 2cosx = + cos. 

Thus four differentiations reproduce the original functions and therefore the higher 
derivatives repeat in the same order, so that 

D2-t sin x = (— 1)*-1 cos x; Dw — cos « = (— 1)” sin 7; 

D* sin « = (— 1)” sin x; D cos x = (— 1)" cos x. 
In virtue of the relations 
cos # = sin (4a + x), sin x = — cos(im + 2), 

these formulz can be expressed in the compact forms 


: : n 

De sin x= sin (* + 3) 
2 
n 

D# Cos 4 = cos (x +- ary 
2 


2 2 
6. Given 3+5= 1, find Diy, Diy. 


Differentiating with respect to x, 
ares kia 
D OUde. mis 


Differentiating again, 





I IN SOG 
ar AGA 1 Bag = % 
ay Car 1 /dy\? 
: = Flat ale) , 
bh 2 
eae since Dik ps 
ee ay 
Differentiating again, we can find 
diy _ 368x 
BE a 
Tia Abe th = 40x, show that 
dy 2a dy 4a? 
dx ate pe 


8. If y? — 2xy = a, show that 
ay Aen ay a CED 3a%x 
dx y— x? dat (y = x" aa 7 Saye 





9. From the relation «3 + y3 — 3¢xy = 0, show that 


Wie _ = ay ad*y 2a xy 
ax ~ x8 _ ax? at ~ ~ (7 = ax" 


10. If secx cosy =a, show that 
wy _tane d*y tan? y — tan? x 
dx tany’ dt > tan’ y 
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57. Leibnitz’s Formula for the nth Derivative of the Product 
of Two Functions.—Let w, v be any two functions of x. For sake 
of brevity, let us represent the successive derivatives of ~ and v by 
these. letters with indices, thus : 





Pete tae ib /) vr 
Ce BE, 


t 
: / 17 


3 Ce ie ee ats 5 eke 
Then 
D(uv) = wv + vn, 
D (uv) = uv + uly’ 4 w'd! + 0''u, 
= uy + 2u'v’ + ww’, 
In like manner, differentiating again this sum of products, we find 
on simplification 


D3 (uv) = uly + 3u!’0! + 3u'v" 4+ wv!”, 
Observing, when we use indices to indicate the derivatives, the 


symbols Du, f(x), wv, mean that no differentiation has been 
performed and the function itself is unchanged, 
Di=Pau,- and /?(x) =/ (x). 

In the above successive derivatives of wv we observe that the 
indices representing differentiation follow the law of the powers of 
u + vwhen expanded by the binomial formula, and the numerical 
coefficients are the same as those in the corresponding formula of that 
expansion ; 
In order to find if this law is generally true, let us assume it true 
for the mth derivative and then differentiate again to see if it be true, 
in consequence of that assumption, for 7 + 1. 

Assume that (see Ex. 2, § 56) 
n 


Dag) = Ce Te, 
=u"9 LC, , Ww... fC, uu +... uo" 


Differentiating this, we have 
D*(uo)=w04 Cy, WU AC, WHOL pH" 
0h Ay pg OE. peo tt, 
SWF Cogs WU AC gre MO fo PHO, 
nN+I1 
—_ >) Cas yurti-r 0, 


r=0 


in virtue of the relation* C, ,-+ Ci,-1 = Casi,> 

Therefore, when the law is true for any integer z, it is also true 
fora +1. But, being true for m = 2, 3, it is true for any assigned 
integer whatever. 


+ an) n! n! (E+ I \= (z+ 1)! 


Ae as (r— ites a: (rF—1)ln—r)! r | n—r+i1) riin+1—7)! 
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We can express the mth derivative of the product wv symbolically, 

thus: 
D" (uv) = (u + 2)", 

in which (z + v)” is to be expanded by the binomial formula, and 
the powers of « and vin the expansion are taken to indicate the orders 
of differentiation of these functions. Remembering that when the 
index is a power we have uw? =1, but when it means differentiation, 
w= u, 


EXAMPLES. 
1. To differentiate the product of a linear function by any function /(-x). 
Let u = (ax + b)f(x). 
Then Dax + 6) =a, Dax + 6) = 0, 


Du = (ax + b)f"(x) + na f*— (x). 
2. In like manner show that the zth derivative of the product of a quadratic 
function of x, say y, by any other function /, is 


sift + my fr + dale — ry"fr2, 
3. Show, if p(x) and #(x) are differentiable functions of x, 


DY Plxyh(x)] _ Ss gp" 7 (x) w(x) 
n\ =i FS Sa) a : 
58. Function of a Function.—A formula for the mth derivative 
of a function of a function will be deduced in the supplementary 
notes.* However, the simple case of a function of a linear function 
of the independent variable is so useful and of such frequent occur- 
rence that we give it here. 


Let w= ax-+ 6, and /(u) be any differentiable function of w. Then 
D f(t) = fi) D2, 





= af,(u). 

DJ) = aD [A], 
= af'/(u) Du, 
= ef (u), 


and generally 
De) = UF iY). 
EXAMPLES. 
1. Show that 
D* sin ax = a* sin (2 - om) 


n 
D* cos ax = a* cos (2 + $n). 
2 


2. Dugax = qteax, 


3. Showthat D7 (aa = ae Oe 
u5 a (x — @)ntt 


* Appendix, Note 4. 
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EXERCISES. 
Show that 
I vr! 
ais () Sm 1 eee: 
ey et 
2 antr 





3. al 2 i egrsreecrer 
C— & (¢.— x)rtt 
(2 — 1)! 


. D* log (1 + x) = (— er a 


4 
5. Ge log'x) = 6x1 

6. D (xt + asin 2x) = 32a cos 2x. 
7. Di(xu) = x Du + r Dr—tu, where u is any function of x. 
8. Dia — x)u = (a — x) Dru — r Dry, 

9. De(x* log x) = — 4!x-2, 

10. D(x log x) = (— 1)*(” — 2)! xt, 

WW. Die = «(1 + log x)? + x*-1, 


12. D? log (sin x) = 2 cos w csc8 x. 








13. D5(x4 log 3) = 240-1, >? aw 
14. Dacx = a*(log ac)”, 
ax +o _ n! ac+é ac—b 
15. oes ame Ae (— 1)” 4 (x == enti (x TE cynti t 
Observe that by the method of partial fractions we can write 
ax +o =7j)S) “= "t 
(«—cle+o” 2elx-—c SE oS 
16. ed = ln i @peeeriee 
( — pe — 4) Cire. cree |g 


17. Make use of the method of partial fractions, to find the zth derivative of 
ax? +box+ec_ 1 (ae ee 





(« pix — 9) p—gy x—p x—g 


; d\2x% — 4x — 6 n! 
18, Show that (z) aos = 8 ee 
19. If y = a1 + «x*)—, show that 
(1 + x?) y() + 2anxy"—) + n(n -- 1)y%2) = 
20. If “(x) = 4 cos (log x) + 4 sin (log x), show that 
wf" x) + af'"(x) + f(*) = ©. 
21. Show in 20 that the following equation is true : 
sfnt2 + xan + 1) fart + (ef 4+ 1st =o. 
22. If y =e2sin '%, show that 
(1 — #)d*y — x dy dx = a’y do’, 
thence find, asin 21, an equation iny*+2, y"t1, Vu 


42) PRINCIPLES OF THE DIFFERENTIAL CALCULUS. [Cu. iy 


23. If y= («+ Vx —1)”, show that 
(x? — 1)d*y + x dy dx — my dx* = oO. 
24. If y =sin(sin x), show that 
ad’y + tan x dy dx + y cos3x dx* = oO. 
25. If y = Acosnmx+ Bsinnx, then 
Dyt ny =o. 


n 
26. Der cos dx = (a? + b2)2 e% cos (6x +n), where tan @ = 6/a. Differ- 
entiate once, twice, and observe that the law follows directly by induction. 
27. D* tant = (— 1)*(z — 1)! sin (tan—ta—) sin w(tan—tx—), 
Put y= tanS"a—%, hen. iv coty,, and 
Diy = — (1+ x) = — sin? y. 
Dy = — D,sin® y = — D, sin* y Dy = sin? y sin 2y 
The rest follows by an easy induction. 
28. If «= P(t) and y = y(4), then y is a function of x 
Required D,y, Diy. 


We have dy— wid, dx = g(a. 
ee 40) 
dx i(t)” 
Also, 


dy od pe a hl ee 

ax? dx pi at oe * ax’ 

BG Waa Bok 90 Eade 

se (p')° Sale. ARE as 
dy ax dy a*x 

a a dt a 


(a) 


29. If x =sin 3¢, y = cos 3¢, show that 








Dy =—7'3. 
30. D* tan—tx = (— 1)/!-1(” — 1)! sin (# tan~ta~?) 


(t + 22)* 


This follows immediately from Ex. 27, since 
tan—'x = dw — tan—12—-1, 
31. If » = tan—!x, show that 
(I + 2?) y(#tn) 4 2nxy(™) 4 n(2z — I)y—1) — o, 

32. Dx(a? + x?)-1 = (— 1)" ! q—n—-2 sin*+1® sin (2 + 1), 

where tan @ = a/x. Hint. Use Ex. 30, and 
D tan—(a/x) = — a(a? + x?)—1, 

33. Dt x(a? + x*)-1 = (— 1)"a-*-1m! sin*+1@ cos (2+ 1) 

where tan @ =a/x, Use Ex. 32 and Leibnitz’s Formula. 


34. & ese ot 


dx I+ "a + x)nHi “3 
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25. DiAVe ae Na 
2x Vx 
36. If y°(1 4+ 2?) = (1 — x + x), then 
a"y Os Sees ania 
I a+ x8 
37. If y = sin (m sin—x), prove 





d*y dy 
2 2 
(Cl ee x— + my =o. 
38. If y =sin—x, deduce 
(2 x)" ay’ = Oo, 


a 
EER SES ASE: AIR Ad 


and (I. — 2) dyn+2 axntit On 








a0) 
by applying Leibnitz’s Formula to the above. The deduction of such differential 
equations is of fundamental importance for the expansion of functions in series. 
39. Show that 
Bee een eae 
Sola Mae fl Ca rte) 


! — 
n: a we =0 





Apply Leibnitz’s Formula to the product f awe — «)-1. 
40. Show that 


=H (A \/FE)—FON _ pay $E=M 
asl re f), 


n!} Gey 7S 





0 
where, in the differentiation indicated by ey , « is constant and y the variable. 


The result follows at once when Leibnitz’s Formula is applied to the product of the 
two functions /(x) — f(y) and (« — y)—}. ’ 

This is one of the most important formulze in the Calculus. Observe that it is 
obtained by successive differentiation of the difference-quotient. 


41. Show that the derivative of the right member of the equation in Ex. 4o, 
with respect to y (x being considered constant during the operation), is 

x — yy)? : 

a ea. (y)- 


Hint. Differentiating each product in the sum, we find that the terms all can- 
cel out except the last. 


CHAPTER V. 
ON THE THEOREM OF MEAN VALUE. 


59. Increasing and Decreasing Functions. 


Definition.—A function /(x) is said to be an increasing func- 
tion when it izcreases as its variable zereases. A function is said to 
be a decreasing function when it decreases as its variable increases. 

In symbols, /(*) is an increasing function at x = a when 


I*) —S% . (1) 
changes from negative to positive (less to greater) as x increases 
through the neighborhood, (2 — e, a+ e), of a. In like manner 
J(x) is a decreasing function at @ when the difference (1) changes 
from positive to negative (greater to less) as x increases through the 
neighborhood of a. 

60. Theorem.—A function /(x) is an increasing or decreasing 
function at a according as its derivative /’(a) is positive or negative 
respectively. 

Proof: If /(x) is an increasing function at a, the difference- 


quotient 
Ax) ~/2) 


x—a 








is always positive for x in the neighborhood of a, consequently its 
limit /’(a) cannot be negative. If /’(a) is a positive number, then 
for all values of x in the neighborhood of a the difference-quotient 
must be in the neighborhood of its limit /’(@), and therefore posi- 
tive. The function is therefore increasing at a. 

In like manner, if /(x) is decreasing at a, the difference-quotient 
is negative for all values of x in the neighborhood of a and therefore 
its limit cannot be positive. Hence, if /’(a) is a negative number, 
the difference-quotient must be negative for x in the neighborhood 
of a, and therefore /(x) is decreasing at a. 


GEOMETRICAL ILLUSTRATION. 


Let y = /(x) be represented by the curve 4,4,. The function is increasing at 
A, and decreasing at 4,. 
We have 


f'(q) = tan 6, = 4, 


J'(a.) = tan §, = —, 


for 6, is acute, while 


74 
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since 6, is pbtuse. Remembering that, under the convention of Cartesian coordi- 
nates, the angle which a tangent to a curve makes with the «x-axis is the angle 
between that part of the tangent adove Ox and the positive direction of Ox. 





Fic. 9. 


61. Rolle’s Theorem.—If a function /(x) is one-valued and 
differentiable in (a, 8), and we have /(a@) = /(), then there is a 
value & of x in (a, f) at which we have 

J'(é) = 9, 
provided /’(c) is continuous in (a, £). 

If /(x) is constant in any subinterval of (a, 8), its derivative 
there is o and the theorem is proved. 

If /((x) is not constant in (a, 8), then at some value x’ in (a, ) 
we shall have /((x’) ~ f(a). If /((x') > (a) = (A), the function 
must increase between aw and x’ and decrease between x’ and #, in 
order to pass from /(@) to the greater value /(x’), and from x’) to 
the lesser value (f). Also, if /(x’) </(a) = /(), then the func- 
tion must decrease in (a, +x’) and increase in («’, #), for like 
reasons. In either case the derivative /’(x,) at some point 2, in 
(a, x’) must have contrary sign, § 60, to the derivative //(x,) at 
some value x, in (x’, #). 

Since /’(x,) and /’(x,) have opposite signs, and /’(x) is, by 
hypothesis, continuous in (x,, +,), then there is, § 23, I, a number 
& in (x,, x,), and therefore in (a, #), at which we have 


f'(8) =0. 

In particular, if (a) = o and ((f) = 0, then there is a number 
& between a@ and # at which 

S'4(E) = ©. 

Rolle’s Theorem is usually enunciated: If a function vanishes for 
two values of the variable, its derivative vanishes for some value of 
the variable between the two. Or, the derivative has a root between 
each pair of roots of the function. 

The figure in § 60 illustrates the theorem. 


62. Particular Theorem of Mean Value.—lIf /(x) is a one- 
valued differentiable function having a continuous derivative in 
(a, 8), and if a and 4 are any two values of x in (a, f), then 

Kio) — 2) = (6 — OS'S), 


where & is some number in (a, 4). 
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The truth of this theorem follows immediately from Rolie’s 


Theorem. 
Let & represent the difference-quotient 


478) fa), 


6—a 
Then : 
So) —/(2) = (6 — ah, 
J(6) — kb = f(a) — ka. (1) 


The function /(x) — 4x is equal to the number on the left of 
(1) when x = 4, and to the number on the right when x = a, 
Therefore, by Rolle’s Theorem, having equal values when + = a and 
when x« = 4, its derivative must vanish for x = & between a and 2. 
Differentiating, /(~) — kx, & being independent of x, we have at &: 

ED al ase 
which proves the theorem. . 

Another: way of establishing the result is to observe that the 

function + fh-2y fo 

(a — 8) lx) — (x — 8) la) + (x — a) fd) 
vanisbes when + = a, also when x = 6. ‘Therefore its derivative 
must vanish for some value of x, say &, between a and 4, 


1. (@-d/E) —/@) +18 =0. 


GEOMETRICAL ILLUSTRATION. 





PiGaerOs 


Each of these processes admits of geometrical illustration. 

(1). 4 is the trigonometrical tangent of the angle which the secant 42 makes 
with Ox. Draw OA’S’ parallel to 4B. Then 

BB — 1] 0) — ke — Ad a ize 

XX! = f(x) — kx is equal to AA’ when x = a, and to BB’ whenx = 4. The 
theorem asserts that there is a point £ on the curve y = f(x) having abscissa € at 
which /"(€) = &, or the tangent at Z is parallel to the chord 4A. 

(2). The function 

(@ — 8) fix) — (x — 6) f(a) + (« — a) fd) 


is nothing more than the determinant 





To), a 
Deas mene a 
Kb), 8, 1 





ART. 63. ] ON THE THEOREM OF MEAN VALUE. Ti 


which is the well-known formula in Analytical Geometry for twice the area of the 
triangle AXA, in terms of the coordinates of its corners. This vanishes when 
‘coincides with 4 or &. It attains a maximum when the distance of Y from the 
base AB is greatest, or when X is at Z, where the tangent is parallel to the chord. 

This theorem amounts to nothing more than Rolle’s Theorem when the axes of 
coordinates are changed. 





63. Lemma.—FEx. 39, § 58, forms the basis of the most important 
theorem in the Differential Calculus, i.e., the Theorem of Mean Value 
for a function of one variable. On account of its usefulness, we inter- 
polate its solution here. 

The starting point of the Differential Calculus is the difference- 
quotient. On that is based the derivative of the function. We shall 
now use it in presenting the Theorem of Mean Value. — 

Let /(x) be a one-valued successively differentiable function of x in 
a given interval (a, 6). Let x represent any ardirary value of the 
variable, and y some fartcular value of the variable at which the 
derivatives of f are known. 

(1). Consider the difference-quotient 


Le) = 9) 2p fs 
gre dean 4 Se es koe 


If we hold x constant while we differentiate this ~ times with 
respect to the variable y by Leibnitz’s Formula, § 57, and then 
multiply both sides by a 

; (x — yy" 4 Ae. Pes 
n!} 


we shall obtain 


n! 
= EP (gy (a 


For, we have 
Pah = TF (), 
Der (se —y)\73 = (2 — r) (x — y)rOr9, 
which values substituted in the form of Leibnitz’s Formula in Ex. 3, 
§ 57, give the result. 
2). On account of the importance of this formula we give 
another deduction which does not use Leibnitz’s Formula directly. 
Let 
I(x) —SY) =. 
Famed 
Then 
AD SO) = C— NG 
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To introduce the known derivatives at _y, let « be constant and 
differentiate this last equation successively with respect toy. Thus 


ft foy = @ — 90, ©) 
AC Se Seer ag Coa ears q — Sf") — (x — y)Q — Q, (2) 
yr, stg 7-4 —F) = & — IG! — 20, s 
De SHG" MIG) = @ — OP — 2. ay) 


: I ‘ 
Multiply (2) by (« —y), (3) by s (x —y)*, ..., and (z+ 1) 
by (« —y)", and add the z+ 1 equations. There results 


FO DPA SEES Ose 


n! n' 
the same formula as in (1). 


64. The Theorem of Mean Value. Lagrange’s Form.—The 
Theorem of Mean Value, which we now present, is the most impor- 
tant theorem in the Differential Calculus. The applications of the 
Differential Calculus depend on it as do also its generalizations. It 
is but a direct modification of the differential identity (g) established 
in § 63, and consists in the evaluation of the th derivative, Q®, of 
the difference-quotient Q in a different form. 

Consider the arbitrarily laid down function of z, 

( C= ore 


Fe) =A) A) (2-2 0) — .. Fp) ED ge, 
in which, as in § 63, 


QM= DA) ee 


does not contain zg and is constant with respect to z. 

Observe that this function #(z) is o when z = x, because the first 
two terms cancel and all the others vanish when z= x. Also, F(z) 
is o when z = y, by reason of the identity (¢). 

Consequently, by Rolle’s Theorem, § 61, the derivative 7’’(z) 
must be o for some value & of z between x and y. Differentiating 
with respect to z, and observing that the terms on the right, after 
differentiation, cancel except the last two, we have 

x — 2)" x — 2)” 
F(z) =—> — (= — A)" pott(a) + (2 4- 1) See. 
Hence, when z = &, at which #'’(§) = 0, 


PB nae Mee CS 
ara m+ I : 
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Substituting this value in (7), we have Lagrange’s form of the 
Theorem of Mean value, * 


AA)=M)+ EDI) +... + Foy $ aor (8), 





=) SP ro a). ) 


r=o 


65. Theorem of Mean Value, Cauchy’s Form.—Cauchy has 
given another form to the evaluation of the difference 


nm 
x -- y)\r 
fe) — )"E=¥ ry), 
which for some purposes is more useful than that of Lagrange. Its 
deduction is somewhat simpler. 


Let x be constant and za variable. Consider the function 


Fe) =e) + (#— 9/2) +...4 25 wy (i 
By the Theorem of Mean Value, § 62, 
F(x) — F(a) = (x — 0)F'(é), (i) 
where & is some number between % and a. 
When z = x, we have from (i) 


A(x) =/(*). 
When z = a, then from (i) 
(~ — a)” 


F(a) =S(a) + (@—@)/"(@) +... + = ma, 
Differentiating (i), 


FA@= uo Belk f**1(z), 
and F 
F(8) = Ea EV ping, 


Substituting in (ii), we have Cauchy’s form 
fe) = SPS V pa + @ FT Vee), © 


* In order that this result shall be true, it is necessary that the function /(x) 
and its first z+ 1 derivatives shall be finite and determinate at « and at y, and 
also for a// values of the variable between x andy. This important formula will 
be presented in another form in the Integral Calculus, Chapter XIX, § 152. 

For a proof of the Theorem: If a function becomes oo at a given value of the 
variable, then all its derivatives are oo there, and also the quotient of the deriva- 
tive by the function is 0 , see Appendix, Note 5. 
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The numbers represented by & in (C) and in (L) are not equal 
numbers. All we know about & in either case is that it is some 
number between certain limits. 


66. Observations on the Theorem of Mean Value.—The formula 
(L) or (C) is a generalization of the theorem of mean value stated 
in § 62; that theorem corresponds to the particular value x = o. 

The Theorem of the Mean is the basis of the expansion of a 
function in positive integral powers of the variable. When this 
expansion in an infinite series is possible, it solves the problem: 
Given the value of a function and of its derivatives at any one par- 
ticular value of the variable, to compute the value of the function 
and of its derivatives at another given value of the variable. 

The Theorem of Mean Value is the basis of the application of the 
Differential Calculus to Geometry in the study of curves and of sur- 
faces, as will be amply illustrated in the sequel. 

It solves the problem: To find a polynomial in the variable which 
shall have the same value and the same first 2 derivatives at a given 
value of the variable as a given function. ‘This polynomial, therefore, 
has the same properties as the given function at the given value of 
the variable, so far as those properties are dependent on the first z 
derivatives. This is a most important and valuable property of the 
formula, for it enables us to study a proposed function by aid of the 
polynomial, and we know more about the polynomial than about any 
other function. 


67. In Chapters I, ..., IV, we may be said to have designed 
the tools of the Differential Calculus, for functions of one variable, 
in the derivatives on which the properties of functions depend. 

In the present chapter this design may be said to have culminated 
in the presentation of the Theorem of Mean Value. 

The subject has been developed continuously and harmoniously 
from the difference-quotient. The difference-quotient is the founda- 
tion-stone from which the derivatives have been evaluated, and by 
successive differentiation of the difference-quotient we have been led 
to the Theorem of Mean Value. j 

It is not necessary to add here any exercises or examples of the 
application of the Theorem of the Mean, since it will be employed 
so frequently in what follows, We merely notice other forms under 
which the formula may be expressed. 


68. Forms of the Theorem of Mean Value. 


(1). It is customary to write R, as a symbol of the difference 
between the functions 


fe) md CIV ra, 
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so that 


(2) = Ses ria) 4 R, 


J(*)=S, + 8,, 
where S,, represents the > peneven: 


(2). ‘In particular, if @ = 0, and /(x) is differentiable, 2 + 1 
times at o and in (0, x), we faye 


S(@) =F(0) + #70) Fo FS S"0) + Ras 


where, using Lagrange’s form, 


Or, more briefly, 


n+l 
5 Go ea ee PNB), & in (0, ~), 
or, using Cauchy’s form, 
Roe —— frré), & in (0, x). 


(3). If we write the difference + — y — 4, so that x = y 4-4, 
SIAN =SOY) FY) +... +2 PU) + Re 

(4). Again, since A is arbitrary we can put 4 = dy. Then 
SU +8) =/0) + FU) +...4 ZO + 2, 





or 
a” 
oe eo RS 
EXERCISES. 
eit) O wheniws—"c19-. ., 4 = a,, where 


a <a, 11. Sy, 


and f(x) and its first 2 derivatives are continuous in (@,, 2), show that 


J(*) = (* — G).. . (* — Gy) . , 





where € is some number between the greatest and the least of the numbers 
Hy A, + + + Aye 


2. In particular, it ¢, =4,=...=a, = @, then 
x — a)" 
K*) = Ger; m(&), 


where & lies between x and a. 


CHAPTER VI. 


ON THE EXPANSION OF FUNCTIONS. 





69. The Power-Series.—To expand a proposed function, in 
general, means to express its value in terms of a series of given func- 
tions. This series has, in general, an infinite number of terms, and 
when so must be convergent. 

We confine our attention here to the expansion of a proposed 
function in a series of positive integral powers of the variable, based 
on the Theorem of Mean Value. 

The problem of the expansion of a proposed function in an 
infinite series of positive integral powers of the variable does not 
admit of complete solution in general, when we are restricted to real 
values of the variable, for the reason that the values of the variable 
at which the function becomes infinite enter into the problem, 
whether these values of the variable be real or imaginary. In the 
present chapter we shall confine the attention to those simple func- 
tions: whose expansions can be readily demonstrated in real variables, 
relegating to the Appendix * a more complete discussion of the gen- 
eral problem. 





70. Taylor’s Series. 
Value, 


If in the formula of the Theorem of Mean 


f(#) = a See (1 


the derivatives /”(az), y= I, 2, ... , at a, are such that the series 


S$. Siies cara, 


has a finite limit when 2 = o, and we also have 





4k, ='6, 
then for the values of x and a ete we Bh 
J(*) = + (%— OF'(® ne (= Vea) +... (T) 


This is called Zaylor’s formula or series. 





* See Appendix, Notes 6, 7, 8. ° 
82 
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We may use any of the different forms of 2, we choose in show- 
ab nel Oe ie — Mo 


71. Maclaurin’s Series,—Under the same conditions as in § 70, 
bia) Os 


A) =F (0) +f") +57") +. (M) 


This is called Maclaurin’s formula * or series, 

The series (M) generally admits calculation more readily than 
does Taylor’s (T), because usually the derivatives at o are of simpler 
form than those at an arbitrarily selected value of the variable a, 


EXAMPLES. 


1, Any rational integral function or polynomial (x) can always be expressed as 


fla) + (@ = a) f(a) +... pS potay, 


where x is the degree of the polynomial f(x). 
For, since f is of the wth degree, all derivatives of order higher than /” are o. 
Consequently the theorem of mean value gives 


fa) = SES" 70), 


whatever values be assigned to x and a. 
In particular, we may put a@ = 0, and have 


Ae) = flo) + af'(0) +... + = FH(0), 


and this must be the polynomial considered when arranged according ‘to the 
powers of x. 


2. We may define as a transcendental integral function one such that aé/ of its 
derivatives remain determinate and; 2on-injfinite for any assigned value of the 
variable. 

Any such function can be calculated by either Taylor’s or Maclaurin’s series 
for any finite value of the variable, whatever. 

For if f be such a function, then, whatever be the assigned number a, we have 


[LET O =o 


n=O 
since f*+1(&) is finite for any & between x and.a, for all values of nm. Also, 
(« — ayttt/(a + 1)! has the limit o when 2 = o (see § 15, Ex. 9). 
Moreover, the series is absolutely convergent (Introd., § 15, Ex. 10), since 

eo rae r ao 
3 E— pes 

r=0 r=0 
where J/is a finite absolute number not less than the absolute value of any deriva- 
tive of fat a. The series on the right is absolutely convergent, since 


ly — 4 
| 
oy <i 


la — al" yr 





r\ 





N=a0 


see § 15, Ex. Io. 





* This formula is really due to Stirling. 
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Therefore, if /(#) be any ¢vanscendental integral function, we have for any 
assigned value of x or a 


Ae) = fe) + (F(a) + FSF yay +... 
Also, 


fa) = f0) + xf'0) + ZF"o) +» 


Such functions are sin x, cos x, e*. 


3. Show that if /(x) is any transcendental integral function as defined in Ex. 2, 


then /(fx + ¢) can be expanded in Taylor’s series for any assigned values of J, g, 
x and a. 


This follows immediately from 2, since 


(Z-) Aor + 9) = erfror $0) 


4. To expand e* by Maclaurin’s formula. 


We have Drex = ex for all values ofr Ato we have 


Drex = e° = 1. Also, 
wnti 
se oe = 
(2+ 1)! 
n=o 
Hence, substituting in Maclaurin’s series, we have 
A 
ia ea DE EE aa 

oO “Tr 
r= 0) % 


In particular, when x = 1, 
I I I 
oa ie ries pe ger tee aie eae a 


which gives a simple and easy method of computing ¢ to any degree of approxima- 
tion we choose. 


5. To compute sin x, given x, by Maclaurin’s formula. 
sin 0 = 0, Dw sino = (— 1)", and £2" sino = 0, 

by Ex. 5, § 56. Therefore 
: Steg» 
sin x = x — —+ — — — 
Bh om tat 


6. To compute in the same way cos x, given x. 
By Ex. 5, § 56, coso=1, 


T OELe © 


D2*#=1: cos 0 =O; 

EM eee, 1e2 

ser al Bae 

The derivatives of sin x and cos x being always finite, these functions are trans- 

cendental integral functions and it is unnecessary to examine the terminal term 2,,. 
The limit of &,,, however, is very readily seen to be 0, since we have respectively 


xU+1 e ‘yA 7 
Ra = (a 3)! sin (: + ox), for sin x, 


D2 cos 0 = (— I)*. 


cosx=I1I— 


ANT 


= ‘aay cos (: + 3) for cos x. 
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7. The binomial formula for any real exponent. 


Consider the expansion of (1 + x)@ by Maclaurin’s series, when @ is any 
assigned real number. 


We have 
Dut x4 = a(a—1)...(a—n + 1) + x)e-%, 
[D*(0 *)?]xn 9 = a(@ — 1)... (@—n-+ 1). 
Substituting in Maclaurin’s series, we have 
a(a — ee iu aa — 1)(a — 2) oh 


I+ ax + x ey 


The quotient of convergency, § 15, Ex. 9, of this series is 





Ae es 








a—n 
nar = |x|. (1) 
n=co 
Therefore the series is absolutely convergent when |x| < 1, or for all values of x 
in)—1, + 1(. For |x| > 1, the series is 0. 
Also, by (C), § 65, or § 68, (2), 


(4 — &)* a(@ — 1)... (a —n) 








Ru 535 Al ( a Byeti—a (2) 
Whatever be the value of € between » and 0, so long as |x| < 1 we have 
a—nx—E ee 
pT Pane ae (3) 
n=0 
For this limit is the same as 
x—E§ 
f let 
which is less than 1 wheno <x <1. If «<0, putx = — # and é = — #, 
Then the limit is equal to 
x a é/ 
ie et 








Bute — es <ohe — o Since Ona <1) and oO <b y/, 
Inequality (3) being true, £2, =0, in (2). Therefore the series is equal to the 
function for the same values of x for which the series is absolutely convergent. 


(1 faye = pax fT Dae p ORE as 


for all values of x in )— 1, + 1(, and the equality does not exist for any value of 
x for which |z| > 1. 


8. Expand log (1 + x) by Maclaurin’s series. 


pieet J(#) = log (1+ +). 
: ” = y)“@t+1 (% au ™)! 
ote Vf (23) ) (1 xy? 
and J*(0) = (— 1)" —1)!. 


Substituting in Maclaurin’s series, we get 
x—}e+ p83 _—... 


The convergency quotient of this is 
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The series is therefore absolutely convergent for || < 1, and is oo for |x| > I. 
Also, we have, by (C), § 65, 











— en 
| Rn = (— 1 ree 
Whatever may be & between x and o when |x| < 1, we have, as in Ex. 7, 
ie 
if r+ af < 
n=2 
Therefore {x= 0, and 
log (I+ «) =x —4?+}48—-—fe4t+... (1) 


This serjes converges too slowly for convenience, that is, too many terms have 
to be calculated to get a close approximation to the value of log (I + ~). 


By changing the sign of «x, 


log (I — x) = —x—frP— fe_-... (2) 
By subtracting (2) from (1), 
jog T* = at gt ytt...) ere 


If ~ and m are any positive numbers, put 


fe ee Yee m 
Lae as ae A then a 


bas re 2n + m 





Substituting in (3), 


n+t+m m I ms I m 
1 ae 4 — 
og ( n ) Ceeustops ates 
a series which converges rapidly when 2 > m, and gives the logarithm of m+ x 
when log 7 is known. 


The logarithms thus computed are of course calculated to the base e. To find 
the logarithm to any other base, we have 








loge v 
log, @ 





log, ¥ = 


72. Observations on the Expansion of Functions by Taylor’s 
Series.—The expansion of a given function by the law of the mean 
is rendered difficult, in general, because of the complicated character 
of the zth derivative which it is necessary to know in order to get the 
law of the series and test of its convergency. 

Still more difficult is the investigation of the limit of R,. This 
latter investigation is usually more troublesome than the question of 
convergency of the series because of the uncertainty regarding the 
value of the number &. ‘The only information we have with regard 
to & is that it is some number which lies between two given num- 
bers. Moreover, we know that & is a function of and in general 
changes its value with 2,..It is therefore necessary that we should 
show that £2, = o for a// values of & between « and a, in order to 
be sure that £ RX, is o for the particular value & involved in the law 
of the mean whatever may be that number & between x anda. In 
the deduction of the form &, in the Integral Calculus, Chapter XIX, 





ART. 73.] ON THE EXPANSION OF FUNCTIONS. , oF 
§ 152, it is there shown that not only is it sufficient that we should 
consider all values of & in the interval (a, «), but it is also necessary. 
The equality of the function and the series depends on X,, vanishing 
for a// values of & in (a, x).* 

It is desirable therefore, that we should have such general laws 
with regard to the expansion of functions as will enable us, as far as 
it is possible, to avoid the formation of the zth derivative and the 
investigation of the remainder term 2, and which will permit us*o 
state for certain classes of functions determined by general properties 
that the equivalence of Taylor’s or Maclaurin’s series with the func- 
tion is true for a certain definite interval of the variable. The 
general discussion of this subject is too extensive for this course. 
We give in the next article some observations which will be of assist- 
ance in simplifying the problem. In the Appendix a more general 
treatment of the question is discussed. 


73. Consider a function /(x) and its derivative /’(x). We can 
state certain relations between a primitive and its derivative, with 
regard to the corresponding power series as follows: 

Cauchy’s form of the law of the mean value applied to each of 
the functions (x) and_/’(x) gives 


Ma) = fla) + @— a) f'(@)-+.. ELM yay 4 Rey (1) 


POEL) $= OPO +. + FEHR, (2) 
where 
R= («— eee) (3) 

/ tg (x ros ae ae n+l, <=/ 
Ri= («— Daan (Eo (4) 


I. We observe that the quotients of convergency of (1) and (2), 
as obtained by taking the limit of the quotient of the (#-+ 1)th 
term to the zth term, have the same value, for 


tiiro tLe Fo 


nR=0 n=o 
x — ay I Ve 
= ——— IT 4 
nti /"(a) n+I 
n=o 
* In the theorem of the mean, (1), § 70, the series 
Seo F ym) 
° n! ; 


may be absolutely convergent and yet not equal to the function /(x). For Prings- 
heim’s example, see Appendix, Note 8. 














Therefore, if 
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7 (i 


if Tr(a) | 


is a finite determinate number, then the two series 


Ae) + (22 a7 2S oe 





and : 
POpe ae a 


are absolutely convergent in the common interval )a — R, a+ R(, 
and are both oo for any value of x outside of this interval. 

The number a is called the base of the expansion, or the centre 
of the interval of convergence. The number & is called the radius 
of convergence. 

II. We observe that if, for a// values of §& between x and a, we 


have 
se Gof HS) ott 
os a Pe se 


in which & has the same value wherever it occurs, then, § 15, Ex. 9, 
must (3) and (4) be o when =o whatever be the value of & 
between x and a in (3) or (4). 

Consequently, if we have determined (5) for any function and 
shown that (6) is true for values of x in the interval of convergence, 
then this function, its derivative or its primitive is equal to the 
corresponding Taylor’s series in the common interval 


ja—R, a+ Ri. 





EXAMPLES. 


1. Having proved that the requirements in § 73 are satisfied for (1+ x)*, and 
this function is equal to its Maclaurin’s series for all values of « between — 1 and 
1, and for no values of x outside these limits, it follows immediately, in virtue 
of § 73, that log (1-+ x) is equal to its Maclaurin’s series in the same interval, 


since 
DP log («1 + x) = (14 x). 
2. The function tan—!w is equal to its Maclaurin’s series for a2 < 1. For 
Diane = ae 
I+ x 
and x? < 1 is the interval of equivalence of (1 + a?)-1 with its Maclaurin’s series. 
Moreover, since 


Q+-e)7 = 1 — + ot — 2st 
and the primitive of (I + 2*)~1 is tan—t, and tan—1o = 0, we have, by $73, 
tan-“iw =x — $84) —-1y714. 
for -—-I<x<4. 


ew | 
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We can verify this result directly, for 


D# tan-tx = (— 31) ee 


[D* tan-tx]) = (— 1)*-(n — 1)! sin(4uz). 


sin (# tan—1x-1), 


& 4 cj 4 
Also, sin (2m z) = 0, sin (2m + 1) >= (~ 1)*. 
Therefore the Maclaurin’s series for tan—'v is 


x—f+tiod—..., 


which has the interval of absolute convergence )— 1, + 1(. 
For &,,, in Lagrange’s form,’ we have 


x” sin (z tan—ix-1) 
A NUBEC Vg 


the limit of which, for 7 = o, is Oo when |a| < 1, 


kn = 





b 


In particular, if x = tan 1m = 1/ V3, then 
nu ir Tele lal 
———=. Ii—— ie Fark aes eo ee 
2V3 573 : 
which can be used to compute the number z. A better method, however, is given 
below 


3. For all values of |x| < 1 we have shown that 


(Q-ayptor tpt 23 Say Se ee: 


But a primitive of (1 — x)? is ss and since sin~i0 = 0, we have, by 


§ 73, 


I-31 
sins =r} oat 4 
ad 2-45 a 
forxin)—1, + 1(. 
In particular, since 17 = sin—t 4, we have 
Lifes I ft 1-3. 2 
= 28 eS es; 





G23 2-321 2-4-5 28 
from which z can be computed rapidly. 

4. Determine the Maclaurin’s series for cos—%x, cot-'x, sec—tx, csc—tx. In 
each case determine the interval for which the function is equal to the series. 

74. We can find the zth derivative of sin~*x without difficulty, 
but it would be difficult to evaluate the corresponding limit of 2, by 
the direct processes of Maclaurin’s formula. 

Observe that the coefficients in the power series for sin“ can be 
determined from Ex. 38, § 58, where we have 

(1 — aes Sie (27 1) x D** sine — 2 De sin "x = 6. 
DEA sino — 21)" sino. 

When we have found J sino, D? sino, the other derivatives at 
o can be found directly, and the interval of the convergence of the 
series established. The interval of equivalence of the function and 
the series by evaluating £7, is a matter of considerable difficulty. 
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In the text we go no further into this matter of the expansion of 
functions by Taylor’s formula. We have made use of it to show how 
the tables of the ordinary functions and of logarithms can be com- 
puted, and the numbers e and z evaluated. 

We add a few exercises in the application of the formula. The 
cases In which the remainder term #, is inserted are those for which 
we have not established either the convergence of the infinite series or 
its equivalence with the function; they may be regarded as exercises 
in differentiation or as applications of the Law of Mean Value. Some 
of these results will be useful later in the evaluation of indeterminate 
forms and approximate calculations. 

We observe that for the purpose of approximate calculations, if JZ 
be the greatest and m the least absolute value of the (7 + 1)th deriv- 
ative in the interval (a, x), the error committed in taking 


fa) = ) SS re) 


lies in absolute value between 


nine n+1I aS n+I 
domes NEE RNS lene 


(z+ 1)! (z+ 1)! Ms 
by Lagrange’s form of R,. When we know the th derivative of the 
function to be calculated, we can thus determine beforehand how many 
terms of the series will have to be taken in order that the error shall 
not exceed a given number, 


EXERCISES. 


1. If¢is the chord of a circular arc a, and 4 the chord of half the arc, show 
that the error in taking 


I 
a= — (86—c 
3 ) 
is less than ee where @ < radius of the arc. 


2. If dis the distance between the middle points of the chord ¢ and arc a, in 
Ex. 1, show that the error in taking 


8 @ 
¢= a—— — 
Si a 
4 
is less than 3~ as 
3 2? 
3. The series 1+ + 42?+ ... is convergent for |x| <1. It is infinite 
when x = 1, and alsooo whenx <— 1. Show that we can make x converge 


to — rin such a way as to make the sum of the series equal to any assigned 
number we choose. 


Weti ues I, where a is any assigned number. Then we have for 


a 
n-+1 


the sum of # + 1 terms of the series 
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x a n+X 
eee 5) 


I—x 





Cee 





a 

n+ 1 

If x=2m or 2m+-1, and m=o, this sum is respectively equal to 
$(I + e-2) or 4(1 — e-4), 


one or the other of which can be made equal to any given number by properly 
assigning a. 


Show that 
4, tanx=x+ p84 24 KR. 


5. sec x = I + 3a? + Sat Alas + Ry. 
6. log (I + sin 4) = # — 4a? + 43 — Bott R,. 
us esecx =I + a+ + 3x84 Jatt Sad + R,, 
8. Show that for |x| < 1 we have 
persone 5 
log (4 + fr + =x it Ee ee ra 
(e+ Wr + #) seuss 


Hint. Dlog (#4 71+) =(4 2). 


2. 
9. Expand  sin-! = - and tan-— 








, in powers of x, determin- 
I — x? 
ing the intervals of equivalence, §§ 72, 75. 


10. Expand 24/x?+ a? + a log (x + 4/x? +), in powers of x and deter- 
mine the interval of equivalence. 


x 








Hint. The derivative is 2 /a? 4 x’. » 
11. Expand in like manner 
2 
I fe V2 ee Sey 
42 py s as 22 see 


by using its derivative (1 + x*)—. 
12. Show that the wth derivative of (x? + 6x + 8)—1 at ois 


I I 
(— 1)" sar _ an) 


Expand the function in integral powers of x and determine the interval of 
equivalence. 


13. Show by Et ae formula that 





(pa)Fa eft ae $e — Yee} + Re 


a log (1+ x 
Hint. If y=(1-+-)*, then logy = i 
y = eo(*), P(*) = 1 —fe+ 47? -—484+..., 

and the first few derivatives can be found. 


14. Compute the following numbers to six decimal places: ¢, 2, log 2, log, 10, 
sin 10°. 
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75. When w and v are functions of x, they are also functions of 
each other. If, when +(=)a, we have u(=)o and u(=)o, the guotent 


u 


v 


will in general have a determinate limit when x«(=)a. This limit 
will depend on the law of connectivity between w andv. The evalua- 
tion of the derivative is but a particular and simple case of the 
evaluation of the limit of the quotient of two functions which have 
a common root as the variable converges to that root. For, in the 
derivative, we are evaluating the limit of the quotient 


I(x) ~ IM 
when J(x) —/(a)\(=)o and x —a(=)o., 


The evaluation of the quotient w/v when x converges to the 
common root a of w and z, is but a generalization of the idea 
involved in the evaluation of the derivative. For, let d(x) and (x) 
be two functions which vanish when x = a, or, as we say, have a 
common root a. Then 

(2) = 0 and. d(a)=0. 
- We wish to evaluate the limit of the quotient 


ae, 


p(*) 
when x(=)a. ; 
Since @(2)=0, ¢(a)=0, we have 
Hx) _ G(x) — O(a) 
P(x) ox) — ¥(@)’ 





(x) — P(2) 
ce x—a 

~ ¢@) = ¥(@) 
x—a 


Consequently if #(x) and ¢(.) are differentiable functions at a, 
9? 
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and the member on the left has a determinate limit when x(=)a, we 


have 
eg) 
2s w(x) y"(@)" 





x( 


For example, 
log « 





x—I 
“(=)r 
It may happen that @ is a common root of #’(x) and (x), then 
f(a) =o and w’(a2) = 0. In this case we shall require a further 
investigation in order to evaluate the quotient G/y. For this pur- 
pose we require the following theorems: 


76. A Theorem due to Cauchy.—Let (x) and (x) be two 
functions which vanish at a, as also do their first 2 derivatives, but 
the (# + 1)th derivatives of both ¢(x) and (x) do not vanish at a. 
Then we shall have 


P(x)p"*(E) = o(*) h**(), 
where & is some number between x and a. 
Let z be a variable in the interval determined by the two fixed 
numbers x and a. Then the function 
J(2) = P(2) P(*) — 2) oP), 


=o when z=a4, also whenz=.2, 


Ill 


By the law of the mean, § 62, /’(z) =o for some number z= &, 
between x and a. But, in virtue of the fact that g’(a) = (2) = 09, 
we have /’(2) = 0. Consequently /’’(z) = o for some number &, 
between &, and a. 

In like manner /’’’(z) = 0 for z= &, between &, and a, and so 
on until finally we have 


I”*(E) = P(E) ox) — YS) A(x) = 0, 
where & is some number between ~ and a. 
If "+1(z) is not o between x and a, we can divide by it. Hence 


P(x) is ptt &) 

p(x) PPE) 
This theorem is of great generality and usefulness. 
For example, the functions (x — a)*+1/(z-+ 1)! and 


Aa) =fay— 3°52" pra 


are such that they and their first 7 derivatives vanish at x = a, while the (7 +- 1th 
derivative of the first function is 1. Therefore, by the theorem just proved, we 
have ( we 
x — @)rtt 
= ———_ fate 
Re) = py PO 


which is Lagrange’s formula for the law of the mean. 
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This theorem can be utilized for finding many of the different forms of the 
remainder in the law of the mean. It has, however, its chief application in : 


77. The Theorem of 1’HOopital.—If f(x) and 7(x) are two func- 


tions which vanish at a, as also do their first ” derivatives, then we 


shall have 
2) _ ("8 _ (HO) 
FH) = Len L roy 





x(=)a x(=)a 
= p”**(a) 
”**(a) 
For, by Cauchy’s theorem, § 76, - 
(a) _ g(é) 
pa) p(B) 
where & lies between x anda. Hence, since § and x converge to 
a together, we have for +(=)a 


6) _ oO, 
P(x) Pra) 
Moreover, Cauchy’s theorem shows that the quotients 


P'(*) 


| V(x)’ 
all have this same limit. 
Therefore, to find the value of the undetermined form, we 
evaluate successively the quotients of the successive derivatives until 
we arrive at a quotient no longer indeterminate. 








(r=, 2,..., 2) 


EXAMPLES. 


1. Evaluate, when x(=)1, the quotient 
xt 3x 42 
qo 
x? —3x+2=0, whene =1. 





D(x? — 3x +2) = 2x —3, =—1, whenx=—t. 
x*—1=0, whene =1. 
De — 1) =-24,.+= 2; when «= 1% 
oa den sk 2x — 3 I 
Ce ean oe es 
a(=)r a(=)r 
2. Show that 

Be ER ed 
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» 


3. Evaluate, when «(=)o, the following: 


ex — e-x at 
2 She eae 
x —2S1n x 


(=)o +(=)o 
4. Show that for «(=)o, we have 


eh ae : ex + e-* — 2 
SS OES, = 2 ——_—_——— = 2, 
x — sin «© y vers x 


5. Evaluate, when «(=)o, 


sing iy I ax — $x 1 a tan 
<a = 3 ——— = log —-; et ae 
sind 6.” oS 85° one 


6. Find the limits, when «(=)o, 


x—sinx« I sin 3x 3 op 
aaa me ner S cS ee oa ee —_————_—_—- — —. 
a 6 x — sin 2x oY I — cos mx ~ m? 


78. The Illusory Forms.—When ~ and v are two functions of x, 
which are such that the functions 
u/V, uv, u“— vv, u’, 
tend to take any of the forms 
C/O, Wie sO x 8, Gox=100., 08 400%, T, 














as x converges toa; then when these functions have determinate 
limits for x(=)a, the theorem of |’ H6pital will evaluate these limits. 
All these forms can be reduced to the evaluation of the first, o/o, 
as follows: ; 
(1). «foo and oXo_ reduce directly to o/o. 


For, if #,== 0 ,, 3, =e, “then 














ok. CO. D/us RES 
0,5 oe ee 
and we evaluate 
1/v, 
1/u, 
Liege 0, == 06. then 
TT pee at =2 
17 o 
and we evaluate 
u,, 
1 /U,_. 


(2). In like manner, if u,=o, v=o, then 


v L—v,/u, 0 
= u,(1— a) = afte 





Uf = 


an b 


ea RLV Me ° 
provided & (v,/u,) = 1, otherwise this form has no determinate Guite 
limit and is o. 
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This illusory form can also be reduced to the evaluation of the 
form o/o when 1(=)a, thus: 


—v 


(jo? = 
ew 


which takes the form o/o when «=a. Therefore, if Se” =e", 
A(4—v) =, for x(=)a. 

(3). The last three forms, 0°, 0°, 1%, arise from the function 
z”, which can be reduced to o/o, thus: 


Since ieee 


“w= v log u 


In each of the cases 0°, 0°, 1”, the function v log-z takes the 
form o X «, which can be turned directly into o/o and evaluated as 


in (z). 
EXAMPLES OF 00 /oo and O/o. 


The evaluation of w/v, when u = 0, v =o, for x = ga, is carried outin the 
same way as for 0/o. For we have 


BO) a 7 1/2) [VOW | 
Y(*) 1/P(x) —P(*)/[O@)P 
cis eP ie (2) ye B(x), 
Bz) S Pe) 
when 2(=)a. If now (x)/y(x) has a determinate limit 4 ~ 0, when 2(=)a, 


then 
PWD ae hist ke 
P(x) 


Therefore, for x(=)a, when P(x) = wo, ox) = w, 
{8 =A= '(%) = (a) 
W(x) W(x) ~ p(a)’ 
if @'(a)/y'(a@) is determinate. 
1 tan x sec? x sec x 
% sec % secx tanx tan x 
tan x 
As =1, when «(=)im. 


. . c t 
Or immediately, by Trigonometry, = 
sec 




















x * 
=sin x. 
+ 


xn ! 
i ne — = 0, 
e Pad 


rH0 
when » is a positive integer. Also when » is not an integer. 


3. Show that £ «(log x)" = o. 
x(=)o 


2. Show that 
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4. Show that = foal. 0) = 
a tan 6 
(= )amr 
5. Evaluate, when a(=)Iz, 
tan log tan 2x | I —sinx + cos x 
tan 3x’ log tan x ’ sina} cosa — 1? 
log sin x _ sec x ; tan x 
(x — 2x)?’ sec 3x’ tan 5x 
6. Show that £ (1 — x) tan 1(rx) = oh 
x(=)r 4 


EXAMPLES OF 00 — oo. 
7. £(secx —tanx)=0, for x(=)iz. 
8. £(x- — cotx) = 0, for x(=)o. 
9. «tan x — im secx(=) — 1, when 2(=)}m. 
x —sing 


10. eee ee Ge) _ when x(=)o. 


11. (2* — 1)/x(=)loga@, when x(=)o. 
EXAMPLES OF #2, 


B01 eFjs" Ap. 
1 + )8(=)1, x=). 
h(t nea), x= 0. 
16oos oo. 


16. 21-2(=)e7, a(=)I. 

79. General Observations on Illusory Forms.—In evaluating 
illusory forms, we may at any stage of the process suppress any com- 
mon factors in the numerator and denominator, and evaluate indepen- 
dently any factor which has a determinate limit. We can frequently 
make use of algebraic and trigonometric transformations which will 
simplify and sometimes permit the evaluation without use of the 


Calculus. 
In illustration consider the limit of 
a 
(= poe ae when a(=)r. 
This takes the form 0°. To evaluate, equate the function to_y and 


take the logarithm, 
log (¥ — 1) 


PEL 2 log sin 27x ~ 
I 
‘log (x — 1) zs ices ae’ SU EE oe x. 
log sin 2x COS 2X) |) 76 x—I 


sin 7x 
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But £secmx = —1, and 


sin 1x 7 COS Hx 
——<—<—<—_= eS i 8 
x—I i 


4 logy =log Ly =a. 
Hence LILO) ver ASG 
Frequently the evaluation can be simplified by substituting for the 
functions involved their values in terms of the law of the mean. 
For example, evaluate for «(=)o, 


I 
(1+ x)*—e 
a : 
Differentiating numerator and denominator, we have 


*— (1+ *) log (1 +) 


ce a(t 2) 


I 


ita ay= e, and the limit of the other factor is, by the ordinary 
process, readily found to be —}. Hence the limit is — e/2. 


I 


Otherwise, put for (1 + x)? its value, Ex 13, Chap. VI, 
bogie: Wet ema COE l 
ef1 ain ioe es 
and the result appears immediately without differentiation. 


GEOMETRICAL ILLUSTRATIONS. 


(1). Iff(@)=0, P(2)=0, f'(2) #0, P'(@) #0, consider the curves rep- 
resenting y = f(x), y = P(x). 





Bre. 1k 


These curves cross Ox at « =: @ at angles whose tangents are equal to f "(a), 
g'(@), or 
J'(@) = tan 6,, (a) = tan 6,. 


T(x) _ xA, xA, \_ tan 6, 
P(x) coor ee ~ tan 6, + 


The limit of the quotient /(«)/@(x) is represented by the quotient of the slopes 
of these curves at their common point of intersection with Ox. 
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(2). Consider the functions x and y in 
(3 + y*)? = a(x? — y"), (i) 
Differentiate with respect to « and solve for Dy. 
_ 2% + 2ay? — atx 
Dy takes the form 0/o when « = 0, for then also y = 0 by (i). To evaluate 
this, differentiate the numerator and denominator with respect to x. 





Pe ee 6x? + 2y? + g4xy Dy — a? 
7 LD Py + CPF Ff Ady’ 
— @ 
— a£LDy 


(42) =k or LDy = = tf. 

This means that the curve whose equation is (i) in Cartesian coordinates has 
two branches passing through the origin x = 0, y = 0, which is a singular point. 
There the slopes of the two branches to Ox are + 1and — 1. The curve is the 
lemniscate, 





We can find Dy at x = 0, y = o for the curve (i), without indetermination by 
differentiating the equation (i) twice with respect to x. Thus 
(20? — 12x? — 4y?) = 16xy Dy + (42? + 12? 20%) (Dy) + (4x°y +4? + 20°y)D?y, 
which gives, as before. Dy = +1, when *=0, y=0, | : ; 
(3). We know, from trigonometry, that the radius p of the circle circumscrib- 
ing a triangle ABC with sides a, 4, ¢ having area 5, is 
_ abe 
hie 
Also, from Analytical Geometry, we have 
DN 8 ae 
Hy, Ny, 21 
Xo, Vo, 1 
where 4, V3 «x. ae are the coordinates of the corners of ABC. Show that 
if A, B, eis eee oe on a curve y= f(x), then the radius of the circle through 
these three points, when «,(=).«, x,(=)-, is 
— tate 
= Dry 


? 


We have 
A@=(4, 2? +(n— 7) 
B= (x, = x) + (¥2 — 7), 
a = (x, — *,)+ (2. —1)* 
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Also, 

HY I= — IX, + IA% — *) — X(N — I) 

Eee 

Hy V_ 1 
Substitute these values in the expression for p. Observe, when x,(=)-, p is of 

the form 0/o. Divide the numerator and denominator by x, — x and let +,(=)«. 











Fic. 13. 

To evaluate 
XV) — IXY 
x — x’ 


for x,(=)-, differentiate the numerator and denominator with respect tox, and then 
lev (==) a. 


28 = Le Dy, = 9) = 2 Dy ~¥. 








x, — x 
X(=)x 
Therefore, when B(=)A, 
I (*, — x)? (2=2 fe + 
= I I Dy)?}? 
s 2 2 — VY — (% — x)Dy sa Sse Ur ee 


The first factor takes the form 0/o when x, = x. To evaluate it, differentiate 
the numerator and denominator with respect to «,, and we have 


I 2(%, — x), 
2 Dy, = Dy’ 


this isagain 0/o when x, = x. To find its limit when 2x,(=)., differentiate the 
numerator and denominator with respect to x,, and there results 





I 
Dy,’ 
which has the limit 1/? y when «,(=)x. 


Therefore when the points B and C converge to 4 along the curve, the circle 
ABC converges to a fixed circle passing through 4 which has the radius 





’ ay? 
pe PPIs i+ (@) j 
7) — ay le 
ax? 


This circle is called the circle of curvature of the curve y = f(x) at the point 
x,y, and & is called the radius of curvature. Observe that when x,(=)* and 
x, x, the circle and curve have a common tangent at 4, or, as we say, are 
tangent at 4. When this is the case the curve and circle both lie on the same side 
of the tangent at 4. Also the circle lieson the same side of the curve in the neigh- 
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borhood of A. But when also x,(=)« the circle crosses over the curve at 4. 
The circle of curvature is said to cut a curve in three coincident points at the point 
of contact, in the same sense that a tangent straight line to a curve is said to cut 
the curve in two coincident points at the point of contact. Remembering that all 


points in the same neighborhood are consecutive, the above statement has definite 
meaning. 


Much shorter ways of finding the expression for the radius of curvature will be 
given hereafter, but none more instructive. 


EXERCISES. 


1. Evaluate, when «(=)o, 


ex — 2cos x + e-* 55 sin 2x” -+ 2 sin’x — 2 sinx i 
misinea 7 jg cos * — cos? x eas 


2. Also, for the same limit of x, 
f sin 4% cot x« ig. eee 
vers 2x cot? 2x’ vers=x:COLY il 
3. Show, when x(=)o, 
msinx —sinmx Mm. tan mx —ntanx _ 
ee x — COS 72x) = Be f nsinx — sinwx 


x%(=)r 











4. If x(=)o, then 


(#— 2jexrtat2 1. 
(e — 178 oy HON 


a(=)1 





TX 2 
(I — x) tan — = —. 
2 14 


5. Evaluate for x = 0, 


a\*x TaN a x a \log x 
cos —]} ; cos — 5 Cos — ’ cos — ° 
x x x x 


6. Find the limits, when «(=)o, of 


jy \tan x I \ Sin x : ‘ 
(=) 5 ( is , (Sin «sin, (sin x)fan *, 


x 


7. Find the radius of curvature of the parabola y? = 4px at any point x, y, and 
show that at the origin it is equal to 22. 


8. Evaluate a 
(@—ef+(a—o 2a 
ea 1+ 473, 


O(=)a 





: oe) log a, when 2x(=)}7. 
S 


ex — 4+ e-*+ 20084 1 
10. xt eat 





x(=)o 


I 
NW. £ xe*¥= 0m. 
x(=)o 
BL 
(eta) el pen II 
12. = = 


x(=)o 


eo 
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13. Sp at +3) “~ ex8 log (14+ 7 = Re 


x(=)co 
14 @ fax + bau \_ a 
seal prt ae 


15. Evaluate, when x = 0, 


Yeta—Vxb, x Lax — x, or sin (c/a). 
16. Find where the quadratrix 


t UX 
= «+ Cot —— 
4 2a 
crosses the y axis. 


17. Show that (za — me my : 
2x 2x tan x 6 


x(=)o 


CHAPTER VIII 


ON MAXIMUM AND MINIMUM. 





80. Definition.—A function /(*) is said to have a maximum 
value at x = @ when the value of the function, /(a), at a is greater 
than the values of the function corresponding to all other values of 
x in the neighborhood of a. 

The function is said to have a minimum value at a when /(a) is 
less than /(x) for all values of x in the neighborhood of a. 

In symbols, /(%) is a maximum or a minimum at a according as 


Ix) —S(®) 
is negative or positive, respectively, for all values of x» 4a in 
(z — €, a+ e€) the neighborhood of a. 


81. Theorem—At a value a of the variable for which the func- 
tion /(x) is differentiable and has a maximum or a minimum, the 
derivative /’(a) is oO. 

At a value a at which /(x) is a maximum or a minimun, by defini- 
tion the differences 


Se) —f/(@ and f(x") —/@); 
where x’ < a < x’, have the same sign, 
Consequently the difference-quotients 
Ae!) — fa) 9 af) = Fe) 
YS i 


and 7 
x xv’ —a 


g= 
have opposite signs for all values of «’ and x” in the neighborhood 
of a, since x’ — a is negative and x’’ — a is positive. Therefore, 
since g’ and g” have the common limit /’(2) when «’(=)a and 
x''(=)a, we have 
IA@~9\=4#(71 + le"), 
12 f (@)\ == Os 

Hence FAG =. 

Notice that at a maximum value of the function the derivative is 0, 
and since, by definition, the function must increase up to its maxi- 
mum value and then decrease as x increases through the neighbor- 
hood of a, the derivative on the inferior side of @ is positive and ‘on 
the superior side is negative, § 60. 

Hence, at a maximum, a, the derivative, J (a), is 0 and /’(x) 


changes from positive to negative as x increases through a. 
103 
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In like manner, at a minimum, + = a, the derivative, /’(a), is 0, 
and /’(x) changes from negative to positive as x increases through a. 

Conversely, whenever these conditions hold, then the function 
has a maximum or a minimum value at a, accordingly. 


For example: 
1. Let J(x) = x? — 2x + 3. 
se) of (2) = 2 — ds 


We have f(1) =0. Also for.x < 1, we have /"(x) negative, and for x > I, 
J («) positive. 
Hence /(1) = 2 is a minimum value of /(). 


2. Let J(x) = — 22% + 8x — 9. 
f(x) = 42 — x). ; 

We have 7(2)=0, f(2—e)=4+, f(2teo=—. 
.. | f(2) = — Lisa maximum. 


- 82. The condition /’(az) = o is necessary, but it is not sufficient, 
in order that the function /() shall have a maximum or a minimum 
value at a. For the derivative /’(x) may not change sign as x 
increases through a. It may continue positive, in which case /((.x) 
continues to increase as x increases through a; or /’(x) may be 
negative throughout the neighborhood of a, in which case the func- 
tion continually diminishes as x increases through a. These condi- 
tions can be illustrated geometrically thus: 


GEOMETRICAL ILLUSTRATION. 


Represent y = f(x) by the curve ABCDE. Then /(x) is represented by the 
slope of the tangent to the curve to the x-axis. At a maximum or a minimum, 
j'(x) = 0 or the tangent to the curve is parallel to Ox. In the neighborhood of 





a maximum point, such as 4 or C, the curve lies below the tangent, and the 
ordinate there is greater than any other ordinate in its neighborhood. In like 
manner at a minimum point, such as B or D, the points 4, D are the lowest points 
in their respective neighborhoods. At a point & the tangent is parallel to Ox, 
and /"(«) = 0, but the curve crosses over the tangent and is an increasing function 
at £, also the derivative /"(x) is positive for all values of x in the neighborhood. 


It will frequently be impracticable to examine the signs of the 
derivative in the neighborhood of a value of x at which /’(x) = o., 
A more general and satisfactory investigation is required to discrimi- 
nate as to maximum and minimum at such a point. 
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83. Study of a Function at a Value of the Variable at which 
the First n Derivatives are Zero. 


(1). Let A(x) be a function such. that J'(@) #0. Then by the 
law of the mean, §§ 62, 64, 


I\*) — Aa) = (* — /'(6). 

By hypothesis, /’(a2) # 0 is the limit of /’(x) and of /’(&) as 
x(=)a, since & lies between x and a. Consequently we can always 
take x« so near @ that throughout the neighborhood of a we have 
J'(&) of the same sign as /’(a) for all values of x in that neighbor- 
hood. Hence, as x increases through the neighborhood of a, the 
difference /(v) —_/(a) changes sign with « — a; and by definition 
/(x) is an increasing or decreasing function at @ according as /’(a) 
is positive or negative respectively. 

(2), Let f(2) =o, rand f(a) =o. “Then 

(~ — a)? 


Ix) —J(2) = meee oe 


Throughout the neighborhood of a, /’’(&) has the same sign as 
its limit /’’(a@) ~ 0, and therefore does not change its sign as v 
increases through a. But, as (x — a)? also does not change sign as 
x passes through a, we have the difference 


J(*) —S(2), 
retaining the same sign for all values of x in the neighborhood of a, 
and having the same sign as /”’(a). Consequently, by definition, the 
function /(x) has a maximum or a minimum value f(a) at a according 
as f'"(a) is neganve or positive respectively. 
(ae -lery (4) .6,,7 42) — 9, 7 (2). 0. Then 
(x G2 a) 11 
ee ai. 8) 
As before, in the neighborhood of a, /’’’(&) has the same sign as 
its limit /’”"(a2) ~ 0. But (x — a)* changes its sign from — to + 
as x increases through a. ‘Therefore the difference 


Kx) — 74 
must change sign as x increases through a, and /(x) is an increasing 
or decreasing function at a according as _/’’’(a) is positive or negative. 
(4). Let f(a) =/"(@) =... =7"(@) =, but f(a) = 0. 
Then, by the law of the mean, 
(x — a)" 


Kx) -S®) = face 


In the neighborhood of a, /”*1(&) has the same sign as fit l(a). 
If x +1 is odd, then (« — a)**' and therefore J(x) —/(@) change 
sign as x increases through a; and /(*) is an imcreasing oY decreasing 
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function at a according as /"*1(a) is positive or negative. If, how- 
ever, 2-1 1 is even, then (x — a)"*1 does not change sign, nor does 
the difference /(x) —_/(a), as x increases through a; consequently 
J(x) is a maximum or a minimum at a according as /"*}(a) is nega- 
five or positive. Hence the following 


84. Rule for Maximum and Minimum.—To find the maxima 
and minima values of a given function /(x), solve the equation 
f'(x) =o. If abe a root of the equation /’(x) = o, and the first 
derivative of /(x) which does not vanish at @ is of even order, say 
J"(a) ~ 0, then /(a2) is a maximum if f*"(a) is negative, or a minimum 
if 7°"(a) is positive. 





EXAMPLES. 


1. Find the max. and min. values, if any exist, of 
P(x) = «8 — ox* + 24% — 7. 
We have Q(x) = 3(x? — 6x + 8) = 3(% — 2)(@ — 4). 
So) a 
e"(2)=—-, 04) =4- 
(2) = + 13 isa maximum, @(4) = 9 a minimum. 
2. Investigate for maxima and minima values the function 
QO(*)= e* -- e* + 2-€0s x. 
We have ?'(0) = ¢'(0) = (0) = 9, (0) ete 
~(0) = 4 isa minimum. Show that 0 is the only root of @’(x). 
3. Investigate «5 — 5xt4-543 — 1, at x= 1, x = 3. 
4. Investigate «9 — 322 13x47, at x= 1. 
. Investigate for max. and min. the functions 
B— 324 6x47, x — ox + I5x — 3. 
30° — 12543 + 21607, «3 + 347 + 6x — 15. 
Show that (1 — «+ 2#*)/(1 + x — x’) is min. atx = i. 


6. 
7. It ay(y — «) = 2a, show that y has a minimum value when x — a. 
8. 


ol 


If 307y? + xy? + 4ax3 = 0, show that when x = 3a/2, then y = — 3a 
isa maximum. Jy being then — 
9. If 2x° + 3ayt — x28 — 0, thenx = sia makes y = 58a a minimum. 

85. Observations on Maximum and Minimum. 

(1). We can frequently detect the max. or min. value of a func- 
tion by inspection, making use of the definition that there the neigh- 
boring values are greater or less’ than the min. or max. value 
respectively. 

For example, consider the function 
ax? + bx + « a : . 
Substitute y — 6/2a for x. The function becomes . in} 7. ae 


4ac — 6 
uae + ay’, 
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which is evidently a maximum when y = © and ais negative, and a minimum 
when y = Oand a is positive. 

(2). Labor is frequently saved by considering the behavior of the 
first derivative in the neighborhood of its roots, instead of finding the 
values of the higher derivatives there. 

For example, see Ex. 6, § 85, and also 
la) = (x — 4a + 2), 
Here P(x) = 3(3% — 2)(~ — 4)4(~ + 2)8. 

@’ passes through 0, changing from + to — as x increases through — 2; there- 
fore ¢( — 2) is a maximum. 


@’ passes through 0, but is always positive as «increases through 4 ; therefore 
(4) is an increasing value of (x). Also @’ passes through 0, changing from 
— to + as x increases through 2/3, and the function is a minimum there. 

(3). The work of finding maximum and minimum values is fre- 
quently simplified by observing that 

Any value of x which makes /(%) a maximum or a minimum also 
makes C/(x) amaximum ora minimum when C is a positive constant, 
and a minimum or a maximum when C is a negative constant. 

J(x) and C+ /(x) have max. and min. values for the same values 
of x. 

(4). If is an integer, positive or negative, (x) and { /(x)}” have 
max. and min. values at the same values of the variable. In particu- 
lar, a function is a maximum or a minimum when its reciprocal is a 
minimum or a maximum respectively. 

(5). The maximum and minimum values of a continuous function 
must occur alternately. 

(6). A function /(x) may be continuous throughout an interval 

(a, #), and have a maximum or a minimum value at + = a in the 
interval, while its derivative /’(x) is « at @, but continuous for all 
values of (x) on either side of a. 

In this case, to determine the character of /(.v) at a, we can use 
(1) or (2) as a test. Otherwise we can consider the reciprocal 
1/f'(x), which passes through o and must change sign as x passes 
through a, for a maximum or a minimum of /(x) at a. 


EXAMPLES. 
1. Consider (x) = (4 — 2)8 + 1. 


¢ is a one-valued and continuous function and is always positive. It clearly 
has a minimum at « = 2, where g(x) = 1. We have 


g(a) => — 
CS) RE are I 
3 (x = 2)! “4 
and (2) = 0. Also, (2 — 4%) is negative and 
gp’ (2 + A) is positive. 


2. In like manner ss 
W(x) = 1 — (x — 2)* O 2 
has a maximum at « = 2. Fic. 15. 
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3. Consider (x)= 1+ (x — 2), 


y which is also uniform and continuous. 
We have 
te 
P(x) = 
ba : (4 — 2) 

O 2 which is + c when x = 2, but is always + in the neigh- 

Fic. 56 borhood of 2. Therefore, at « = 2, (x) is an increasing 

he function. 


3 
In like mamer 1 — (x — 2)” is a decreasing function at « = 2. 


(7). In problems involving more than one variable we reduce the 
conditions to a function of one variable by algebraic considerations. 
Otherwise, we can frequently make a problem involving more than 
one variable depend on one which can be solved by elementary con- 
siderations. 

For example, the sum of several numbers is constant; show that their product 


is greatest when the numbers are equal. 
First, take twonumbers, and let 


xe Ey=e. 
Then 4xy = (+P — (4 — VP =O — (x — yl, 
which is evidently greatest when x = y. 
Let xetyte= 


Then, as long as any two of x, y, 2 are ee we can increase the product 
XYZ without changing the third, by the above result. Therefore on is greatest 
whenx =y=2z. The method and result is general, whatever be the number 
of variables. 


EXERCISES. 
1. Find the maximum and minimum values of y, where 
va (x _ I)(x _ cay 

2. Find the max. and min. values of 

(1). 243 — 152? + 36x + 6. 

(2). (# — 2)(~ — 3). 

(3). 28 — 3x” + 6x + 3, 

(4). 32° — 25x5 + 60x. 
3. Show that (x? + x + 1)/(«? — «+ 1) has 3+1 for max. and 3-1 for min. 





4. Find the greatest and least values of J nn a yl 
asinx« + 6cosx-and asin®*x + 6 vost. fey veak 6 
5. Investigate (*? + 2x — 15)/(x — 5), and also ye te = 
x — 7x +6 si : 
16.7? 5 
for maximum and minimum values. per 
6. The derivative of a certain function is b £ al 
. p Wa) Vy 


(e — Dlr — 2)" — 3) — 4 A 
discuss the function at x = I, 2, 3, 4 
7. Find the max. and min. values of 


(a). (x —|1)@ = 2)(xe —3), (e). a(t — x\(1 — x), 
(6). x4 — 8x3 + 22x72 — 24x, (7). (@ — 0/(? + 3), 
(¢). (« — a(x — 3), (g). sin x cos’x, 


(2). (x — a)(x — 0)8, (2). (log x)/x. 
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8. Show that the shortest distance from a given point to a given straight line is 
the perpendicular distance from the point to the straight line. 


9. Given two sides @ and 4 of a triangle, construct the triangle of greatest 
area. 


10. Construct a triangle of greatest area, given one side and the opposite 
angle. 


11. If an ova/ is a plane closed curve such that a straight line can cut it in only 
two points, show that if the triangle of greatest area be inscribed in an oval, the 
tangents at the corners must be parallel to the opposite sides. 


12. The sum of two numbers is given; when will their product be greatest ? 
The product of two numbers is given; when will their sum be least ? 


13. Extend 12 by elementary reasoning to show that if 
n 
Daa) eS Shoe 6 Suey aA 
mM 


n 
then iGo ei en 
I 


is greatest when x, = x) =... = Xn. 

14. Apply 13 to show that if- + y + 2=c, the maximum value of «cy?z? is 
/432. 

15. Show that if + y + z = ¢, the maximum value of x! yz is 

Lmmntcl+m+n 
(2+ m + nym 

16. Find the area of the greatest rectangle that can be inscribed in the 

ellipse. (Use the method of Ex. 15.) 





2 2 
~, + 4 a [Ans. 2ad.] 
17. Find the greatest value of 8xyz, if 
ay Ae abe 
at a [ Ans 8 | 


This is the-volume of the greatest rectangular parallelopiped that can be 
inscribed in the ellipsoid. 


18. Show that the greatest length intercepted by two circles on a straight line 
passing through a point of their intersection is when the line is parallel to their 
line of centres. 


19. From a point C distant ¢ from the centre O of a given circle, a secant is 
drawn cutting the circle in 4 and 4 Draw the secant when the area of the 
triangle AOB is the greatest. [With C as a centre and radius equal to the diagonal 
of the square on ¢c, draw an arc cutting the parallel tangent to OCin DY. Then 
DC is the required secant. Prove it.] 


20. A piece of wire is bent into a circular arc. Find the radius when the seg- 


mental area under the arc is greatest and least. Se ak 7 = Ceol 
21. Find when a straight line through a fixed point P makes with two fixed 
straight lines AC, AB, a triangle of minimum area. [P bisects that side. ] 


22. The product xy is constant; when is x + y least ? 


23. An open tank is to be constructed with a square base and vertical sides, 
and is to contain a given volume ; show that the expense of lining it with sheet lead 
will be least when the depth is one half the width, 


24. Solve 23 when the base is a regular hexagon. 
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25. From a fixed point 4 on the circumference of a circle of radius a, a perpen- 
dicular AV is drawn to the tangent at a point P; show that the maximum area of 


the triangle APY is 3 V3 a?/8. 

26. Cut four equal squares from the corners of a given rectangle so as to con- 
struct a box of greatest content. 

27. Construct a cylindrical cup with least surface that will hold a given 
volume. 


28. Construct a cylindrical cup with given surface that will hold the greatest 
volume. 


29. Find the circular sector of given perimeter which has the greatest area. 


30. Find the sphere which placed in a conical cup full of water will displace 
the greatest amount of liquid. 


31. A rectangle is surmounted by a semicircle. Given the outside perimeter 
of the whole figure, construct it when the area is greatest. 


32. A person in a boat 4 miles from the nearest point of the beach wishes 
to reach in the shortest timea place 12 miles from that point along the shore; he 
can ride 10 miles an hour and can sail 6 miles an hour ; show that he should 
land at a point on the beach 9 miles from the place to be reached. 


33. The length of a straight line, passing through the point a, 4, included be- 
tween the axes of rectangular coordinates is 7. The axial intercepts of the line are 
a, #, and it makes the angle 6 with Ox. Show that 


(a). Zis least when tan @- = (4/a)?. 
(4). a + f is least when tan @ = (5/2). 
(¢). @ is least when tan 6 = 6/a. 


34. Find what sector must be taken out of a given circle in order that the 
remainder may form the curved surface of a cone of maximum yolume. 


[Angle of sector = 27(1 — ¥2/3).] 
35. Of all right cones having the same slant height, that one has the great- 
est volume whose semi-vertical angle is tan—1 V2, 


36. The intensity of light varies inversely as the square of the distance from 
the source, Find the point in the line hetween two lights which receives the least 
illumination. 


37. Find the point on the line of centres between two spheres from which the 
greatest amount of spherical surface can be seen. 


38. Two points are both inside or outside a given sphere. Find the shortest 
route from one point to the other via the surface of the sphere. 


_39. Find the nearest point on the parabola y? = 4fx toa given point on the 
axis. 


40. The sum of the perimeters of a circle and a square is 7. Show that when 
the sum of the areas is least, the side of the square is double the radius of the circle. 


41. The sum of the surfaces of a sphere and a cube is given. Show that when 


ane ay of the volumes is least, the diameter of the sphere is equal to the edge of 
the cube. 


42. Show that the right cone of greatest volume that can be inscribed in a given 
sphere is such that three times its altitude is twice the diameter of the sphere. 


_ Also show that this is the cone of greatest convex surface that can be inscribed 
in the sphere. 


43. Find the right cylinder of greatest volume that can be inscribed in a given 
right cone. 


ArT. 85.] ON MAXIMUM AND MINIMUM. Tir 


44. Show that the right cylinder of given surface and maximum volume has its 
height equal to the diameter of its base. 


45. Show that the right cone of maximum entire surface inscribed in a sphere 
of radius @ has for its altitude (23 — ¥17)a/16; while that of the corresponding 
right cylinder is (2 — 2/ V5)#a. 

46. Show that the altitude of the cone of least volume circumscribed about a 
sphere of radius @ is 4a, and its volume is twice that of the sphere. 


47. The altitude of the right cylinder of greatest volume inscribed in a given 
sphere of radius a is 2a/ V3. 


48. The corner of a rectangle whose width is @ is folded over to touch the 
other side. Show that the area of the triangle folded over is least when 3a is 
folded over, and the length of the crease is least when 8a is folded over. 


49. Show that the altitude of the least isosceles triangle circumscribed about an 
ellipse whose axes are 2a and 24, is 34. The base of the triangle being parallel to 
the major axis. 


50. Find the least length of the tangent to the ellipse «?/a? +.y?/d? = 1, inter- 
cepted between the axes. [Ans. a + 6.] 


51. A right prism on a regular hexagonal base is truncated by three planes 
through the alternate vertices of the upper base and intersecting at a common point 
on the axis of the prism prolonged. The volume remains unchanged. Show that 


the inclination of the planes to the axis is sec—*V3 when the surface is least. 
[This is the celebrated bee-cell problem. ] 


52. Show that the piece of square timber of greatest volume that can be cut 
from a sawmill log Z feet long of diameters D and d at the ends has the volume 


2a 
2 Dia 
53. A man in a boat off shore wishes to reach an inland station in the shortest 
time. He can row w miles per hour and walk v miles per hour. Show that he 
should land at a point on the straight shore at which 
COS @ COS == Wess2), 
approaching the shore at an angle qa and leaving it at an angle f. 
[ This is the law of refraction. ] 


54. From a point O outside a circle of radius y and centre C, and at a distance 
a from C, a secant is drawn cutting the circumference at R and &’. The line OC 
cuts the circle in A and £. 

Show that the inscribed quadrilateral 422’B is of maximum area when the 
projection of RX’ on AB is equal to the radius of the circle. 


55. Design a sheet-steel cylindrical stand-pipe for a city water-supply which 
shall hold a given volumé, using the least amount of metal. The uniform thickness 
of the metal to be a. 

If is the height and X the radius of the base, then Srl aI 


56. If a chord cuts off a maximum or minimum area from a simple closed curve 
when the chord passes through a fixed point, show that the point must bisect the 
chord, 


PART 
APPLICATIONS TO GEOMETRY. 


CHAPTER IX; 
TANGENT AND NORMAL. 


86. The application of the Differential Calculus to geometry is: 
limited mainly to the discussion of properties at a point on the curve. 
Of chief interest are the contact problems, or the relations of a pro- 
posed curve to straight lines and other curves touching the proposed 
curve ata point. ‘The application of the Calculus to curves is best 
treated after the development of the theory for functions of two. 
variables. 


87. The Tangent (Rectangular Coordinates).—Let y = x), or 
P(x, y) = 0, be the equation to any curve. The equation to the 
secant through the points x, y and 
x,, ¥, on the curve is 

ei at p>. J; ees (1) 

A— xX x — x’ 
X, VY being the coordinates of an 
arbitrary point on the secant. By 
definition, the tangent to a curve 
at P is the straight line which is 
the limiting position of the secant 
Fic. 17. PP, when P(=)P. But when 
P\(=)P we have x,(=)x and y,(=)y. The member on the right of 
equation (1), being the difference-quotient of y with respect to «, has 
for its limit the derivative of y with respect to x. At the same time 
the arbitrary point X, VY on the secant becomes an arbitrary point 


on the tangent. Therefore we have for the equation to the tangent 
at 2 











YO RS 
b pnts mea ; (2); 





in terms of the coordinates .v, y of the point of contact, 
II2 
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The equation to the tangent (2) can be written 
dy 
Fo-—y=(x— od ope (3) 
or in differentials 
— py dx (K — x)dy =' 0, (4) 
or in the symmetrical form 
Xk, Fay 
(ae ae dy ¥ (5) 
EXAMPLES. 
1. Find the equation to the tangent to the circle x2 +y? = ai, 
Differentiating, we have 
2x + 2y Dy =o. 
Dy = — x/y, and the tangent at x; y is 
Voy+(X— 2) = Wy + Xx — (A +9) =o, 
or Vy + Xx = a’, 
2. Find the tangent at x, y to 2?/a® 4 y?/0? = 1. 
3. Find the tangent at x, y to x?/a? — y?/o2? = 1. 
4. Find the tangent at x, y to y? = 4px. 
5. Find the tangent at x, y to a2? + 2+ afv4 24r+d=0. 
6. Show that the equation to the tangent at x, y to the conic 
P(*, Y) = ax? + by + 2hay + 2fu + 227 +d=0 
is (ax + hy + f)X + (he + by HOV + (fe ++) =0. 
7. Show that the equation to the tangent at x, y to the curve 
am ym 
am * bn — * 
Fs xm—-1X ye V ay 
qm bm 
8. Find the tangent at x, y to #° = ay’. [5X/x« — 2V/y = 3.] 


9. The tangent at x,y to #° — 3axy ++ y3 =o is 
SE @2)Y Me — AY )X = an). 
10. Find the equation to the tangent to the hypocycloid 


z gs 48 
ety a’, 


and prove that the portion of the tangent included between the axes is of constant 
length. 


then, since, dx = f'(¢)df, 


88. If the equation to a curve is given by 


x=), y=4(*), 


to the tangent 


(V—y)6'(¢) = (X— x) $"(¢). 


dy = w'(¢)dt, we have for the equation 


(1) 
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EXAMPLES. 


1. If the coordinates of any point on a curve satisfy the cycloid 
x = a(@ — sin 8), y = a1 — cos 6), 
show that the tangent at x, y makes an angle 49 with Oy, and has for its equation 

Y—y = (X — «) cot 40. 

2. In like manner, if 

x = csin 26(1 + cos 26), y = ¢cos 26(1 — cos 28), 
' the tangent makes the angle @ with Ox, and its equation is 

Y—y =(X — «) tan 6. 


89. The angle at which two curves intersect is defined as the angle 
between their tangents at the point of intersection. 

If y = P(x) and _y = (x) are two curves, and these equations be 
solved for x and_y, we find the coordinates of the points of intersection. 
If the curves intersect at an angle gs, then since #’(«) and #’(x) are 
the tangents of the angles which the tangents to the curves make with ~ 
Ox, we have 


ie y 
tan @ = Pa be : (z) 
I+ Pp. 
The two lines cut at right angles when jy), = — 1. 


Ex. Show that x? + 7? = 8ax and y?(2a — x) = x3 cut at right angles and 
at 45°. 3 : 
90. The Normal (Rectangular Coordinates).—The normal at a 


point of a curve is the straight line perpendicular to the tangent at 
that point. 


If 4, and 6, are the angles which the tangent and normal at a point 
make with Ox respectively, then since one is always equal to the sum 





of $7 and the other, we have tan 6, tan 6, = — 1. Therefore 
Lang a = — D,x. 
Hence the equation to the normal at x, y to a curve is 
Foy+ (X—«)D,x=0, (2) 
or (F—y)Dy+X—x=0, (2) 
or in differentials 
(FP —y)dy + (X ~ x)dx = 0, (3) 


where D, y or D,x must be found from the equation to the curve. 


EXAMPLES. 
1. The equation to the normal at x, y to x®/a? + 92/32 = 1 is 
OX PY 
— — —=a a — £8, 


we ef 
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2. The normal at x, y toy = axis 
my VY + mxX = ny? + mx? 
3. Show that the tangent and normal to the cissoid 
y(2e — x)= 33, at x =a, are, 
at (a, a), Y= 2X —a, 2+ x = 3a; 
at (@, — @), y+ 2x= a, 2y = x — 3a. 
4. In the Witch of Agnesi, y(4a? + x?) = 8a, the tangent and normal at 


B20 are 
4+. 2 = 4a, y = 2x — 3a. 

5. Show that the maximum or minimum distance from a point to a curve is 
measured along the normal to the curve through the point. 

Let a, @ be a point in the plane of a curve @(x, y) = o. 

If 6 is the distance from a, 6 to a point «x, y on the curve, then 

0? = (a — #? +. (8 — y). 
When this is a maximum or minimum, 
a6” = — 2(a — x)dx — 2(8 — y)dy = 0, 

which is the equation (3), § 90, to the normal through a, /. 


ot. Subtangent and Subnormal (Rectangular Coordinates) .— 
The portion of the tangent, PZ, included between the point of 
contact, P, and the x-axis, is called 
the fangent-length. The portion of Y 
‘the normal between the point of con- 
tact and the x-axis is called the zor- 
mal-length. The projections 77 and 
MN of the tangent-length and nor- 
mal-length on the x-axis respectively 
are called the subtangent and subnor- 


mal corresponding to the point P. 
If 4, 2, S;, S, represent the tangent-length, normal-length, sub- 


tangent, and subnormal respectively, then we have directly from the 
figure . 
ao ee wy | 
She saya) +(=) dx” 


yy Unger ait (,2)\7 
Bee ay. 
S,is measured from Z’to the right or left according as S, is + 
or —, and‘S,, is measured from // to the right or left according as 


S', is + or —. 





HIG aes: 





EXAMPLES. 


1. Show that the subnormal in the ellipse «?/a? + y?/d? = 1 is 
Sx = — Px/a*, 


2. Show that S; in y = a is constant, 
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. Iny? = 2mx, show that Sy, = m is constant. 


x x 
. In the catenary y = 4a (te shies a) Ge. 
. Show that d(x, v) = O must be a straight line if S/S, is constant. 


. Show, in the cissoid x3 — (2a — x)y?, that 


ond > Ww 


S_ = (2ax — x*)/(3a — x). 
7. Show that the circle x? + y? = a* has x constant. 


92. Tangent, Normal, Subtangent, Subnormal (Polar Coor- 
dinates).—Let (0, 7) = o be the equation to any curve in polar coor- 
dinates, » the angle which the tangent at any point makes with the 
radius vector, and ¢ the angle which the tangent makes with the initial 
line. From the figure we have 





PM | OP, =p. = p+ Ap, 


psin 40 
t Ss ee ee 
a go p+ 1p — pcos 40’ 
sin 40 
nays 46 71) 
beeen 46 1 —cos 40° 
"OP Za aes 
When 46(=)o, we have, passing to limits, 
do 
tany =p in’ (z) 


‘ I —cosx ‘ 
since {= =f£sinx=0, when 2x(=)o. 
Also, since @=6+%, we have 
p D,@ + tan @ 
1 — ptandD,6’ 


_ pt tan O Dep 
~ Dea — p tan? (2) 


tan e= 
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Observe that (2) is the same value as that obtained for Dy in 
§ 56. ; 





Draw a straight line through the origin perpendicular to the 
radius vector, cutting the tangent in Zand the normalin V. We 
call PV and P7, the portions of the normal and tangent intercepted 
between the point of contact, P, and the perpendicular through the 
origin, O, to the radius vector, OP, the polar xormal-length and polar 
tangent-length respectively ; and their projections, OV and O7, on this 
perpendicular are called respectively the polar suénormaland subtangent, 

We have directly from the figure 


f=psecp= pt + p(D,6)’, (3) 
n= pcscp =Vp* + (Dep)’. (4) 
S=— ptanh— p09, S,=p cot p= Dep. (5) 


When J, 6 is positive (negative), S,is to be measured from O to 
the right (left) of an observer looking from O to P. 
Putting p’=D,0, we have for the perpendicular from the origin 
on the tangent 
2 


Vp? + p” 
since ff = pS, This can be written 
acs (2) 
if we put p = 1/%, for then 
dp 1 du 
do- ow d" 
EXAMPLES. 


1. In the spiral of Archimedes p = a6, show that tang = 6, and Sy is 
constant. 


2. Show that .5; is constant in the reciprocal or hyperbolic spiral p§ = a. 
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3. In the equiangular spiral » = ae@eta, show that p = a, S;= p tana, 
Sz = Pp cot. a. 

4. If p = a, show that tan 7% = (log a). 

5. Show that the perpendicular from the focus to the tangent in the ellipse 

(1 — e cos §)o = a(I — e”) 
is P= pas 
i = ° 
a ie 

6. Determine the points in the curve g = a(1 + cos 6), the cardioid, at which 

the tangent is parallel to the initial line. 


7. If p =aii — cos 6), show that 
y=}0, p= 2asin? 460, S; = 2a sin? 36 tan }6. 





EXERCISES. 


1. Show that in @/x, vy) = 0, the intercepts of the tangent at any point x, y on 
the axes are 


Qa xe —y Dy, Ve=y —#£Dzy: 
2. The length of the perpendicular from the origin on the tangent is 
ey 
VI + (Dy 


3. Show that when the area of the triangle formed by the tangent to a given 
curve and the axes of coordinates is a maximum or a minimum, the point of con- 
tact is the middle point of the hypothenuse. 

Indicate D, y by y’, and the area by Q. Then 


20, Syya eae 
y 


5 22 = OS EY 
ax pbs 


Also, 





? 


where y” = D?y. For a maximum or a minimum DQ =o. The conditions 
YAO y" 40, y—x! 40, y+ar =0 
show, by Ex. I, that X; = 2x, Y; = 2y. - 


4. Find when the area of the triangle formed by the coordinate axes and the 
tangent to the ellipse 


2 2 
at ae 
is a minimum. 
5. Show that the tangent at the point (2, — 1) of the curve 
2 + ary — gyi + 4x + y—4=0 
is 8a -E 15) = 1. 
6. The line ex + y = e(1 + 7) is tangent to the curve 
sinx —cosx=logy, at(z, e). 
7. The line y + 1 = 0 is tangent at (+ 1, — 1) to 
xt — 2x4 — 398 + gary + gx + 5y+3=0 
8. Determine the points at which the tangents to 
wy = 30 
are parallel to the coordinate axes. (*#=Oy=0), WS 4 y= + V2). 
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9. At what point of a4 + 4y — 9 = Ois the tangent parallel to « —y = 0? 


10. The tangents from the origin to (#=—1,7 =2.) 


xt — ¥° + 3x2y + 2ay7 = 0 
are p==<0; 3x —y = 0, x+y=o, 
11. The perpendicular from the origin to the tangent at x, y of the curve 
xi + y8 = @3 | is pS Waxy. 
.. es Show that the slope of the curve xy? -- a3(x + y) to the x-axis is 87 


13. If x, y are rectangular coordinates and p, 6 the polar coordinates of a point 
on a curve, show geometrically that when D,y =o we have Dgp = p tan 6 
and verify from the formule in the text. ; 


14. Show that the prmves 
xy? 
waar 


cut at right angle if a? — 6? = a — $”, 


re) yr 
I and 7) ao a= 1 
15. In the parabola xt -L y = a’, show that at x, y the tangent is 
xy? + Yat = (axy)*, 
and that the sum of its intercepts is constant and equal to a. 
16. The tangent at x, y to (v/a)? + (y/b)3 S36 
Xx/a* + (V+ 2y)/304y* = 1. 
Also find the normal. 
17, The tangent and normal to the ellipse 
j x? + 2y? — 2xy —x=0 
at eek are, 
at (1, 0), 2—x—TI, yt 2x = 2; 
AbCk, 5); 2y=x--l, y+ 2% = 3. 
18. In the curve y(x — 1)(« — 2) = x — 3, show that the tangent is parallel 
to the x-axisatx =3 + 2. 
19. In the curve (a/a) + (y/b)8 = I, show that (see Ex. 1.) 
XG ye 
eg a 
20. Show that the tractrix 
fete (VP Ge < log 


has a constant tangent-length. | 


th ey 
Ca Via — 7 


21. In the curve y = a*-1., find the equation to the tangent; and determine 
the value of 2 when the area included between the tangent and axes is constant. 


22. In (aco + be) = ad, show that 
Sy = — ab/(ae — be-?), 
23. If p? cos 20= a, showthat siny = a?/p. 
24. If two points be taken, one on the curve and one on the tangent, the points 
being equidistant from the point of contact, show that the normal to the curve is the 


limit of the straight line passing through the two points as they converge to the 
point of contact. 
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25. If Q, P, R are three points on a curve, ? the mid-point of the arc OR. and 
V the middle point of the chord QA, show that the normal at P is the limit of the 
line PV as O(=)?, R(=)P. 

26. Prove that the limit of any secant line through any two points 2, Q ona 
curve is the tangent at a point Pas A(=)P, QO(=)P. 


27. Show that as a variable normal converges to a fixed normal, their intersec- 
tion converges, in general, to a definite point, and find its coordinates. 


Let (V—-py'’+xX-—* =0 
and i (V—n)i+X-—*%4=9, 
where y’, yj represent D,y at x, y and x,, y,, be the equations of a fixed normal at 
x, y and a variable normal at x,, 7,. Eliminating X, we have 
LOY) =I I 
= IN, — NV+ I —Y) + (4 — *)- 


ShitseeA , 
parmeaes | 








o% Wingy + rm —y ; 
ay —— 
I 23 
=y+ = » when 2,(=)7. 
Also 
i ot ae n= oF 
PG yr? where 7’ =a 


This point is the center of curvature of the curve for x, y. 


CHAPTER X. 
RECTILINEAR ASYMPTOTES. 


93. Definition.—An asympiote to a curve is the limiting position 
of the tangent as the point of contact moves off to an infinite dis- 
tance from the origin. 

Or, an asymptote is the limiting position of a secant which cuts 
the curve in two infinitely distant points on an infinitely extended 
branch of the curve. 


94. We have the following methods of determining the asymptotes 
to a curve /(x, y) = 0: 


I. The equations to the tangent at x, y and its axial intercepts 
are 


d 


dy 
sae ae ap 
ax 
MO GG HS GS 
sae es 


If we determine, for x = y=o, 
| LX: me LY; <= 6, 
then the equation to the asymptote is 


casing oe 
Fuad cae 
Or, if we determine, forx = y= 0, 
ime 
ax 


and either a or 4 as above, we have for the asymptote 
y=mx+6 or eat ta, 


This method involves the evaluation’ of indeterminate forms, 
which must be evaluated either by purely algebraic principles or by 
aid of the method of the Calculus prescribed for such forms. The 
algebraic evaluations are of more or less difficulty, and another 
method will be given in III for algebraic curves. 

I2I 
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EXAMPLES. 


a 
1. Find the asymptotes to the hyperbola ggg ee 
We have X; =a@/x, Y;=— 6/y. These are 0 when x =>y=om. 
Therefore the asymptotes pass through the origin. Also, 
dy ae I hay, 
ax ay + avi Sale 
the limits of which are + 4/a when = 0. The equations to the two asymptotes 
are ay = + Ox. 


2. Find the asymptotes to the curves 


(2). Vi = log i 
(0). GP See (Fig. 33.) Ss, 
(¢). yse*, (Fig. 34.) i= 
(2). yrex= x? —1. eso) 
I 
(). 1 +y = e*. =O," 7 = 0, 
@): = tanax, y=cotax, y = secax. 


Show that y = x is an asymptote of #3 = (x? + 3a”). 
x +y = 2 is an asymptote of y? = 6x7 — x3, 


. « = 2a is an asymptote of «3 = (2a — x)y?. 


Cn 


. 2+ y3 = a has y + x = 0 for an asymptote. 

7. The asymptotes of (« — 2a)y? = x8 — a are 

a == 24 and aetx=+y. - 

. %# = 2a is readily seen to be an asymptote. For the others express Dy in terms 
of « and make x = o ; the result is + 1. Find the intercept in same way. — 

8. Find the asymptote of the Folium of Descartes 

w+ y® = Zany. 

See Fig. 49. The asymptote isa+y+a=0. Puty = mx in theequation 
to determine slope and intercept. 

II. We can sometimes find the asymptotes to curves by expansion 
in a series of powers. Thus, if 


a a 
DO 8, et See ot eee 


then y=a,.x-+ a, isanasymptote. For, evaluating as in I, we 
HAV. = aa), ae. 
Observe also, if we have 


y= G2) + 9434..., 


then when x = co the difference between the ordinate to this curve 
and that of the curve _y = (x) continually decreases as x increases. 
We say the two curves are asymptotic to each other. 
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EXAMPLES. 
9. In Ex. 1, I, we have 
b a@\ t é} shoes 
Jue at -5) =a Se(1 —35+---). 

As eee indefinitely, the point x, y converges to the straight-line asymptote 
ay = + bx. 

10. Solve Ex. 3, I, by expansion. 

11. Solve Ex. 6, I, by expansion. Here we find that the given curve and the 
hyperbola 

y? = x* + 20x + 4a? 
have the same asymptotes. 

III. We pass now to the most convenient method of determining 
the asymptotes to algebraic curves. 

If the given curve is a polynomial, A(x, y) = 0, in x and y, or 
can be reduced to-that form, we can always find its asymptotes as 
follows: 

Rule 1. Equate to o the coefficients of the two highest powers 
of + in 

J(x, mx + 6) =0, 
These two equations solved for m and 64 furnish the asymptotes 
oblique to the axes. : 

Rule 2. Equate to o the coefficients of the highest powers of x 
and of yin f(x, vy) =o. The first furnishes all the asymptotes parallel 
to the x-axis, the second those parallel to the y-axis. 

Proof: (A). The straight line 


y=mx+ (1) 
S%; V) =0 (2) 


in points whose abscisse are the values of x obtained from the solu- 
tion of the equation in x, 
I(x, mx + 6) =0., (3) 
If (2) is of the mth degree in x and y, then (3) is of the mth 
degree in x, and will furnish, in general, 2 values of x (real or 
imaginary). 
Let (3), when arranged according to powers of ., be 
A,X" + Ay t+... 4e+A4,=0. (3) 
If one of the points of section of (1) and (2) moves off to an 
infinite distance from the origin, then one root of (3) is infinite, and 
the coefficient, A,,, of the highest power of x must be 0, or A,, = 0. 
This is readily seen to be true by substituting 1/z for x in (3), 
and arranging according to powers of z. Then when z = o, we have 
i COP sanGieAra—= ©} 
In like manner if a second point of intersection of (1) and (2) 
moves off to an infinite distance on the curve, a second root of (3) 


cuts the curve 
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is infinite and we must have the coefficient of x* 1 equal to 0, or 
AG Le e=CO; 
nu—] - 

When (1) and (2) intersect in two infinitely distant points, then 
(1) is an asymptote of (2), and we have for determining the 
asymptotes the two equations 

ve = 0, Aas 

These two equations when solved for m and 6 give the slopes and 

intercepts on the y-axis of the oblique asymptotes of (2). 


== (8), 


EXAMPLES. 
12. Consider a = (47 —F 307, see Ex. 3. 
Here a — xy — 3a°y = 0 . 
becomes (1 — m)x° — bx? — 3a°mx — 3075 = 0, 
when mx + 6 is substituted for y. Hence 
I—m=0 and —4=0 


give y = «x as the oblique asymptote. 
135 Ine 23 -e y? = 300, Exes, pub i= wa ee, 


(1 + m?)23 + 3m(mb — ajx® +... =0, 
it being unnecessary to write the other terms. 
Hence m= —1, 6=-—da. Therefore the oblique asymptote is 
Y= eee Ley 
14. Show that y= %*-+ 4a isan asymptote of 8 = ax®+ a3. \7 Yn 44 
15. The asymptotes of y4 — x4 + 2ax2y — Bx Et 
are y=x—ta and y+xt+i}a=o. 


16. «8 + 3.xly — ay? — 3y° + x? — axy + 377+ 4r 15 =0 ‘Soh 


has for asymptotes 
Y+te+3=0, VHe+tht Vp+uHh 
_ (B). Ifthe term 4, .2* 1 is missing in (3), or if the value of m 


obtained from 4, = o makes 4,,_, vanish, then (3) has three infinite +4 


roots when r 
A, Se OF and. A ae es 

which equations give the values of m and 6 which furnish the, 
asymptotes. A, _, will be of the second degree in 4, furnishing two 
6's for each m, and there will be for each m two parallel oblique 
asymptotes, which we say meet the curve in three points at oo. 

If also the term A,_,1"~ is missing, or if A, , vanishes for the 
value of m obtained from 4, = 0, then the equations 

Ayes 0. 1 Ay eS 


furnish three parallel oblique asymptotes, in general, for each m. 


EXAMPLES. 
17. If (xe + ya? + 97 4 ay) = ay? 4 ax — ¥), 
then An = (I+ m)(t + m+ m?), 
Aya = O, 
Agag = 8 ak 
* m=o=—I1, 6= 44 give asymptotes yr-—xta. 


ART. 95.] RECTILINEAR ASYMPTOTES. 125 


18. In 2°(y + x)? + 2ay(x + y) + 8a%xy + aby = 0, 
the asymptotes are Y+x=2a, yt+ue+4ae=0, 
19. Find the asymptotes to the curves: 
(@). ay? — xy = a(x + y) + 2. SO SOQ, Ba, 
(@: 9? — a = ax. y = x. 
(¢). at — yt = aay + By, Bae! SO, oF =, 

(C). For the asymptotes parallel to the coordinate axes, the fol- 
lowing simple process determines them: 

Arrange /(x, ¥) = 0 according to powers of y, thus: 

ay’ (Bx Cy (Fx 4- Ga A) y'4+... = 0. (4) 

If the highest power of y isy ”, the degree of the curve, there will 
be no asymptote parallel to Oy, since then A 3 o. If, however, the 
term Ay” is missing, or A = 0, then for any assigned x one root in 
the equation (4) in y will be o. If, now, Bx + C = o, asecond 
root of (4), in_y, is oat x = — C/B, and this will be an asymptote 
to the curve, since D,y is o for the same value of x which makes 

=— oo. 

If the terms involving the two highest powers of yin (4) are 

missing, then 

Fx? + Gx+ H=o0 
makes three roots of (4), in_y, infinite, and this is the equation to two 
asymptotes parallel to Oy, and so on generally. 

In like manner, arranging /(x, vy) according to powers of x, we 
find the asymptotes parallel to Ox by equating to o the coefficient of 
the highest power of x. 

Therefore the coefficients of the highest powers of x and _y in the 
equation to the curve, equated to zero, give all the asymptotes parallel 
to the axes. Of course, if these coefficients do not involve x or y» 
they cannot be o and there are no asymptotes parallel to the axes. 


EXAMPLES. 

20. Find the asymptotes to the following curves: 
(2). y?x — ay* = 8 + ax? + B, x=a yo=uta ytuta=o. 
(6). yo? — 362 + 267) = 8—3jax?+a. «= 6b, «= 2b, y+ 3ea= x -+ 30. 
(c). xy? = a(x? + y?). Kiedy Vi Eas 
(@). x77? = a(x? — 7"). yta=0 y—a=0 
(e-) Pa = yx + x, De. 

; (A = 9 = 49" y= NO, . 


Gee 9) ea 7) = 0: 
(2). 2?(a? + a?) = (a? — x*)y*. 
(i). ey? = tay. 
(7). x? = (a + PP — 9”): 
(2). ye — yf = H(¥% — I) + 2. 
95. Asymptotes to Polar Curves.—lIf /(p, 6) = 0 is the equa- 
tion to a curve in polar coordinates, then, when it has an asymp- 
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tote, that asymptote must be parallel to the radius vector to the point 
at oo on the curve, if the asymptote passes within a finite distance of 
the origin. 

The distance of the asymptote from the origin is the limiting value 
of the polar subtangent when the point of contact is infinitely distant. 

To determine the polar asymptotes to /(p, 4) = o, determine 
the values of 6 which make po = oo. These values of 6 give the 
directions of the asymptotes. 

If the equation can be written as a polynomial in p, the values of 
# are furnished by equating to o the coefficient of the highest power 
of p. 

To construct the asymptote when, 6 = a, the direction has been 
found ; evaluate for 6(=)a@ and p = the subtangent 


te ee 5 OS dé 
Pp poo fat owe p dp ant du ’ 
u(=)o 
where pu = 1. The perpendicular on the asymptote is to’be laid off 
from the origin to the right or left of an observer at the origin look- 
ing toward the point of contact, according as pf is + or — respec- 
tively. 
EXAMPLES. 


21. Let p = asec 6 4+ 4 tan 6. 
p=o when @ — 47; also, 
di (a+ ésin 6) 
dp asin ee 
the limit of which is@-+ 4. The asymptote is then perpendicular to the initial 


line at a distance a + 6 to the right of O. Also, when 6 = 82, 9 =o, and the 
corresponding value of the subtangent gives a — 4 and another asymptote. 


22. Show that ? sin (6 — a) + ap sin (6 —2a)+a?=0 has the asymp- 
totes psin(@— a) = + asina. 


2. 





23. Find the asymptotes of p sin @ = a6. 

24. Find the straight asymptotes of sin 49 = a sin 30. 

25. Show that cos 9 = — a is an asymptote of cos @ = a cos 26. 
26.6=(p—a)sin@ has psin@ =4é for asymptote. 

27. Determine the asymptotesof cos 26 = a. 

Polar curves may have asymptotic circles or asymptotic points. 


p EXAMPLES. 


28. Find the asymptotes of p§ =a, for 6=0, G6=0. Fig. 57. 
29. Find the circular asymptotes of (@ + a) = 66. and of 
oe eG i a 6 + cos 6 
cP La Oe ee be cw 


CHAPTER XE 
CONCAVITY, CONVEXITY, AND INFLEXION. 


96. On the Contact of a Curve and a Straight Line.—Let 
= /(x) be the equation ‘to a curve. The equation to the tangent, 
‘ 87, at x = a (¥ being the ordinate corresponding to x) is 


F = fla) + (« — a)f"(a). 








FIG. 24. 


The difference between the ordinates of the curve and tangent at 

any point (by the theorem = mean value) is a nad reer eta hoe 
I) — F= 3% — P'S). 

If /’’(a) # 0, this difference will retain its sign unchanged for 
all values of x in the neighborhood of a. Therefore throughout this 
neighborhood the curve will lie wholly on one side of the tangent. 
It will lie below the tangent when /’’(a) is —, and above it when 
J (a) is +. 

The curve y= /(x) is said to be concave at a when /’’(a) is 
negative, or the curve lies below the tangent there; and is said to be 
convex at a when /’’(a) is positive, or the curve lies above the tan- 
gent there. 


EXAMPLES. 
ieeDhe curve y = e* is always convex, since D?e*'= e~ is always positive. 
2. The curve y = log x is always concave, since D? log y = —.x—? is always 
negative. 


3. The curve y = x + ax is convex when ~ is positive and concave when x 
is negative, since D*y = 6x. 
127 
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Points oF INFLEXION. 





Fic. 22. 


Suppose, at + = a, we have /”"(a) =0, but /’’(a) #0. Then 
the difference between the ordinates of the curve and tangent at @ is 
Kx) — FH Ue — a)f'(S). 

Since /’’’(a) ¥ 0, then throughout the neighborhood of a, /’’’(&) 
keeps the same sign as its limit /’’’(a2). But (« — a)? changes from 
— to + as x increases through a. Consequently the corresponding 
point P on the curve crosses over from one side of the tangent to the 
other as ? passes through A. 

The curve is convex on one side of A and concave on the other. 
The curve is said to have a point of cflexion at x, vy when at this 
point we have D,y determinate and D¥y = 0, D*y # o. 

At a point of inflexion «=a a curve is said to be convexo- 
concave when it changes from convex to concave as + increases 
through a, and to be concavo-convex when it changes from concave 
to convex as x increases through a. See the points A and 4’ in 
Pig w22. 


EXAMPLES. 
4. If y = Ax — ah + 4x —1, 
yi = 12(e— 2) =o, when + = a, 


and ye Se. 

The curve has a concavo-convex inflexion at « = a. 

5. Show that every cubic 

Kx) = ax8 + be? + cx +d 

has an inflexion aud classify it. 

Again, suppose at + = a we have 

Sa) =o; ae) =; (2) # 0. 
Then 
x — a) 
fa) — F=E SV pay, 

- In the neighborhood of a, /'v(&) keeps its sign unchanged, as also 
does (« — a)‘. Consequently the curve lies wholly on one side of 
the tangent, and is convex or concave according as /i¥(a) is + or —. 

In general, if-/”(¢)=.... =/*™(a) = 6, 7a) = ©, then 
(« — a)™tt 


x) —-F= “ina pe 
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If m + 1 is even, the curve is concave or convex at a according as 
SJ” 1a) is negative or positive. 

If m + 1 is odd, the curve has an inflexion at x = a, and is concavo- 
convex if f”**(a) is +, and is convexo-concave if f"*(a) is —. 

The tangent at a point of inflexion is sometimes called a s/asion- 
ary tangent, since D,6 = o there. For, 6 being the angle which the 
tangent makes with Ox, wehave tan 6 = D, y, etc. 

The conditions for a point of inflexion given above, for /(x, vy) = 0, 
are exactly those which have been previously given fora maximum ora 
minimum of Dy. For y = f(x) has a convexo-concave inflexion 
whenever /’() isa maximum, and a concavo-convex inflexion whenever 
J '(x) is a minimum. The investigation of y = /(x) for points of 
inflexion amounts to the same thing as investigating the maximum 
and minimum values of _y = /’(). 

It is not necessary to give many examples of finding points of 
inflexion, since it would be but repeating the work of finding the 
maximum and minimum values of functions. 


EXAMPLES. 


6. Show that «3 = (a? + x)y has an inflexion at the origin. What kird of 
inflexion ? 


7. Show that ay = dxy + cx? + dx* inflects at 0, o. 
8. The origin is an inflexion on a”—ly = x”, if m > 2 is an odd integer. 
9. When is the origin an inflexion on y* = hx? 
10. Find the point of inflexion on x«* — 36x + ay = o, and classify it. 
[x — by <= 203 /a?.] 
11. Show that the inflexions on /(p, 6) = 0 are to be determined from 
: , dp\? da {ads 
Pipe) ogee 
See §56. If we put o = I/x, this takes the simpler form 
wt ug nO, 
The polar curve is concave or conyex with respect to the pole according as 
u+ ug is+or—. The curve in the neighborhood of the point of contact is con- 


cave or convex with respect to the pole according as it does or does not lie on the 
same side of the tangent as the pole. 


12. Find the inflexion on sin 0 = a6. 
13. In p#™ =a there is an inflexion when § = V m1 — Mm). 
14. Find the points of inflexion on the curves: 


(2). tanex =y. (Qi j= ena x, 
(4). y = sin ax. (e). y = (* — I)(e — 2)(x« — 3). 
Gy = cotlax. (J). p(6? — 1) = a6. 


15. Show that the curve x(x? — ay) = @° has an inflexion where it cuts Ox. 
Find the equation to the tangent there. 


16. Show that x3 + y3 =a has inflexions on O, and O,. 

17. The inflexions of xy = a(x —y) areatx=0, x= 40 73. 
18: 4 = logi(y//x) inflects'at += — 2, y = — 2¢-2. 

19. 09? —a@ has an inflexionat p= a 4/2. 


CHAPTER XII. 
CONTACT AND CURVATURE. 


97. In the preceding chapter we have studied the character of the 
contact of a curve with its straight-line tangent. Now we propose 
to study the nature of the contact of two curves which have a 
common tangent at a point. ‘ 


98. Contact of Two Curves. 


I. Let y = (x) and y = (x) be two curves, the functions @ 
and w having determinate derivatives at a. 

If we solve y= (x) and y= p(x) for x and y, we find the 
points of intersection of the curves. 

(1). If p(2) = ¥(@) and ¢'(a) ¥ p’(a), the curves cu at a, and 
cross there. For, by the law of the mean applied to the function 


E(x) = $(%) — $); 


P(x) — ¥(#) = ( — 2) [9'(S) — ¥'(S)]. (§ 62) 

The derivatives @/(&), ’(S) are arbitrarily nearly equal to ¢’(a) 
and (a) for x in the neighborhood of a. Therefore, since 
d'(a) ¥ (a), the difference f’(&) — 7’(&) keeps its sign unchanged 
in the neighborhood of a, and « —a changes sign as «% passes 
through a, 

(2). If we have d(2) = (2), $'(@) = (a), but f(a) ¥ o"(a), 
then the curves have a common tangent at a, and are said to be tan- 
gent to each other, and to have a contact of the first order at a. 

By the law of the mean, the difference 


P(x) — ¥(%) = 2 — )*[0"(E) — ¥'(8)] 
shows that this difference does not change sign as x increases through 
a, and therefore the curves do not cross at a. 
(3). If d@) = 42), $@™=Y¥(, o'(@ = ¥'(@, but 9’’"(a) 
# w’’’(a), then the curves have a contact of the second order at_a, 
and we have 
P(x) — H(%) = Fe — a) LG""(S) — P(E). 
This shows that the curves do cross at a, since the difference of their 
ordinates changes sign as xv increases through a. 
(4). In general, if (x) and y(x) and their first 2 derivatives at a 
are equal, but their (7-4 1)th derivatives are unequal, then the 
130 


we have 
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curves are said to have an mth contact at a, or a contact of the vth 
‘order. They do or do nof cross at the point of contact according as 


n+ 1 is odd or even. POOR TC Din 
For we have, by the “se of the mean, 
#2) — He) = TO tone) — wey) 


which changes sign or does not according as z+ 1 is odd or even 
when x increases through a. 

Two functions are said to have a contact of order ” at a value of 
the variable when for that value of the variable the corresponding 
values of the functions and their first derivatives are equal. 


II. The character of the contact of two curves is made clear by 
the following theorem: 

If two curves y = f(x) and y= %7(x) intersect in » distinct 
points at a,, @,,..., @,, then when these z points of intersection 
converge to one point, the curves have a contact of order 7 — 1. 

To prove this the following lemma * will be established: 

If #(x) vanishes at @,, ¢,,..., @,, then 





(x —a,)...(*—4,) p, 
where & is some pape between the greatest and least of the num- 
bers 4, a, 
Consider the apa of z, 


J) = (%# — &) +++ (% — G)F(2) — @ — &) ~~ GH) F(A). 

We have /(z) = oat the w + 1 values of z equal to x, a,,..., a, 
By Rolle’s theorem, /’(z) vanishes 7 times, once between each con- 
secutive pair of these numbers, Also by the same theorem /’’(z) 
vanishes z — 1 times, once between each consecutive pair of numbers 
at which /’(z) vanishes; and so on, until finally /”(z) vanishes once 
between the pair of values for which /”"1(z) vanishes. This value, 
say &, at which /”(z) vanishes is certainly between the greatest and 
WeASCIOD yee la i) tg ALEDCE 


She = — 4,)3 2. (i GLAS) — 2) F(x) = 0, 
and the lemma is proved. 
Now let #(x) = 6(x) — ¢(«). > Then 





(a) — p(x) = FHA) TO pny — yey], 
This shows that when a, =a, =... =a, = 4, we have 
f(x) — $(*) = {¥ — 2" (g(a) — os), 


where & lies between x and a, 





* Due to Ossian Bonnet. 
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This last equation shows that @(x) and ¢:(x) and their first ~ — 1 
derivatives at @ are equal, or the two curves have a contact at a of 
order x — 1. Therefore, when two curves have a contact of the th 
order, it means that they have z+ 1 coincident points in common 
at a; or, aS we sometimes say, they intersect in 2 + I consecutive 
points. A curve which cuts another z times in the neighborhood of 
a point, leaves that curve on the same side it approaches it when z 
is even and leaves on the opposite side when z is odd. Thus we see 
why it is that curves having even contact cross, while those having 
odd contact do not cross, at the point of contact. 

99. To find the order of contact of two given curves, we must 


solve their equations for the points of intersection, and compare 
their corresponding ordinate derivatives at these points. 


EXAMPLES. 
1. Find the order of contact of the curves ¢ 
Y=R and y = 32° — 32+ 1. > 


Solving the equations, we find that = 1, y = I is a point common to both 
curves. Also, their first derivatives, Dy, are equal to 3 there, and their second 
derivatives, D?y, are equal to 6; while their third derivatives, D3y, are not equal 
to each other. Therefore, at the point 1, 1 the curves have a contact of the second 
order. 


2. Show that the straight line y = « — 1 and the parabola 4y — x? have a 
first-order contact. 


3. Find the order of contact of 


gy = «8 — 3x74 27 and oy + 34 = 28. [Second. ] 
4. Find the orders of contact of the curves: 
(2). y=log(«—1) and #—6x+2y4+8—0. [Second. ] 
(4). 4y = x7 —4 and x? + y? — 2y = 3. [ Third. ] 
On =e and (« — 2a)?+ (y —2a)? = 2xy, [Third.] 


5. Find the value of @ in order that the hyperbola xv = 3x — 1 and parabola 
y =x -+ 1-+ a(x — 1)? may have contact of the second order. 


100. Osculation.—(1). We can always find a straight line which 
has a contact of the first order with a given curve y = P(x) at a given 
arbitrary point. In general, at any point of ordinary position, a 
straight line cannot have a contact with a curve of order higher than 
the first. 

For, let_y = mx + 6 be the equation to a straight line, in which 
mand 6 are arbitrary and are to be so determined that the straight 
line shall have the closest possible contact with the curve y = P(x) 
at x = a. 

Then we must have 

ma -+-b = (a), 
m = (a). 
These two conditions completely determine m and 8, and give 


¥ = (2) + (* — a)P(a) 
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as the equation to the required line, which has contact of the first 
order with the curve at a. This is the familiar equation to the tan- 
gent to the curve at a. 

The line can have no higher contact with the curve at @ unless 
we have @’’(a) = 0, and so on, see § 98. At an ordinary point of 
inflexion the tangent has a contact of the second order, and cuts the 
curve there in three coincident points crossing the curve. 

(2). Consider the equation to the circle 

(X — a)? + (F— py = RB. (1) 

This is the most general form of the equation to the circle, and 
can be made to represent any circle whatever, by assigning proper 
values to the arbitrary constants a, £, &, the coordinates of the 
centre and the radius. 

Let us determine a, £, and R, so that the circle shall have the 
closest possible contact with a given curve y = #(*) at a given point 
x, y of general position on the curve. 

Differentiating (1) twice with respect to X, 


X—a+(F—£)DVF=0, (2) 
1+ (r— ~)DY + (DLP) = o. (3) 
The conditions for the contact are 
Vey DT =O x); DY r(x). 
The values of a, 6, A determined from the three equations 


(x -—av+t(iy— fyr= Rk, (4) 
x—a+(y— £)P(x) =9, (5) 
1+ (y— £)¢'"(«) + [0"(4)] =9 (6) 


determine the circle of closest contact, of the second order, at x, y 
on the curve. Solving these equations and writing y’, y’’ for f’, p”, 
we have for the coordinates of the centre of curvature 





I 12 I + y” 
p=y+ a ete gona (7) 
and for the radius of curvature 
1+y)3 
R= er ee (8) 


oy 


Whenever the coordinates x, y are given, we can substitute in 
these formule and compute a, f, and &, and write out the equation 
to the circle. 

Observe that the three equations completely determine the circle, 
and the circle at a point of ordinary position on the curve can have 
no closer contact with the curve than that of second order. Observe 
that this is the same circle obtained in § 79, Ill. (3), where we con- 
sidered the circle which was the limiting position of a circle through 
three points on the curve when these three points converge to 4, y 
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as a limit. Having a contact of the second order with the curve, 
the circle of curvature crosses over the curve at the point of contact. 

This circle is called the circle of curvature of the curve at the 
point x, y, and & is called the radius of curvature, the point a, 6 
is called the centre of curvature of the curve at x, y. 

(3). In general, when the equation of a curve y= $(#) con- 
tains a number, 2 + 1, of arbitrary constants, we can determine the 
values of these constants so that the curve shall have a contact of the 
mth order with a given curve y= G(x), at a given point of arbitrary 
position and no higher contact. For, if we equate the values of the 
function w and its first 2 derivatives to the corresponding values of 
¢ and its first z derivatives, we shall have z + 1 equations between 
the 2 + 1 arbitrary constants in 7%. These equations serve to deter- 
mine the values of these constants which will make y = (x) have 
an #th contact with y= @(x) at the point under consideration. 
This is the highest contact such a curve y = # can have with a given 
curve y = @ at a point of ordinary position. Then _y = @ is said to 
osculate the curve y = f at x, y. 

At certain singular points an osculating curve can have a contact 
of higher order with a given curve than that which it has at a point 
of ordinary position—as, for example, the tangent line to a curve at 
an_inflexion. 


tor. Construction of the Circle of Curvature.—Since Dy is the 
same, at the point of contact, for the circle and the curve, they have 
a common tangent and normal there; also, the centre of curvature 
is on the normal to the curve. They have the same convexity or 
concavity at the point of contact. The radius of curvature, involv- 
ing the radical sign, is ambiguous; we remove the ambiguity by 
taking & as positive when y” is positive, or when the curve is convex; 
and negative when y”’ is negative or the curve is concave. Conse- 
quently the value of 7 is 

palit 
yt a 

The center of curvature is to be constructed by measuring off R 
from the point of contact, along the normal, upward or downward 
according as # or y’’ is + Aor, 


\ 


EXAMPLES. 
1, Find the radius of curvature at any point on the parabola a? = 4my. 
Here amy’ = x, 2my’=1, I+y%*=>1+ y/m; 
2(m + y)2 
p= + eer 
Vm 


2. Find the radius of curvature in the catenary 


yawldeed), 
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x x 
SRPMS deta ie"), W=ylP,  . p=+y7/a. 
Show that the radius of curvature is equal and opposite to the normal-length. 


3. In the cubical parabola 3a’y = x3. we have 
Py =, 29! = on, (t+ 7 = (a + x4)8/a8: 
(at + x4)? 
es Sey: 
2a4x 


4. Newton’s Rule for the Radius of Curvature. At any point Pon a given 
curve draw a circle tangent to the curve and cutting it in a third point Q at dis- 
tances and g from the common normal and tangent respectively. 

Let 7 be the radius of the circle. Then, by elementary geometry, the products 
of the segments of the secants are equal, and we have 


PI OR q) 


ee Bape d 
or a oP + = 
When Q(=)/, the circle becomes the circle of curvature at Pand £r = R. 
Pp 
Jip Fars 8) Be 
ae 


when 2(=)9, g(=)o. 
5. If Q, P, Rare three points on any curve, such that V is the middle point 
of the chord QA, and P is the mid-point of the arc QR, show that 


OY? 
B= £aPP 7 
when Caer T(r oe 
EXERCISES. © 


1. Find the parabola y = Ax? + Bx + C which has the same curvature as a 

given curve y = f(x) at a given point x, y. 
Va fix) + (X — 2) f(x) + UX — 2)2f'"(2). 

2. Show that a straight line has contact of second order with a curve at a point 
of ordinary inflexion. 

3. Show that the radius of curvature is oo at a point of inflexion, and explain 
geometrically. 

4. Show that the circle of curvature has a contact of third order at a maximum 
or a minimum value of 2, and therefore does not cross the curve at such a point. 

At a max. or min. value of R we have D,.R?=0. Differentiating (8), § 100, and 
solving, we find for the curve F 

au? 

oe 

Computing D3y, for the circle, from (5) and (6), we find it has the same value. 

5. Show from (5), § 100, that the normal passes through the center of curva- 
ture. 

6. Find the radius of curvature for the ellipse 








ee oy? 
2 BR == Lo 

a sin? B? cos? p)? Oe gE aes 

peal oS = Soe i a6?, 


@ being the eccentric angle. 
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7. x3 + yf = a5 is satisfied by «=a cos’ g, y =asin®@. Show that 
R= — 3(axy)?. 
Ze 
8. Show that the radius of curvature of e7 = sec (#/a) is 
K = -a sec (#/a), 
9. The coordinates of a point on a curve are 
x = ¢ sin 241 + cos 2%), y = ¢ cos 2¢(I — cos 22); 

show that iti="40 COs 32, 

10. Find # for «* = ay”. 

11. Show that, when y = sinx isa maximum, & = 1. 

12, Find the center and radius of curvature of xy = a. 

a = (307 + y?)/2x, B= (0? + 3y)/ay, R= (x? + 9)? /202. 
13, Show that if a varidble normal converges to a fixed normal as a limit, their 


intersection converges to the center of curvature as a limit. 
The equations to the normals at x,, y, and x, y are 


q q - 
(V—y)24 X42, =0, (Y-2L4X-x2=0. 


ax, 
The ordinate of their intersection is 
ay, dy 
Bet BA ime re? Se ad 
on dy ay, ‘ 
ae ee 


which takes the illusory form 0/o for x, = x. 
When evaluated in the usual way, we have, when me (ee) Es 


I yf 2 


which is the ordinate of the center of curvature. 
Substitution of Y — y in the equation of the normal gives X as the abscissa of 
the center of curvature. 


14. Find the radius of curvature at the origin for 
2x? + 3xy — 4y? + 8 — Gy = 0. 
Using Newton’s method, 
Sie eo ee 
es as 


15. Find the radius of curvature at the maximum ordinate of y = e—a2x?, 
What is the order of contact of the circle of curvature ? 


16. If /(p, 8) = 0 is the polar equation to any curve, show that at any point 
p, @ the radius of curvature is 

(p? +p? 
p? + 29% — pp”? 
where for brevity we write p'=Dgp, a” = Dio. 


This follows immediately from substituting for Dy and D*y, (1) and (2), § 56, 
in (8), § 100. 3 


_ 17. Show that if pw =1, w = Deu, uw’ = Dju, the value of the radius in 
Ex. 16 becomes 


$s 
(«? + al)? 
~ (ee +. al?) 
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18. Since at a point of inflexion 7” = 0, we have there R = oo. Therefore the 
inflexion condition for a polar curve is, as found before, # + w#’ = 0. 

19. If p—a§, show that R= a(1 + 6%)'/(2 + 62). 

20.If p=, then R= p{t + (log a)}}. 

21. If p = 29 — 11 cos 20, R= at cos20 = #. 


22. Show that R= 4a, for p—=asin 60, at the origin. 


23. Find the radius of curvature for the hyperbola 
xa? — 77/0 = 1. 

24. Find the radius of curvature of: 

The circle p = a sin 6; the lemniscate p? = a? cos 20; the logarithmic 

spiral p = ¢78; the trisectrix = 2a cos 6 — a. 


25. If R is the radius of curvature of f(x, y) = 0, show that 


rp. ee toy 
BL ae 
regardless of the independent variable. 
Differentiate the equation of the circle of curvature, 
Ri = (x — a + (y — OY 
0 = (« — a)dx + (y — 6)dy, 
0 = dx? + (x — a)d?x + dy? + (y —4)d4y. 
The elimination of « — a and y — 6 gives the result. 


CHAPTER XIII. 


ENVELOPES. 


102. If /(x,_y) = o is the equation of a certain line containing a 
constant a, then we can implicitly indicate that the position of this 
curve depends on the value of a by including it in the functional 
symbol, thus: 

ST (x, DA; a) = oO. 


If we change a@ by substituting for it another number a, , we get 
another curve, 
J(*s V; %) = 9; 


which will, in general, intersect the first curve. 

The arbitrary constant a in (x,y, a) = 0 is called a parameter. 
All the curves obtained by assigning different values to @ are said to 
belong to the same family of curves, of which a@ is the variable 


parameter. Thus 
J(%) I, &) =0 (t) 


is the equation of a family of curves when we regard a as avariable, and 
any curve obtained by assigning a particular value to a isa particular 
member of that family. : 

Thus, in the figure, let the curves 1, 2, 3, . . . be the particular 
curves of the family (1), obtained by assigning to @ the particular 
» -. © taken in order. 


values @,, @, 





Two curves of this family are said to be consecutive when they 
correspond to consecutive values of a. The sequence of curves corre- 
sponding to a,, a, ..., as drawn in the figure, intersect in points 
Pe al <a Ge Re 
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ILLUSTRATIONS. 


The arbitrary constant or parameter being a: 

(a). y = mx + a@ is the family of parallel straight lines sloped 7 to the axis 
of x. Consecutive members of this family do not intersect in the finite part of the 
plane. ; 

(2). vy = ax + 6 is the family of straight lines passing through the point o, 6. 

(c). «cosa + y sin a = fis the family of straight lines tangent to the circle 
a2 + 7? — p. a 

(@). y = ax + 6/ais a family of straight lines tangent to a parabola y? = 4x, 
and 

VY = ax — 26a — ba 
is the family of normals to the same curve. 

(e). (« — a? + (vy — 6? = a*is the family of circles with center a, 6 and 
variable radii. The curves of the family do not intersect. 

(f). 2% + y? — 2ax + 7? = o is the family of circles with radius 7 having 
their centers on Ox. Two curves,of the family do intersect, provided we take 
their centers near enough together, 





103. The Envelope of a Family of Curves.—lf 
J(%, I; &) = 0 (1) 
and SX I). = © (2) 


are two curves of the same family which intersect at a point x, y, let 
us seek to determine the limiting position of the point of intersection 
x, y when a,(=)a@. When a,(=)a all points on curve (2) converge 
to corresponding points on (1), and in the limit curve (2) passes over 
into curve (1) and they have an infinite number of points in common. 
Therefore the attempt to determine the limiting position of the point 
x, y of intersection of (1) and (2), by solving (1) and (2) for the 
coordinates and then making a,(=)a, leads to indeterminate forms. 

We shall proceed to find the limit to which converges the point 
x,y of intersection of (1) and (2), 
by finding a third line which also 
passes through their intersection, and 
which does not coincide with (1) 
when a,(=)a@. 

Assign to x and y the numbers @ 
and 4, the coordinates of the inter- 
section of (1) and (2), and let a be 
a variable number. Then /(a, 4, @) 
is a function of the single variable a, 
and we have, by the law of the mean, 


Ma, 8, 0) — Ne 4, &) = (a, — SG FH); (3) 
where yz is some number between a, and a. 
But, a, 6 being on (1) and (2), we have 


Jia, 6, a,) =9 and T(4, 4, &) = 0. 


SW; b, h) = 0. (4) 





Fic. 24. 


Therefore 
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For the particular value jz assigned in (3) we have /,(*, ¥, pp) =o 
as the equation to some curve passing through the intersection of (1) 
and (2), in virtue of equation (4). We do not know the number yz 
in (3) and (4), since all we know about it is that it lies between @ 
and @,. 

But, whatever be the number vy satisfying (4), we know that the 
curve 


Tilt Is L= . (5) 


passes through the intersection of (1) and (2). Now, when a@,(=)a, 
then p(=)a. If, therefore, when a,(=)a, the two curves (1) and 
(2) intersect in a point which converges to a fixed point as a limit, 


then (5) becomes 
Sal%, 3 1) = ©, (6) 


the equation to a curve which passes through the limit of the inter- 

section of (1) and (2) as (2) converges to (1). Moreover, (6), being 

acurve distinct from (1), has in general a definite intersection with (1). 
If, between the equations 


S(% I, &) = © (1) 
Jil%, ¥, 4) = 9, (6) 

the variable parameter a be eliminated, we obtain the locus 
BNL; 9) == 6 (7) 


of all points in which the consecutive curves of the family /(x,_y, @) 
= 0 intersect as @ varies continuously. 
The curve (7) is called the envelope * of the family (1). 


ILLUSTRATION OF THE ENVELOPE. 


As the parameter @ varies continuously, the curve /(x, 7, @) = O sweeps over 
or generates a certain portion of the surface of the plane «Oy, and leaves unswept 
a certain portion. The envelope may be regarded as the line which is the bound- 
ary between these two portions of the plane xOy. 


104. The envelope, “(x, y) = 0, is tangent to each member of 
the family /(x, _y, a) = o which it envelops. 


We are not prepared to give a rigorous proof of this statement 
now. This provf requires a knowledge of functions of several 
variables. We can, however, give a geometrical picture which will 
illustrate the general truth of the statement. For this proof see 

2247. 
Let (A), (2), (C) be three contiguous curves of the family, (4) 





* Strictly speaking, the equation of the envelope is the equation gotten by 
equating to o that factor of A(x, v) which occurs only once in E(x, Yj). See 
Chapter XXXIX. 
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and (C) intersecting the fixed curve (2) in points P and Q re- 
spectively. When (A) and (C) converge to coincidence with (4), 





(B) (C) 
Fic. 25. 


the points P and Q converge to each other and to two coincident 
points on the envelope. The straight line PQ converges to a common 
tangent to (B&) and the envelope. 


EXAMPLES. 
The variable parameter being a, find the envelopes of the following curve 
families: 
1. e<cosa+ysina—p=0= (f(x, y, a). 
J,= — «sina+ycos a Square andadd. Hence 
x? t y?— p?, a circle with radius £. 
2. Envelope the family f=y —ax — b6/a=0. 
fe =—*£+5/e «a= Vb/x. Hence y? = 4bx. 
3. Envelope the family f= y — ax + 26a 4+ 623. 
Si, = — x + 26+ 360%, .». a? = (x — 26)/30. Hence 
279°b = A(x — 26)°. 
4. Find the envelope of (x cos a)/a + (y sin a@)/d = 1. 
5. Find the envelopes of y =ax+ aa? + 0% [x2/a? + 92/8? = 1.] 
6. Envelope the family 2? + y? — 2ax =r’. 


105. Envelopes when there are Two Connected Parameters. 
Let P(x, y, a; f) a) (x) 


be the equation to a curve, involving two arbitrary parameters a and 
f# which are related by the condition 


p(a, B) =o. (2) 
I. When we can solve (2) with respect to a or # and substitute 


in (1), we reduce that equation to that ofa family with one parameter. 
The envelope is then found as before. 
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EXAMPLE. 
Find the envelope of the ellipses 
ae yy 
a aa B = 1, (1) 
when @i+ 6 =c. 
We have 6=c—a@. Therefore 
x2 y ee 
ae Sa 


Differentiating with respect to a, and 
solving for a, 








3 /3 
G5 peso and b= 7 Z 7 
a+ Et 
which substituted in (1) give 
3 eS 
Fic. 26. 2 AD en 


II. Otherwise, when it is inconvenient to solve (2), it is generally 
- simpler to proceed as follows : 

Let x, y be constant, and differentiate (1) and (2) with respect to 
any one of the parameters, say 6. Eliminate a, 6 and a’ = da/df, 
between the four equations. 


P(x, ), a, f) 1,05 (z) 
Pa(*, ¥, 4, B) = 0, (2) 
wa, B) = 9, (3) 

Pa(a, 8) =o. (4) 


The result is the envelope Z(x, ¥) = o. 


For example, take the same question proposed in L 
We have for (1), (2), (3), (4); : 


Z| yy? \ 
we — B = 1, (1) 
x , y2 
ae — B =; (2) 
atBue, (3) 
a’ +1=0. (4) 
The elimination gives the same result as before. 
EXERCISES. 
* 1. Find the envelope of a straight line of given constant length, whose ends 
move on fixed rectangular axes. [x3 443 = ce. | 
~ 2, Find the envelope of the ellipses 
wt 42 
at ie ae 


when the area is constant. 


Cai) Tet g: [oxy 55] 
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3. Find the envelope of a straight line when the sum of its intercepts is con- 


stant. [x 4 = ce. | 
4. One angle of a triangle is fixed; find the envelope of the opposite side when 
the area is given. [ Hyperbola. | 


5. Find the envelope of x/a + y/8 = 1 when a+ 6m = om, 





m m Mm 
ae 4. yt = Goi 
6. Show that the envelope of a/l+-y/m = 1, where Z/a+ m/b =1 is the 
parabola (x/a)? + (y/o) eae 


7. Froma point Pon the hypothenuse of a right-angled triangle, perpendiculars 
PM, PN are drawn to the sides; find the envelope of the line JZ/V. 


8. Find the envelope of the circles on the central radii of an ellipse as diameters. 
9. Find the envelope of y = 2ax + at, [26y? + 27x+ = 0.] 
10. Find the envelope of the parabola y? = a(x — @). (a Seb 


11. Find the envelope of a series of circles whose centers are on Ox and radii 
proportional to their distances from O. 


12. The envelope of the lines x cos 3a@ + y sin 3a = a(cos 2a)? is the 
lemniscate (x? + y?)? = a(x? — y?). 


13. Find the envelope of the circles whose diameters are the double ordinates 


of the parabola y? = 4ax. [y? = 4a(a + x). ] 
14. Find the envelope of the circles passing through the origin, whose centers 
are on y? = 4ax. ((# + 2a)y? + «8% = 0.) 


15. Find the envelope of x?/a? + y?/6% = 1, when a? + f? = 2. 

(4 +P = #.] 

16. Circles through O with centers on 2? — y? = a® are enveloped by the 
lemniscate (x? + y?)? = 4a?(x? — y?). 

17. Show that the envelope of 

Lad + 2Ma+ N=0, 
in which Z, 1%, JW are functions of x and y, and q@ is a variable parameter, is 
JED, ae 

18. In Ex. 17 show that if Z, 17, V are linear functions of x and y, the envelope 
is a conic tangent to Z = 0, V = o and having 47 = 0 for chord of contact. 

Differentiate ZV — 17? — o with respect to x, 

UN+N'L = 2MM’. 

At the intersection of Z = oand J7 = o we have ZL’ = 0; and since there 
NV #0, we have Z’=0, The D,y from this is the slope of the tangent to the 
envelope. Hence Z’ = 0 is the tangent at the intersection of Z = J7 = 0 to the 
envelope, etc. 


CHAPTER. XIV. 


INVOLUTE AND EVOLUTE. 





106. Definition.—When the point of contact, ?, of the circle of 
curvature of a given curve moves along the curve, the center of curva- 
ture, C, describes a curve called the evolufe of the given curve. 

The evolute of a given curve is the locus of its center of curva- 
ture. The given curve is called an zvolule of the evolute. 


107. There are two common methods of finding the evolute of a 
given curve. 

I. If A(x, _v) =o is the equation of the given curve, and a, f are 
the coordinates of the center of curvature, then we have, § 100, (2), 


tit BD: I /2 
se A es a, (x) 
y 

If we eliminate x and y from these two equations and the equation 
to the curve, A(x, vy) = o, we leave a and # tied up with constants. 
in the equation to the evolute. 

Eliminations are, in general, difficult and no general rule can be 
given for effecting them. Another method of finding the evolute will 
be given in II, which frequently simplifies the problem. 





Oy 


EXAMPLES. 
1. Find the evolute of the parabola y? = 4px. 
We have 7/= pix ?. y= — age Hence 
a—x=2xe+p), B—y=—2(p ix + piel), 

a=2p-+ 32, B= —2p te. 

Eliminating «, we have for the equation to the evolute (§ 112, Ex. 17, Fig. 44): 
4(a — 2p) = 27h 8. 

2. To find the evolute of the ellipse «?/a? + y?/22 = 1. 
We can differentiate directly, or use the eccentric angle 


x= acos g, 2 re @, and find 
y= ae y" = — Hays. 
— 3 a — 6 
heed 3) 
at x, B = bf wv 
Hence (aa) +. (6B)® = (a? — 223, (Fig. 43.) 
144 


c= 
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U. The evolute of a given curve /(x, y) = 0 is the envelope of 
the nermals to the curve. 


The equation to the normal to /= 0 at x, y is 


X—«x+(Y—y)y' =0. (2) 

But _y and »’ are functions of «, from the equation f= 0 to the 
curve. Therefore x is a parameter in (1), by varying which we 
get the system or family of normals. Hence the required locus is to 
be found by differentiating (1) with respect to x, keeping X, V con- 


stant. Thus 
—1+(F— yp)” —y?=0. (2) 
Eliminating x between (1) and (2), we have 


I a2 I Fi 
Papers 2 yang og a 
in which X and Fare the coordinates of the center of curvature, 


§ 100, (2). This proves the statement. 
EXAMPLES. 


1. Find the evolute of the parabola y? = 4fx. 

The equation to the normal is “ 
Y = ax — 2pa — pai. (1) 
O= x — 2p — 3pa. 


jhe (= = 2)! 
32 z 
which substituted in (1) gives as before in I, 4(* — 2f)® = 27py7. 


2. Find the evolute of the ellipse «?/a? +. y?/o? = 1. 
Taking the equation to the normal 





ax sec a — by csca = a? — B, 
ax sec atan a + by csc ~ cota =O. 


Hence tan @ = — (by /ax)s, which leads to the same result as in I, 
(ax) 4+ (oy) = (@ — 0%. 
108. The normal to a curve is a tangent to the evolute. 
Let («—ayl+(y— fy = Rk (1) 
be the equation of the circle of curvature at x, y. Then, letting x, » 
vary on the circle, R remaining constant, we have, on differentiation 


with respect to x, 
aE Y = Py) =; (2) 
Tee) a (sy 0, (3) 


Now let x, vy vary along the curve, R being variable. The num- 
bers a and f are also functions of x. Differentiate (2), which is the 
equation to the normal to the curve at x, y, with respect to x. 


rty?+ (y— By” — a’ — Bly’ =0, (4) 
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Subtract (4) from (3). 


da, dp dy __ 8 
OE Dae? 
dp ax 
or da at ay’ 
which proves the statement. 
EXERCISES. 


1. Find the centre of curvature of 3 = ax. 


Danae oe he Be wy — oy 
bay” al Zens 








These equations are the equations of the evolute, a and @ being expressed in 
terms of y, a third variable. 


2. Find the coordinates of the center of curvature of the catenary, Fig. 38, 


= Det 
Pies 2i se: +e As 
LONI e 
a=x—= Vy — hy 
3. Find the center of curvature and the evolute of the hypocycloid, 
xt a. yi = a. 
i 2 1 2 2 2 
a=x+ ety poy + 30473, (2+ pi +(a— py = 228. 
4. In the equilateral hyperbola 2xy = a?, 
n\8 Se 
a -+ fp = CTL E (oa p — EA IE) ie 


a ; 
(a+ 6) — (« — fyi = 22. 
5. In the parabola x +2 = a®, a+ f6=3(*+y7). 


CHAPTER XV. 
EXAMPLES OF CURVE TRACING, 


tog. Until functions of two variables have been studied we are 
not in position to consider the general problem of curve tracing in 
the most effective manner. Nevertheless it will be advantageous to 
apply the properties of curves which have been developed for func- 
tions of one variable to finding the forms of a few simple curves, 
whose figures will be useful in the sequel, before we study functions 
of more than one variable. 


110. Principal Elements of a Curve at a Point.—We collect 
here for handy reference the principal elements of a curve at a point, 
as deduced in the preceding pages. The notations are the same as 
there used. 


I. Rectangular Coordinates. Dy =’, Diy =v". 
1. Equation of the tangent: 
(Y—y) = (&— xy’, 
2. Equation of the normal: 
eae Se #): 
3. Subtangent and subnormal: 
S,=1' Sy = wy". 
4. Tangent-length and normal-length: 
f= yVi ty, wa=yVt +", 
5. Tangent intercepts on the axes: 





Aa=ax—y, F=y— xy. 
6. Perpendicular from origin on the tangent: 





yxy’ 
p = fae 
eee 
7. Radius of curvature: 
Lees 
R — ca ai 
’ J 
8. Coordinates of center of curvature: 
I nn Pot 
poe, [a One = : 
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Il. Polar Coordinates. Dep =p’, Dp=p”’. up=t. 
1. Angle between the tangent and radius vector: 


p 
tan => 
? p 
2. Angle between the tangent and the initial line: 
_ p+ p’ tan d 
ee p’ — ptan & 
3. Subtangent and subnormal: 
abe fei Ae) Rice: dp 
wiedy fon ge tao 


4. Tangent-length and normal-length: 


5. Perpendicular from the origin on the tangent: 
ca Dae ie 
A pao e Gee 
6. Radius of curvature: 
Get ee 
p> + 29” — pp 
_ (#4 0) 
~ (ua + ul’) 
111. Explicit One-valued Functions.—If the equation to a 


curve can be solved with respect to the ordinate or the abscissa so as 
to give 





1? 





y= G(x) or «= Hy) 
as its equation, in which either ¢(x) or 7#(y) is a one-valued func- 
tion, or if more than one-valued the branches can be separated, we 
have the simplest class of curves for tracing. 

Given any value of the variable, we can compute the value of the 
function. We thus obtain the coordinates of a point on the curve. 
By finding the first and second derivatives, y’, y’’, we can compute 
all the elements of the curve at this point. y’ gives the direction 
and y’’ the curvature at the point. 

A regular method of procedure for tracing a curve is: 

1, Examine the equation for symmetry. 

If the equation is unchanged when the sign of y is changed, the 
curve is symmetrical with respect to Ox. 

If the equation is unchanged when the sign of x is changed, the 
curve is symmetrical with respect to Oy. - i 

If the equation is unchanged when the signs of x and y are 
changed, the curve is symmetrical with respect to the origin which 
is a center of the curve. 
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If the equation is unchanged when x and _y are interchanged, the 
curve is symmetrical with respect to the line y = vr. 

lf the equation is unchanged when x and y are interchanged and 
the signs of both x and y changed, the curve is symmetrical with 
respect to wi-fi SiO (Gy 

2. Examine for important points. 

These are: the origin, the points where the curve cuts the axes, 
maximum and minimum points, and points of inflexion. 

If « = 0, y= 0 satisfy the equation, the curve passes through 
the origin. Put « =o and solve for y to find the intercepts on Oy; 
put y = o and solve for x to find the intercepts on Ox. 

Find the maximum and minimum and inflexion points by the 
regular methods of the text. 

3. Determine the asymptotes, if any. 

4. Compute a sufficient number of points on the curve to give a 
fair idea of the locus, and sketch the curve through the points. 


(In the following examples all details, omitted in the hints, must be supplied.) 


EXAMPLES. 


1. Trace the common parabola y = x*. The curve is symmetrical with respect 
to Oy. It passes through O and cuts neither axis else- 
where. Since vy’ = 2x is 0 at O, Ox is tangent. 
Also, y/ is positive as x continually increases from 0, y 
and y, the ordinate, continually increases. Since 
y'' = 2 is always +, the curve is everywhere convex. 
Investigation shows that the curve has no asymptote. 
The form of the curve is as in the figure. (Fig. 27.) 
2. Trace y = 2x7 — 3x + 4. 


/ 


Y =4e—3, y= 4. 


The curve is always convex. It has a minimum O a 
ordinate, y = 2%, at x = 3. Its slope + according as’ Fic. 27. 
a licuts Oy at —)—— 4, and neither axis else- , 
where. It is symmetrical with respect to the line x = 8. The curve is the com- 
mon parabola. (Fig. 28.) (eg (ct So alee ae Ws ae a 
y| 
y [at 
4 O 
2% 
4 oa 
O|% 
Fic. 28. Fie. 20: 
3. Trace x = 3 — 2y — 3y%. Here x is a one-valued function of ¥y. 
Dyx = —2—6y, Dix = — 6. «x is amaximum at y = — 4, when x = 3h 
The curve cuts Ox at y = 0, « = 3, and Oy aty = + 0.78, y = — 1.44. Itis 


everywhere concave to Oy. «x continually diminishes from its maximum value, 
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and the curve has no asymptote at a finite distance. It is as before the common 
parabola. (Fig. 29.) 


y 4. Trace the cubical parabola y = x, Here 
y! = 3x", y= 6x. The curve passes through O. It 
is symmetrical with respect to O, since the equation is 
unchanged when the signs of x and y are changed. The 
ordinate is + when x is +, and y is — when # is —. 
The curve lies in the first and third quadrants. In the 

ge. first quadrant it is everywhere convex, in the third every- 
where concave to Ox. It changes its curvature at the 

0 origin where there is concavo-convex inflexion. There 
are no asymptotes and the absolute value of y is co when 
that of x isoo. (Fig. 30.) (Read foot-note, p. 164.) 

5. Trace the semi-cubical parabola y? = x°. Ox is 

an axis of symmetry. The origin is on the curve. When 

x is —, y is imaginary and the curve does not exist in the 

FIG. 30. plane to the left of Oy. x= y8 is a one-valued function 


of y. Dyx = 3y —5 shows the slope oo at O with respect to Oy, and this slope is 


+ for y + respectively, D3x = — gy is always negative, or the curve is con- 


cave to Oy. There are no asymptotes and x, y become w together. (Fig 31.) 


Fic. 31. FIG. 32. 


6. Trace the /ogarithmic curve y = log x. We adopt the convention that the 
logarithm of a negative number is imaginary. Then the curve does not exist as a 
continuous function to the left of Oy. The ordinate is negative and infinite for 
x = O, positive and infinite for « = + o, and iso when x = I where it cuts the 


axis Ox. The derivative y’ = 1/x is infinite for x = 0, which line is an asymp- 
tote. y’is always positive and decreases as x increases. The ordinate continually 
increases. y'’ = — x2 is always —, hence 
the curve is everywhere concave and as in y 
the figure. (Fig. 32.) 
7. Trace the exponential curve y = e*. 
y is always +, by convention e* is +. 
y= + 0 when « = + 003 y(=)o when 
4=—'o. Also y= Wy" = ex The curve 
is always convex and increasing, and since 
y'(=)O when «x = — wo, Ox is an asymptote, O 
When x =0, y = 1, where the curve cuts 
Oy. If we agree with some authors that y Fic. 33. 


has negative values for + = (2% + 1)/2m, 
m and n being integers, then there will be a corresponding series of points 
representing the function lying below Ox on a curve represented by a dotted 
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line symmetrical with that above Ox. The exponential curve, however, is con- 
ventionally taken to be the locus of the equation 
x? x 
eRe ay tat, = e%, 


The curve y = e* is identically the same as the curve in Ex. 6 if we inter- 
change x andy. (Fig. 33.) 

8. Trace the probability curve y = e-**. The ordinate is always +; it has a 
maximum at 0, I; itisO when xis + o. There is a concayo-convex inflexion at 


y 





O 
Fic. 34. 


£=-+ 1/2 and a convexo-concave inflexion at « = — 1/72. Ox is an 
asymptote in both directions, and Oy an axis of symmetry. Show that the curve 
is as in the figure. (Fig. 34.) 

9. Trace the czssozd of Diocles, (22 — y)x? = y®. The curve has Oy as an 
axis of symmetry, and passes through QO, and cuts the axes nowhere else. Since 


y 


O 
Fic. 35. 


y8 + xy = 2ax7, y cannot be negative if @ is positive. We find that y = 2a is 
an asymptote in both directions, since x = + oo when y = 2a. 

Again, corresponding to an assigned y, there are only two equal and opposite 
values of x. Therefore, for an assigned x, there is only one value of y. Also, 


2a—y¥ 
2 2 

ae ee 

is + according as «is +. The curve is decreasing for x negative and increasing 


for x positive. To find y’ at the origin, the above value of y’ is indeterminate. 
But we have directly from the equation to the curve 


laa 


x(=)o 
which is the slope of the curve at O. Therefore Oy is tangent to the curve. The 
origin, like that in Ex. 5, is a singular point which we call a cusp. By plotting a 
sufficient number of points, we find the curve to have the form as drawn in the 


figure. (Fig. 35.) 


==) 24 


i 





eV de 
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10. Trace the witch of Agnesi, y = 8a°/(x? +. 4a). The ordinate is always 
a 
& Hoa? = 


4 ary 


gu > 
? <(vane Fe ~) 
aibata t® 


O 


: wL a 
Fic. 36 uSerx.-buUa ~9 


WwW" - har 26 
-+,and has a maximum y = 2a, atx =o. Oy is an axis of symmetry, and Ox 
an asymptote. There are inflexions atx = 4+ 2a/ 73. (Fig. 36.) 

11. Trace the cubic a®y = 445 — ax? + 24°, in which a is positive. There is 
amaximum y = 2a atx = 0; anda minimum y = 3a, atx=2a. An inflexion 
occursat «=a. For x < a the curve is concave, and for x > @ convex. There 
are no asymptotes. The curve crosses Ox between x = — @ and «= — 2a, 
Also, y = + 0 whenx= +0. (Fig. 37.) 3 ; rene? 





Fie, 37. Fic. 38. 
x x 
12. Trace the catenary, y = 4a Pe — -3) , in which a isa positive constant. 
The curve is the form of a heavy flexible inextensible chain hung by its ends. 
The ordinate y is a minimum and equal toa when x = 0, and is + for all values 
ofx. The curve is convex everywhere. y—=- co when « = + 00, and there are 
no asymptotes. The slope continually increases with «. (Fig. 38.) 


13. Trace the cubical parabola x? = y*( y — a), where a is positive. 


Since e=ty7 Hy — a, 

y the point 0, O is on the curve. But 0 other point 
in the neighborhood of the origin is on the curve, 
since for such values of y, xis imaginary. The 
origin is therefore a remarkable point, it is an zso- 
fated point of the curve, and such points are called 
conjugate points. For each value of y greater than 
a there are two equal and opposite values of x. 
The curve is symmetrical with respect to Oy. The 
ordinate y is a minimum at x = 0, where the tan- 

a gent is horizontal. y’ =o gives inflexions at 





O 


4 
= ay, ee 
FIG. 39. a 3 


4 
S48 a", which for x + is 


convexo-concave and for « — is concavo-convex. There is no asymptote, and 
J = co LON oe 00 een Te On) 
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14. Trace y = (#? — 1)%} The curve lies above Ox and has Oy for an axis 


y 


O 
Fic. 40. 
of symmetry. y has a maximum at x= 0, and minima atx = +1. There are 
inflexions at x = 4+ 1/ 3. a 
The infinite branches have no asymptote. (Fig. 40.) 


15. Trace the curve y == (: ae x) 


G2 
The ordinate has the limit e when 
x=+to0. This is the important 


limit on which differentiation was 
founded. y has the limit I when « =o 
and continually increases with x. For 
—1<.« < othe curve does not exist. 
The point 0, 1 is what is called a stop 
point, the branch ending abruptly 
there. For « < — I, and converging 
to — I, y is greater than e and iso. 
As x decreases to — 2, the curve 
decreases continually and becomes 
asymptotic toy =e. (Fig. 41.) 





EXERCISES. 
race thercunves.) j= sin 4, <7) —= Cos 4. 
yebracery/) = tamx, 7 == cok x: 


ence ey "SEC, ay — CSChr 


Pon = 


. Trace y = vers # = 1 — cos x, 


i 


raceway ote 1%. 


Oo ol 


. Trace the curves : 
wy=1, (« —I1/l(y—2)=3, x(x — Ile — 2) =1. 
7. Trace the curve y(« — I)(x — 2) = (« — 3)(4 — 4). 


8. Trace y(a? + x?) = aa — x), 
9. Trace #(y — 2) = & — xy. 
10. Trace ax = y(x — a). 

11. Trace y? = x*(2a — x). 

12. Trace («? + 4) = yx’. 
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13; Trace 324(1 = ay = 1 — 5. 


5 Ua — 
14. Trace the guadratrix y = «x tan Bee, 


15. Trace the curve y = sin (z sin x). 
16. Trace y = (2x — aj (« — a). 

112. Implicit Functions.—In general, when the equation to a 
curve is given in the implicit form /(x, y) = o, and we cannot solve 
for either variable, the investigation requires more advanced treatment 
than we are prepared to give here. This subject will be taken up 
again in Book II. The ordinates to such curves are, in general, several- 
valued functions of the variable. 

We give here simple examples of important curves. The student 
will do well to study the hints given in tracing such curves. 

15. Trace the hypocycloid of four cusps, 
xt +, = a. 
The curve is symmetrical with respect to O, Ox, and Oy. There are two 
equal and opposite values of y to each x, and two of « to eachy, for either variable 








= 


Fic. 42. sp” Soe Sasa sr 


less than a. The curve does not exist for values of x or y greater than a. We have 
in the first quadrant ~ ‘ se 


ot se hte oe ee 4 


Pe Seda 7 hoe 
af e a 15.4 see 
’ Ae aes ets + Bs 





5 SP ees 
and the curve is tangent to Ox at « = a, and to Oyat x=0,y=a. y" being 
positive in the first quadrant, the curve is convex at any point on it. The curve 
is sometimes called the asteroid. It is the locus of a fixed point on the circumference 
of a circle as that circle rolls inside the circumference of another circle whose radius 

is four times that of the rolling circle. (Fig. 42.) =~ [aX = 


16. Trace the evolute of the ellipse 


(ax)t + (ay) = (a? — ont 
in the same way as above. (Fig. 43.) 
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_ Show by inspection that four normals can be drawn to the ellipse from any point 
inside the evolute. 


From what points can I, 2, or 3normals be drawn? y 





O x 
Fic. 44. 
y 
aw 
O 
Fic. 43. Fic. 45. 


17. Trace the parabola y? = 4x, and its evolute, 4(x — 2)? = 27fy%. Show 
that the curves are as drawn. Find the angle at which they intersect. Show from 
which points in the plane can be drawn I, 2, or 3 normals to the parabola. (Fig. 44.) 


18. Trace the curve (y — +”)? = 2°, + 
a 2(1 + x). 


‘ 


There are two branches, 
jes x2(1 +2), i (1 — x), 


The first continually increases as x increases from 0. The second increases, 
attains a maximum, and then descends indefinitely, crossing Ox at~ = 1. Both 
branches are tangent to Ox at O since 


eve On sete Sat 


isOwhenx =o. The curve does not exist in the plane to the left of Oy, Ex- 
amine for asymptotes. Find the inflexion and the maximumordinate. The origin 
is a singular point called a cusp of the second species. (Fig. 45.) 
19. Trace in the same way the curve gy 
xt — 2ax*y — axy? + ay? =0. 
20. Trace the curve y? = (x + 1)x?. 
yisatwo-valued function of x, 


Yrtx«eyx+i. O 
Ox is an axis of symmetry. 
The curve passes through the origin in two branches, Fic. 46. 


yotneYx ti, y= —x Yet. 


The curve does not exist in the plane to the left of x = — 1. Between — 1 
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and o the ordinate is finite, having a maximum and a minimum. We have for the 
slopes of the two branches passing through O at + = 0, 


fens frriaee 


x(=)o 

As x increases positively, y increases without limit in absolute value. Are there 
asymptotes? (Fig. 46.) 
‘ The point in which two branches of the same curve cross each other, having - 
two distinct tangents there, is called a zode. In this curve the origin is a node. 

21. Trace the curve (dx — cy)? = (« — a). 

Clearly, AAG, Buena fer 
is on the curve. But these values make the deriva- 
tive y’ indeterminate. Differentiate the equation 
twice. 
o. (6-67) — (bx — yey” — 10o(x — a = 90, 
and atthe point x=a, y=ab/c, 

(6 — of =0, 

gives y’ = b/c. Since y is imaginary when x < a 





ne Lp b Beet os 
Fic. 47 and Js tt = / (x — a), 


the curve is as in the figure. The point a, ab/c, isa cusp of the first species. (Fig. 47.) 
22. Trace the curve 4y? = 4x3 + 12x74 ox. 





Fic. 48. 


23. Trace the lemniscate, 
(2? + 92)? = a 2? — 5%), 
PH y= fa Vt — 7 
shows that y cannot be greater than x and only equal tox when they are both o at 
the origin. The curve is symmetrical with respect to O, Ox, Oy. Also, 


r+2yseh -(2)" 


and since y <x, we have, when x = 0, y = 0, 


a 
nee = (See Ill. (2), § 79.) 


es are the slopes of the two branches of the curve passing through the origin. 
gain, 


LEO ee i a 
= y ae + 2(x? + y?)" 
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In the first quadrant y' is + from x =o to the point determined by 
2a" + y?) — Qa A(x? 48 y") = a 
where it changes sign, giving y a maximum, and y’ decreases until y' = oo at 
eS 2 YY = Oz 4 
Being symmetrical with respect to the axes the curve is as in the figure. No 


part of the curve exists for « > a, since the equation is of the fourth degree and a 
straight line cannot cut the curve in more than four points. 


Put y = mx, and plot points on the curve by assigning different values to m. 
. Thus, in terms of the third variable 7, we have 


1 — me 1 — m 

Yi=n Ase Bsa tae KON Te Ke . 
I+ m?* 

113. General Considerations in Tracing Algebraic Curves.-— 

The equation of any algebraic curve when rationalized is of the form 


of a polynomial of the mth degree in x and y. It can always be 
written j 


(Fig. 48.) 


o=4utut...+4,= 0, (1) 
where w, is the constant term (independent of x and y), u,, u,, 
etc., are homogeneous functions or polynomials in x, y of respective 
desrees 1,2, ete. 

If wu, = 0, the origin is a point on the curve. 

(1). To find the tangent at the origin when uw, # o. 

When w, = 0, the line y = mx intersects the curve at O. 

Substitute mx for y in the equation to the curve. Then, if 
u, = px + yy, the equation (1) becomes 


(et om)e+T,+...=0, (2) 
where the terms 7,, etc., contain higher powers of x than the first. 
Divide the equation (2) by x, which factor accounts for one o root. 
Then let x = 0, and (2) becomes 


pt+tgm=0o, or m= —>fp/¢. 

This value of m is the slope of the curve at the origin, since now 
the line y = mx cuts the curve in two coincident points at the origin, 
and 

“u,=px+ty=o 
is the equation of the tangent at the origin. 
If v4, = 0, #4, = 0, and w, = rx*t say 4- b* 
Then, as before, put mx for _y and the equation becomes 
(r + sm + tm)? 4+ T,+...=0, (3) 
where the terms Z,, etc., contain higher powers of x than 2. 

Divide by x?, which accounts for two zero roots of (3); in the 
result put x = 0. 

*, m+smtr=o (4) 
is a quadratic giving two values of m, the two slopes of the curve 
at O. The equation to the two tangents at O is 


“u,= ret sxy +h? =o. 
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These are real and different, real and coincident, or imaginary, 
according as the roots of the quadratic (4) in m are real and unequal, 
equal, or imaginary. The origin being a double point called a node, 
cusp, or conjugate point accordingly. 

In like manner if also ~, = 0, the equation of the three tangents 
at O is 

u, = O, 
and the origin is a triple point. 

Hence, when the origin is on the curve, the homogeneous part 
of the equation of lowest degree equated to o is the equation of the 
tangents at O. 

Further discussion of singular points and method of tracing the 
curve at a singular point will be given in Book II. 

(2). A straight line cannot meet a curve of the mth degree in more 
than z points. For, if we put mx -+ 06 for yin U=o0, we have an 
equation of the wth degree in x for finding the abscissz of the points 
of intersection of y = mx + 6and U= 0. 

If now zw, is the term of lowest degree in U, and we put mx for 
yin U, then x” is a factor and represents 7 roots equal too. The 
line y = mx cuts the curve V= 0, 7 times at the origin, and there- 
fore cannot cut it in more than #2 — 7 other points. This will fre- 
quently enable us to construct a curve by points, when otherwise the 
computations would be quite difficult. 

(3). Singular Points. A point through which two or more 
branches of a curve pass is called a szmgudar point. Illustrations 
have been given of nodes, cusps, and conjugate points. 

At a singular point on a curve D,y is indeterminate. Points at 
which D,y is determinate and unique are called points of ordinary 
position, or ordinary points. 

To find a singular point on a curve (x, y) = 0, differentiate 
with respect to x. The result will be 

M 4+- Ny’ = 0, (1) 
where (7 and J are functions of x and y. Ata singular point »” is 
indeterminate and J7Z=0, W=o0. Any pair of values of x, ¥ satis- 
fying the equations 

O= o,- Dh= Of IN o 
is a singular point. If (1) be differentiated again, we have 
P+ Qy’ + Ry? + My” =0. 

At the singular point V= o, leaving a quadratic in y’ for deter- 
mining the slopes of the curve, if the point is a double point. Ifa 
triple point, another differentiation will give a cubic in »’ for deter- 
mining the slopes, etc. 

If the curve has a singular point whose coordinates are a, f, and 
we transform the origin to the singular point by writing «+ a, 
y + 6 for « and yin the equation to the curve, the construction of 
the curve will be simplified as in (1), (2). 
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EXAMPLES. 
24. Trace the Zemniscate, Ex. 23. 
(x? + 2)? ae a(x? — y) Sey 
Here #, = x? — y? = 0 is the equation to the tangents at 0, or y = + x, as 
before in Ex. 23. 


Put 7 = mx in the equation and compute a number of points. Clearly m 
cannot be greater than 1. 


25. Trace the foliwm of Descartes, 
wt y8 — 3axy = oO. 
The equation of the tangents at the 
Onigim IS 30 — 0, Or «x — Oy — 0, We 


find that 
x+y+ta=o 
is the only asymptote. Put y = ma, then 
3am 3am x 
oar yarn y pre guar , 
x, y are finite for 0 < m<+to. Com- 
pute a number of points corresponding to 
assigned values of m. Observe that if we 
change m imto I/m, x and y interchange 
values. The curve is symmetrical with 
Bespecutomthes line 4 —— x: — Inthe “first ' Fic. 40. 
quadrant there is a loop, the farthest point 
from the origin being « = y = 8a, Determine the maximum values of x and y for 
this loop. For negative values of 72 we construct the infinite branches above the 
asymptote, since y = mx cuts the curve before it does the asymptote. (Fig. 49.) 


26. Trace the curve (y — 2)" — 2)e = (x — 1)(a? — 24 — 3). 
Examining for singular points, we find 


y 


Ph ai at 3 eT 
ets GG = AN GSD) 
Therefore x = I, y = 2 is a singular point. Transform the origin to this 
point by writing x + 1 for x, y + 2 for y. 
Then the equation becomes 
(x? — 1) = 2x? — 4), 
Examining for asymptotes, we find the 
asymptotes == a2 Ly The 
equation to the tangents at O is y? = 4x, 
yee CIN a OF ics 2° 
x = 0. The curve is symmetrical with 
respect to Ox, Oy, and O. We need there- 
fore trace it only in the first quadrant, in 
order to draw the whole curve. 
: The line y = mx cuts the curve in points 
whose coordinates are 


2 2 

iy 4—m 4—m 
Goma Se =m SHO 
¥ Se ee I— mm? 


These increase continually as 7 increases 
from 0 to 1, and the branch approaches the 
asymptote as drawn. The coordinates are 
imaginary for I < m < 2, and when m = 2; 

FIG. 50. x =0, y=0. As m increases from 2 to 

+o, x and y are real and increasing. and 

m= © gives x = + I, y =o, the curve approaches the asymptote as drawn. 
The origin is an inflexional node. (Fig. 50.) 
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27. Trace the curve (x + 3)? = «(a — 1)(a — 2). 

28. Trace the curve a®y? = bx4 + x, 

29. Trace the dumb-bell ay? = a®x* — x8. 

30. Show that 2° + y5 = 5ax*y? has the form given in Fig. 51. 





Fic. 51. Fic. 52. 


31. Trace xt = (x? — yy. 

The lowest terms are of third degree. The origin is a triple point. The 
tangents there being y = 0, y = + x. Oy is an axis of symmetry. There are 
no asymptotes. The line y = mx cuts the curve in one point, besides the origin, 
whose coordinates are 

x= mI — mm), y = mI — m?). 

This shows that there are two loops, in the first and fourth octants, and infinite 
branches in the sixth and seventh octants. The curve is a double bow-knot and has 
no asymptotes. (Fig. 52.) 





Fic. 53. FIG. 54. 
32. Trace the curves 
P=ar— x, P=ad— x5, yx — a) = (x — 4)x. 
33. Trace the conchoid of Nicomedes, 
(+? + ¥)(6 —y)? = ay", when 6 =, <; > 4. 
34. Trace the curves 
Y = (* — Ile — 2\(x — 3), Ge = (24 2%), xt — yt + 2axy? =O. 


_ 35. Show that xy? + at = a(x? — y*) consists of two loops and find the form 
of the curve. 


36. Show that the scarabeus 


A(x? + ¥? + 2ax)(x® + y*) = (a2 — y?)? 
has the form given in Fig. 53. 
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37. Show that the devil 
yt — «x* | ay? > bx? = 0; where @ = — 24, 6 = 25, 


has the figure given (Fig. 54). 


114. Tracing Polar Curves.—<s in Cartesian coordinates, no fixed 
rule can be given for tracing these curves. The general directions 
are the same as before. The particular points are : 

(1). Compute values of p corresponding to assigned values of 6, or 
vice versa, according to convenience. Plot a sufficient number of 
points to give a fair idea of the general position of the curve. 

(2). Determine the asymptotes, by finding values of 6 which make 
p = for the directions of the asymptotes. Place the asymptote in 
position by evaluating the limit of p°D,6 = — D,0, for the perpen- 
dicular distance of the asymptote from the origin, as previously 
directed.. Examine for asymptotic points and circles. 

(3). The direction of a polar curve at any computed point is given 
by tan > = p/p’. 

(4). Examine for axes or points of symmetry. 

(5). Examine for maximum and minimum values of g and for points 
of inflexion. 

(6). Examine for periodicity. 





.115. Inverse Curves.—If _/(p, 6) = 0 is the polar equation to 
any curve, then /(o", 4) =o is the polar equation of the verse 
curve.* We have been accustomed to put p~' = u, so that /(u, 6) = 0 
is the equation of the inverse curve. 


1. Show that if x, y are the rectangular coordinates of a point on a curve, the 
equation to the inverse curve is obtained by substituting 


x i 
ESAS td tees ee 
for x and y in the equation to the given curve. 


2. Show that the asymptotes of any curve are the tangents at the origin to 
the inverse curve. 


3. Show that a straight line inverts into a circle and conversely. Note the case 
when it passes through the origin. 


4. Show that the inverse of the hyperbola with respect to its centre is the 
lemniscate. 


. 


EXAMPLES. 


38. Trace the spiral of Archimedes, p = a8. The distance from the pole is 
proportional to the angle described by the radius vector. tan w= 6. The curve 
is tangent to the initial line at O. The intercept PQ between two consecutive 
revolutions is constant and equal to 27a. Therefore we need only construct one 
turn directly. The dotted line shows the curve for negative values of 6, which 





* More generally two polar curves are the inverses of each other, when for the 
same § their radii vectores are connected by pp, = #. _ & = constant. 


i) 
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is the same as the heavy line revolved about a perpendicular to the initial line 
through O. (Fig. 55.) 


PB 


Fic. 55. Fic. 56. 
6 
39. Trace the eguiangular spiral p = 2. We can ne the res 


6 = 4 log pg, y's 4 %. fl: 4 


if we prefer. tan wy = 4, or the angle between the radius and tangent is constant. 
p = @ for @ = 0, and p increases as 9 increases.. p(=)o for? = — ~. 
The pole O is an asymptotic point. (Fig. 56.) 
sb 40. Trace the hyperbolic or reciprocal! spiral 
6 = a. The pole O is an asymptotic point. 
A line parallel to the initial line at a distance a 
aboye it is an asymptote. For negative values 
\ of 6, rotate the curve through z about @ normal 
( to OA at O. (Fig. 57.) 


41. Trace the emniscate p? = 2a? cos 26. 
BiG. 57. 
42. Trace the conchoid p = asec @ + 4, 
or (x? + y*)\(x — a)? = 8x2, 
Whena < b, there is a loop; when a = 4, a cusp; when a>6, there are two 
points of inflexion. . (Fig. 58.) 


at 





Fig. 58. Fic. 59. 
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43. Trace the cardioid p = a(1-+ cos). The curve is finite and closed 
symmetrical with) respect to Ox. <= 2a,.¢,.0, for -6 = Oo, 42, xz and 
diminishes continually as increases from o to 7. Also, tan y = — cot 40. As 
6( =), Y(=)z, or the curve is tangent to Ox at the pole, which point is a cusp. 
The rectangular equation is 


e+ yy — ax = + a fx? 457, (Fig. 59.) 
44, Trace the ¢hree-eaved clover p = a cos 39. 
45. Trace the curves : 


(1). p = asin 26, p = acos 26. 
(2). p = asin 36, p = asin 46. 
(Gye p = @ sec? 40, i= 2-SeCs0) 

(4). p= 2 sin 6; P= 2 sin? 26. 


46. Trace the curve - p(6? — 1) = af”. 
47, Trace p=avers§ and p =a(1 — tan 6). 
48. Trace the evolutes of y = sin « and y = tan x. 


49. The Cycloid. The path described by a point on the circumference of a 
circle which rolls, without sliding, on a fixed straight line is called the cycloid. 
ry ’ 





Fic. 60. 


(1). Let the radius of the rolling circle AZPZ be a, the point P the generating 
point, 47 the point of contact with the fixed: straight line Ox which is called the 
base. Take JZO equal to the arc JZP; then O is the position of the generating 
point when in contact with the base. Let O be the origin and x, y the coordinates 
oP. 7 PCH — 6. : 

Then we have 

x= OM — NM = a6 — sin), y = PN = a(t — cos 6). 

The coordinates are then given in terms of the angle @ through which the rolling 
circle has turned. OA = 2m2< is called the base of one arch of the cycloid. The 
highest point V is called the vertex. Eliminating 6, we have the rectangular equation 





x = a cos — — V2ay — ¥*. (Fig. 60.) 


(2). To find the equations to the 
cycloid when the vertex is the origin, 
the tangent and normal there are the 
axes of x and y, we have directly from 
the figure 
x=a0-+asin0, y = a— acos 6. 

Eliminating 6 for the rectangular 
equation, 

Cay —— 

+ 2ay — x. 
(Fig. 61) 
The cycloid is one of the most important curves. 


4 ==. 2 Coss! 





a 
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50. The Zvochoids. When a circle rolls on a fixed straight line, any point 
rigidly fixed to the rolling circle traces a curve called a trochoid. The curve is 
called the epitrochoid or hypotrochoid according as the tracing point is outside or 
inside the rolling circle. 

Their equations are determined directly from the figure. 


Sad 
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Let COMO GPa pra OP a an / es 

Then x= ON=a6—fsiné, y= PN=a — psin§, ; 
for a point ? on the hypotrochoid PV. Replacing Z by 7’, the same equations give 
the epitrochoid. (Fig. 62.) 

51. Epicycloids and-hypocy cleids. 

The curve traced-by any<point-on a-circle which rolls on a fixed circle is called 
an epicycloid or a hypocycloid, according as 
the circle rolls on the outside or on the inside 
of the fixed circle. (Fig. 63.) 

Let O be the center of the fixed circle of 
radius a, and C the center of the rolling circle 
of radius 6, and P the tracing point. Then 
with the notations as figured, we have 
arc dM = arc PM, or af = bq. Hence 
= ON = OL = Nr. 

= (2+ 4) cos 6 — dcos (6+ ¢), 











Fic..63, = (a +5) cos8 — bcos 2 +5; 
y = PN= CL— CK = (a+ 4) sin 6 — dsin (6+ @), 
5g Hay aioe eke 


Beets 
for the coordinates of the epicycloid. For the hypocycloid change the sign of 3. 








In this book convexity or concavity of a curve at a point is fixed by the sign of 
the second derivative of the ordinate representing the function. Diy = + or 
Dyx = -+ means convexity with respect to QO, or QO, respectively. This is the 
equivalent of viewing the curve from the end of the ordinate at — o, instead of 
from the foot of the ordinate as is sometimes done. 


PART III. 
PRINCIPLES OF THE INTEGRAL CALCULUS. 


CHAPTER XVI. 
ON THE INTEGRAL OF A FUNCTION. 


116. Definition.—The product of a difference of the variable 
x, — +, into the value of the function /(x) taken anywhere in the 
interval (,, x,) is called an element. 

In symbols, if z is either of the numbers x, or x,, or any assigned 
number between x, and x,, the product 


(x, Cin x) /(2) 


is the element corresponding to the interval (x,, ~x,). 


GEOMETRICAL ILLUSTRATION. 


If_y = /(«) is represented by the curve 4Z in any interval (a, 4), 
and x,, x, are any two values of x in 
(a, 6), then the edement corresponding 
to (%,, %,) is represented by the area 
of any rectangle «JZ,Mx,, whose 
base is the interval x, — x,, and alti- 
tude is the ordinate zZ to any point 
on the curve segment P,P: 


117. Definition.—The céegral of 
a function /(~%) corresponding to an 
assigned interval (a, 4) of the variable 
is defined as follows: 

Divide (a, 4) into % partial or sub-intervals (a, x,), (x,, %,), 

eee. 7 Xa), (tng 5), by interpolating between @ and 4 the 
numbers #,, ..., ¥,_, taken in order from ato 4, And for con- 
tinuity of expression let x, = a, x, = 4. 

The zmfegral of a function is the /imzt of the sum of the elements 
corresponding to the z sub-intervals, when the zuméer of these sub- 
intervals is increased indefinitely and at the same time each sub- 
interval converges to zero. 
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In symbols, we have for the integral of (x) corresponding to the 
interval (a, 4), 


Ar(=)ty-1 ran 


»& — x,_.)/e,). 


n=o r=1 
In which gz, is either x,, x,_, or some number between x, and x,_,, 
or as we say, briefly, some number ofthe interval (%,_,, ¥,). At 
the same time that x = o we must have x, — x,_,(=)o. 


GEOMETRICAL ILLUSTRATION. 


If y = f(x) is represented by a continuous and one-valued ordinate to a curve, 
then the integral of f(x) for the interval (a, 4) is represented by the area of the 
surface bounded by the curve, the x-axis, and the ordinates at a and 0. 


Xs Us 
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For, any elementary area, such as (x3; — x,)/(23), lies between the areas of the 
rectangles x,P,/Z,x, and «,NV,/,x, constructed on the subinterval («,, x), or is 
equal to one of them, according as z, = x,, 2,—= 3. Also, the corresponding area 
x,P,P,x, bounded by the curve P,P,, Ox, and the ordinates at x, and x, lies 
between the areas of the same rectangles, in virtue of the continuity of /(x), when 
x, — x, is made sufficiently small. 

Hence the sum of the integral elements and the fixed area of the curve lie 
between the sum of the rectangular areas 


Nise, 345 Mit, ei Ag (1) 
Mya + Myx, +... + My ty (2) 


Let £Q be not greater than the greatest of the subintervals into which (a, 4) is 
divided. The difference between the areas (1) and (2) is not greater than the area 
of the rectangle BDQA, whose base is RQ and whose altitude BR is equal to the 
difference (4) — f(z) and to the sum of the altitudes of M.AZ,, N,AZ,, .. ., Md. 
This rectangle 4Q has the limit 0, since each subinterval has the limit 0; and so 
also has AQ, while its altitude is finite and constant, or does not change with z. 

Consequently the areas (1) and (2) converge to the constant area of the curve 
which lies between them, and so also must the area represented by the sum of the 
elements of the integral. 


Hence the integral of /() for (a, 4) is equal to the area of the curve, as enun- 
ciated. 


and 
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118. Evaluation of the Integral of a Function.*—In order that 
a function shall admit of the limit which we call the integral for a 
given interval, the function must, in general, be finite and continuous 
throughout the interval. 

Should the function be finite and continuous everywhere in the 
interval (a, 6) except at certain isolated values of the variable, at 
which singular points it is discontinuous, either infinite or indeter- 
minately finite, then special investigation is necessary for such singular 
values, and we omit the consideration of them, 

We shall assume that the functions considered are uniform, 
finite, and continuous throughout the interval, unless specially 
mentioned otherwise. 

The process of evaluating the /:mit defined as the integral, in 
§ 117, is called mlegration. 

In evaluating the limit 


£2, ee Kp J (2r)s x, — Xy_y =)o. 


we are said to integrate the function ffrom a= x, todé=x,. The 
numbers a and @ are called the boundaries or limits of the integration 
or integral. The lesser of the numbers a and 4 is called the i/fertor, 
the greater the superior, limit of the integration. + 


In the differentiation of the elementary functions 

BO AOC a. Sit 2X} ; 
and like functions of them and their finite algebraic combinations, 
we have seen that the derivative could always be evaluated in terms 
of these same functions. Not so, however, is the case in evaluating 
the integrals of these functions. The integral cannot be always 
expressed in terms of these same functions, and when this is the case, 
the integral itself is a new function in analysis which takes us beyond 
the range of the elementary functions such as we have defined them 
to be. 

We shall be interested, in this book, directly with only those 
functions whose integrals can be evaluated in terms of the elementary 
functions. 

It can be stated in the beginning that there is no regular and 
systematic law known by which the integral of a given function can 
be determined as a function of its limits in general. 

- The process of integration is therefore a tentative one, dependent 
on special artifices. 





* For Riemann’s Theorem: A one-valued and continuous function in a given 
interval is always integrable in that interval; see Appendix, Note 9. 

+ The word mit as here employed does not in any sense have the technical 
meaning Jimit of a variable as heretofore defined. It is an unfortunate use of the 
word, retained out of respect for ancient custom. It is contrary to the spirit of 
mathematical language to use the same word with different meanings, or in fact to 
use two words which have the same meaning. 
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The systematizing of the artifices of integration is the object of 
this part of the text. 





119. Primitive and Derivative.—If we have two functions /(«) 
and /(x), so related that (x) is the derivative of F(x), then F(x) is 
called a primitive of f(x). The indefinite article is used and F(x) is 
called @ primitive of /(x), because if 


DF(x) = ie 
D{ F(x) + Cl] =/(*), 


where C is any assigned constant. 
Any one of the functions 
F(x) +6 
obtained by assigning the constant C, is a primitive of f(x). The 


primitive of /(x) is the family of functions containing the arbitrary 
parameter C. Z 


then also we have 


GEOMETRICAL ILLUSTRATION. 


J=Me)+ 4, (1) 
Yrs I(x) + Cu (2) 
are so related that at any point » their tangents at P, and P, are parallel, and each 
curve has for the same abscissa the same slope. Their ordinates differ by a con. 


The two curves 
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stant. Each curve represents a primitive of J(*). Any particular primitive is 
determined when we know or assign any point through which the curve must pass. 

120. A General Theorem on Integration.—If a primitive of a 
given function can be found, then the integral of the given function 
from @ to X can always be evaluated. The given function being 
continuous in (a, X). 

Let /(x) be a continuous function in (a, X), and let F(x) bea 
primitive of /(x). 

Let x, =a, x, = X, Interpolate the numbers x Sorat w ayes 
between @ and X in the interval (a, X), in order from a to X, sub- 
dividing the interval (2, X) into the ” subintervals 


1x5 x,); eas x,); SAL ay Siena Ky_2)> (Sy Xy)- 
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We have the sum 
Bae) Xd; 


whatever be . 
Since /(v) is the derivative of /(x), 


BE) Pe): 
By the law of the mean value applied to each of the subintervals, 
we have the 7 equations 
F(X) oe F(X nx) = (x, a Xna)J(Gn); 
F(%,,) See (x ne) a (Kiet coe, Kacey Ke) 


F(x) — Fle) = (%, — *) AE), 
F(x,) aa F(a) ae (x, Sera, wJ/(S;)- 
Adding, we have 


FX) — Fa) = 3, — x DAG), (x) 


in which &, is some particular number 7 the interval (x,, x,_,). 
The sum on the right, in the above equation, is equal to the 
member on the left. The left side of the equation is independent 
of m. The equation is true whatever be the integer 7, and when 
nm=co. The sum onthe right remains constant as we increase 1, 
and being finite when 7 = «0, 
r=n 
F(X) ry F(a) ae L 2 (x, oe EAS ,)- 
N=0 F=1 
Now let z, be any number whatever of the subinterval (x,, v,_,), 
for each subinterval. Then 


FtGs) == S(2,) = oe E,» 
where e€,(=:)0, when x, — x,_,(=)0, by reason of the continuity of 


J\*). 


Therefore 


5 x, — IAG) = Be. — 2) e) + 41, 


= Bia: — X,1)/ (2) + pens — £,_,)Ep- 


Let e€ be the greatest, in absolute value, of the numbers 
oie ra Then 


Ned 
nw nu 
2 (x, ae Xp 1) E, | = | € 2 (x, = X,_1) a e(X A a); 

the limit of which is o, when = o ; provided each subinterval 


Pet ke) 
whenz=o. 
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Therefore, when 2 = o, and at the same time each subinterval . 
x, — x,_,(=)o, we have 


24 = (x, 2, X,-1)/(6) oe S = (x, 7 Kay) (2) 
z, being any number of the interval (x,, x,_,); that is, z, may be 
X,, OF X,_,, Or any number we choose to assign between +, and 
Xp 
The member on the right in (2) is, by definition, the integral of 
7(x) from a to X, and we therefore have for that integral 


nw 
& 2, are, X12) ai F(X) i F(a), 
which is evaluated whenever we know a primitive of /(x), and can 
calculate its values at a and X. 

Observe that it is not necessary that we should know the values 
of the primitive anywhere except at the limits@and X. The integral 
is therefore a function of its limits. 


121. In the preceding articles of this chapter we have fixed no 
law by which the values x,, ... , %,_, were interpolated between a 
and X. The integral has been defined and evaluated for any distri- 
bution of these numbers whatever, subject to the sole condition that 
the intervals between the consecutive numbers must converge to 0 
at the same time that the number of the subintervals becomes 
indefinitely great. 

Since it makes no difference how we subdivide the interval of 
integration, we shall generally in the future subdivide the interval of 
integration into z equal parts, so that 


x, — 4X, = dx, =h= (X —a)/n, 
and we shall take the value of the function to be integrated at x,_,, 
the lower end of each subinterval. 
The integral of /(x) from a to X is then 
Ax(=)o # 


L(X) — F(a) hs A] (*p) Ax. 
But observe that 
Ie) 4x = F(x, Ax = aF(x,). 


Hence the integral of /(x) from « = a to x = NX is the limit of the 
sum of the differentials of the primitive function. 


122. Leibnitz’s Notation.—The notation previously used to 
represent the integral, while valuable as indicative of the operation 
ab initio performed in evaluating this limit, is cumbersome, and when 
once clearly assimilated it can be replaced by a more convenient and 
abbreviated symbolism. We replace the limit-sum symbol by a 
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more compact and serviceable symbol designed by Leibnitz.’ Thus 
in future we shall write in the suggestive symbolism i 


[Peax = LS 7e,) 4x, 


as the symbol for the integral of /(x) from a to X, 
The characteristic symbol / is a modification of the letter S, the 


initial of swum, and is taken to mean /:mit-sum, or ff = £3. The 


symbol /(x) dx represents the “4fe of the elements whose sum is 
taken. 
If /(x) is a primitive of Ax), then 


F(X) — F(a) = [re dx, 
= [Fe dx, 


This, then, is the final reduction of the integral; and whenever the 
expression to be integrated, /(x) dx, can be seduced to the differen- 
tial d#(x}, then #(x) is recognized as a primitive of /(x) and the 
integral can be evaluated when the limits are known. 


123. Observations on the Integral. —Differentiation was founded 
on the exceptional case in the theorems in limits, wherein we sought 
the limit of the quotient of two variables when each converged to o. 

We found that the theorem stating: the limit of the quotient is 
equal to the quotient of the limits, did not hold, § 15, V (foot- 
note) in the case when the limit of the numerator and of the denomi- 
nator was oO, but that the limit sought or defined was the limit of 
the guotient of the variables. 

Integration 1s founded on another exceptional case in the theorems 
in limits. Here we seek the limit of the sum of a number of terms 
.when the number of terms increases indefinitely and also each term 
diminishes indefinitely. The limit we seek is the “mit of the sum. 
The theorem which states: the limit of the sum of a number of 
variables is equal to the sum of their limits, was only enunciated and 
proved for a finite number of variables, and does not necessarily hold 
when that number is infinite. The sum of the limits of an infinite 
number of variables, each having the limit o, is o and nothing else. 

The important point in the definition of the integral which makes 
it a matter of indifference where in the subinterval of the integral 
element we take the value of the function, is an example of an 
important general theorem in summation, which can be stated thus: 
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Lemma. If the sum of # variables w,, ... , “, has a determinate 
limit A when each converges to 0 for z = o, so that 


AG, eo a ey) = A, 
and there be any other variables v,, ..., v,, such that each con- 
verges to o for z = ow, and at the same time 


ig ees I en =I] 
eee A Sa 5) = 8, 
Y, Un 


Ali ++ +o) = 4. 


For, whatever be 7, 


then also 


v, 
— = iI [Ss 
ptt te, 


where €,(=)o, whenz =o. Also, ; 
£20, = £2(4,+¢n,) = £24, + £ren,. 

If € is the greatest absolute value of Cie a rere en 

2¢,u,| = |elu, = éA, 
the limit of which is 0, and, § 15, III, 
L2v, = Lu, = A. 

This principle is of far-reaching importance in integration, and 
will be frequently illustrated and applied in the applications of the 
Calculus. 

GEOMETRICAL ILLUSTRATION. 


Let y = F(x) be represented by a curve, and let P(x) =-f(e). _ Then -7(2) is 
the slope of the curve or of its tangent at x. 
We have SQ equal to 
§ AX) — Me) = MP, 4+ GP, + 
-.-+1G,8, (1) 
Seas 
Also, the sum of the differentials of 
eMC Pees i Wie 
Q 2dF= MT, 4M, T,4-.--+M,T, (2) 
The difference between this sum and 
that in (1) is 
2dF—2AFHRP,T,4-P,T,4+-...+BT,. 
xz But we know that the limit of 
AF _ MP, 
OY Salli |) Fe Ba 
is I when 2 = oo and 4a(=)o. Hence, by the lemma above, we have 
M(X) — F(a) = fL24AF = LTP, 
Sa en (eyes 
= ZaSj(x) ax, 


which is another illustration of the integral. 
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124. The Indefinite Integral.—When we know a primitive of a 
given function we can integrate that function for given limits. It is 
therefore customary to call a primitive of a given function the 
indefinie integral of that function. 

Indefinite integration is therefore a process by which we find a 
primitive of a given function. A primitive /(x) of a given function 
J(x) is called the indefinite inlegral of f(x), and we write conven- 
tionally, omitting the limits, 


{Jade =F): 


This, of course, becomes the defini/e integral 


[we de = LX) F(a) 


when the limits of integration a and X are assigned. 
The indefinite symbol 


[Ae) dx 


proposes the question: Find a function which differentiated results 
in /(x); or, find a primitive of /(x). 

Before we can solve questions in the applications of the integral 
calculus, we must be able, when possible, to find the primitive of a 
proposed function. The next few chapters will be devoted to this 
object. 


125. The Fundamental Integrals.—The two integrals 





xX Xx 
a exdx and fosin x dx 


are called the /undamen/al integrals. They can be determined 
directly by the ad zmit#io process, and all other functions that can be 
integrated in terms of the elementary functions can be reduced to 


the standard form 
fau a) 
by means of these fundamental integrals. 
1. We have, where (X — a)/n = Ah, 
x 
ee, 


h(=)o 








eth — 
A — 


h 
; te = £(e* — e*) 


I Cleat. 


= Lh 


eC e 
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2, Also, 
fo sin x dx ae Afsina + sin (a+ 4) +...-+4 sin (at+n—r1h)], 
rs sin[a + $(” — 1)A] sin ape 
see sin $h 


by a well-known trigonometrical summation.* 
But the expression under the limit sign is equal to 


th 


{cos (2 — 4h) — cos [a + 4(2n — inne 
= {cos (4 — $f) — cos (X — Ce Deer 


which, when 4(=)o, has the limit cos a — cos X. 


Xx 
i hae eo = — cos X + cos a, 


a 


* See Loney’s Trigonometry, Part I, § 241, p. 283. 


CHAPTER XVII. 
THE STANDARD INTEGRALS. METHODS OF INTEGRATION. 


126. As stated in the preceding chapter: if /(x) is the derivative 
of #(x), then /(x) is a primitive of /(x), or an indefinite integral 
of f(x). This and the next chapter will be devoted to finding primi- 
tives of given functions.* This process is nothing more than the 
mverse operation of differentiation. The word integrate, when used 
unqualified, for the present means “‘ find a primitive.’’ 

If we choose to work in derivatives, then in the same sense that 
Df(x) means, find the derivative of /(x) ; the symbol D~/(x) means, 
find a primitive of /(x). 

It is usually preferable to work with differentials and employ the 


symbol {7 dx to mean, find a primitive of /(x), or simply, 


integrate /(x). 
If w is any function of x, then 


w= [du 


and is the solution of the integral. 
The solution of 


| Ax) dx 


invariably consists in transforming /(x) dx into the differential dz 
of some function # of x, and when this is done the integral or primi- 
tive w is recognized. 

But, inasmuch as every function that has been differentiated in 
the differential calculus furnishes a formula, which when inverted by 
integration gives the corresponding integral of a function, we do not 
consider it necessary that we should always reduce an integral com- 


pletely to the irreducible form a du. ‘There are certain standard 


functions, such as those in the Derivative Catechism, which we select 
as the standard forms whose integrals we can recognize at once, and 
thus save the unnecessary labor of further and ultimate reduction to 


ih dit 


* This is the starting-point of the theory of differential equations, an extensive 
branch of the Calculus. 
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THE INTEGRAL CATECHISM. 


1 feud =e fu de. 
2. ft rdx= fudet fv de. 
3. fu do = ww — fv du 


4. fudu = eee ; ax~=—t. 
ay. 


Bo log wu. 
6. fe du =e. 


Te fa du = wilt 
log a 














é cos au sin au 
8. f sin au du Ses cos au du ———— 
tan au cot au 
9. ffsec au du = : fose audu = — 4 
a a 
10. ffseo tan w du = sec uw. ffese w cot 1 du = —cscu 


du £ uU u 

11. JS = sin-?— = — cos—!—. 
Va —wv a a 
2. f Vee see ew 2 2): 


u I u 
13. | =, tan =.) Or. — cot — 
u * a @ a a a 


4. f du =i) a oe Bee | du 
CEng tb — aD Ser 20 a an ee 


15. ftana du = log & u. fcot u du = log sin u, 








16. fsec u du = log tan (4 + 47). foese u du = log tan 4. 
17. fat a8 die = gu Ya a8 4 Ya? sin 

18, f YF Ea du = yu Yi zat Ja log (u + Yur x a). 
19. ffsint udu = 4u — f sin 2u. fos udu = 3u +4 sin 2. 
20. free udu = u(log u — 1). 

21. ibe =s ~ see“ =— * csc—t ~ 


22. be ———. = vers—'“ = — covers—! u, 
You — uv 
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These standard forms are certain elementary functions of frequent 
occurrence, and they constitute the Integral Catechism, which should 
be memorized, and to which must be “reduced all other functions 
proposed for integration. 

In the teenies uw, 0, etc., are functions of x. 





127. Principles of Integration.—The first two formule in the 
Catechism enunciate two fundamental principles of integration. 


I. Since ¢ du = d(cu), where c is any constant, we have 


fedu= fd(cu) = cu =cf du, 


or the integral of the product of a constant and a variable is equal to 
the product of the constant into the integral of the variable. There- 


fore a constant factor may be transposed from one side of i to the 
other without changing the integral. 


EXAMPLES. 
1. fades fat deaif ads =2f der) =a 
2. ffsinaxde =—* f(— asin ax)dx = —* f'acos ax) = -A™, 
II. Since d(u+v+w) = du+ dv+ dw, 
as f (qu + do+ dw) = fdutotw), 
=utv+uy, 


= fdu+ fdo+ f dw. 


It follows, therefore, that the integral of the sum of a fimife number 
of functions is equal to the sum of the integrals of the functions, and 
conversely. 


EXAMPLES. 
1 f (ax + cx?) dx = fax ax + fax dx, 


aafxde te f 2 de, 


= af das) + cf ax’) 
= fax? + text. 
4: f (cos x — sin ax) dx = fcos a dx — ffsin ax ax, 


fe (sin x) ++ fa (—“) ; 


: I 
= sin x + — cos ax. 
a 
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128. Methods of Integration.—The first and simplest method of 
integrating a given function is, when possible, to 


Complete the Differential. 
This means, to transform the integral into a du by inspection, and 


thus recognize u. Except for the simplest functions this cannot be 
done directly, and we have recourse to the following. 
The methods employed by which we reduce a proposed function 


to be integrated to the irreducible fundamental form f du, or to the 


recognized form of one of the standard tabulated functions in the 
Catechism, are 
I. Substitution. 


(1) Transformation, (2) Ratonalization. — 


II. Decomposition. 
(3) Parts. (4) Partial Fractions. 


129. While nearly all the standard integrals in the catechism are 
immediately obvious by the inversion of corresponding familiar 
formulz in the derivative catechism, we shall deduce them by aid of 
the principles of § 127 and the methods of § 128, and the two 
fundamental integrals 


eee ae f sin x = — cos x, 


established in § 125, in order to illustrate the methods of integration 
laid down in § 128, and to fix the standard integrals in the memory. 


130. Transformation (Sudstitution).—This is a method by which 
we transform the proposed integral into a new one by the substitu- 
tion of a new variable for the old one. The object in view being to 
so choose the new variable that the new integral shall be of simpler 
form than the old one. 

Thus, if the proposed integral is 


[Ae ax, 


and we put x= (2), then dx = ’(z) dz. The integral is trans- 
formed after substitution into the new integral 


[Ao@)19'@) a. 


This when integrated appears as a function of zg, which is retrans- 
formed into a function of « by solving « = ¢(z) for z and substituting 
this value z = 7(x). The final result is the proposed integral 


f I(x) ax. M 
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EXAMPLES. 


1. Use a substitution to find f=. ee 


Put «=e, then du= & dv, 


du 
fos fe =v=logu. 


Oe Aakease of f wide tofnd f a, 














Put wt*=e%. . a@ut—idu = ervdy. Hence 
at+t a+lI 
I I — I — 
ut du=—eudv=—e4 dy — e4 gee. 
a a a+1 a 
atl, 
Gage urtt 
fu du = = . 
@+1Io atti 
3. Integrate if cos“ dx, given f sin “ du = — cos u. 
We have cosxdx = — sin (4a — x)d(in — 2). 


ISSN bh SU a re 
foosrdx = — fisin udu = Cos “4 = sin x. 


4. Integrate tan « dx. We have, by Ex, 1, 





sin « a(cos x 
tanz dx = ee) = — log cos x. 
cos ae cos © 


5. Integrate is cot x dx. 


foot Ose = fae g = log-sin: x. 
sin x 





6. Show that 


é I Lo 
sin ax dx = — — COS ax; cos ax dx = gz oin outs 
a 


7. Show that if tan ax dx = “ log sec ax. 


ax 
8. Integrate in yes 


Substitute #—=sinz. .. dx = cosz dz. 


fan [tara ste 
I-—-x 


9. Integrate fk (a + dx)e dx. 








Bute gory, cece ae = AYO. 
I EE aren a 
[tet bay de= pI°Y =n = We 1)” 
at 
10. ere Bute te—sc tan@>-) When 


dé = a sec? 6 oe Hence 


t 
tae 2 = £ fa =* aa mas a 
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11. fo du. Puty=a% .. dy=atloga du. 


I Sie bs a BI, 
fondu = ice [2 wea tee 


12. Integrate the functions 





; x x 
3%, x? — 2% at bx cx, ea = -*) 3 


13, TReat ee ae ant 
Fee ee arta Cas cuca, = emeinleme 


14. if in {F< FOS) = log (1-4 sin 2), 


I+ sin x I + sin x 








15. sin? xax = afc — cos 2x\dx = tx — Isin 2x. 


: sin x dx : 
16. Find the integrals ri ————., | cos? x dx. 
Q I— cos x 
17. Given the definite integral 
26 gett x xett — gcH 
if tedt = | —— 
a e+ 1 c+I1 


a 





at 
deduce the integral a we log Z. 


In the value of the definite integral, let ¢(=)— I, then (See § 75, 0/o form), 


Pe = £(xert log ey chit | log a) 
e+1 : 
Cen 
= log x — log a. 
log a is the constant of integration and we have 
dx 
ae log x. 








du 
18. f =. Put w= asec 0. 
u Vue Sr 


d. - 
19. i Area This can be written 
25 — 


¢ ds 





YiI—-(iI—s e 
Put I —s=cos§@. .: ds = sin @ a, and the integral becomes 
fas = 6 = cos-(I — s) = vers—s. 
20. ffsec x tan «dx = [: 2 --/(§<— pasa! 
COs? cos? x ” 


== S€C 2 


21. fose x cot.xdx =? 


An 


dz. 





ax Sele 
22. (ee Put Vx2+a =z — x. Re a : 
dz 
\eseee Vea Td ee ee ae 
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23. Show by a like oe that 
ees Jaz = = log («4+ 7x @ a’). 


ax 
sin x cos x 


x= 5) d (tan x) | 
Simpcicosa: eee = {= hog (tan 2), 


a(4hx 
ee 5. f= x = i a) = log (tan $x), by Ex. 24. 


sin 4x cos 44 


24. Integrate al 





ax 





26. To integrate f PUL el ee 


cos x’ 








f< z= -{< = — log (tan 42) = log (cot 42), 


sin 2 
= log[cot 4a — 4x)] = log tan (4v 4+ jz). 
These results can be identified with 16 in the table. 
27. Observing that we can, by inspection, write 





I I I I 
PEG Bye ohn) eae 


ax I x—a@ 
{arena ° 
oa ee xta 


This process is a particular case of the general method of decomposition into 
partial fractions. 

Integrate this case, using the substitution (« — a) = (« + a)z. jae & tS 

Also, integrate the more general integral 


we have 





x f 
by means of the transformation « — @ = (x — 4)z. 
28. We can make use of Ex. 27 to obtain the integrals in Exs. 25, 26. For 


we have 
ee a ae Sy (sn) 1 1 I + sin x 
= — — log | —__—_ }. 
cos x cos? x I—sintx 2 8 I — sinzx 
Show in like manner that 


dx I € = ‘cos “) 
{= = - log {| ————_}. 
sin x > 2 I + cos x 


29. Integrate { cat Put e* = sec 6. 


ex — I 











Then dx = tan 6 d, and the integral becomes 
fa = 0 = cos—!(e-*). 


sin 6 a0 
30. Integrate es . . 
We can complete the differential by eae for the integral becomes 


aa — bcos §) 
+ [Sr = me jr log (a — 4 cos 8). 
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Otherwise, puta — dcos8@=z. .. dsin6§ d6 = dz. 
The integral is therefore 


I az 


I I 
= loa = = =/y : 
3 : z og 7 08 (a cos 9) 





31. = oo) Pater icbe ee beens eae 
Vo + @& 
dx dz adx+ dz _ ax + 2) 





3 7 fia z+ x x+2 


oe — oe = log (* + 2) 
=log (x¥+ x? + a’). 


131. Rationalization (Sudsti/ution).—The object of this process 
is to rationalize an irrational function proposed for integration, by the 
substitution of a new variable. 

Rationalization by substitution is but a particular case of trans- 
formation by substitution. But, since the direct object in view in 
rationalization is not generally to reduce the function directly to a 
standard integral, but to first transform it into a rational function 
which can be subsequently integrated by decomposition into partial 
fractions, the process demands separate and distinct recognition. 

Only a few simple examples will be given here in illustration. 
The subject will be considered more generally in the next chapter. 


_ EXAMPLES. 
1. Integrate i (a+ bx8)8 x8 dx. 
Put a+ dx3 = 23. .+. bx*dx=2% dz. Onsubstitution the integral becomes 


I beeen 2 
R fe = azt\dz = (G = a), 
I 5 

= sop a + bx9)850x° — 32) 

2. Integrate f Ses te : 

(a + ba2)4 


But Yai" Gat oa Si ee ee ae 
The integral is 3 ya + bx: 
3. Put @ + 6x = 23, and show that 
d. 
f——~ = 3 (bx — 3ae\(a + bx), 
(@ + dx)3 46 
4, Put a? — x? = 23, and show that 
eres 
(a? — a2) 


5. To integrate if ig ee. ‘ 
xt tt x 


= — 3 (3a? 2aty(a? — 298 
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Put r+ 1/e=2 .. dx = — 23 dz. 
The integral becomes 


| hae 2x7 — I 
fa - Mase - ita jar TH 
ax 
6. i=. Put 1/4? — 1 = 23 o. @k = — x22 dz. 
BS oe 


After substitution the integral becomes 


I 
— fda t= -~ yim, 


1 

7: po) ae, Putx = 24)... Gx = 42° dz. 
— xt ; 

The integral becomes 


3 Si, 3 2 
4f Pe = af Foae agg bate bee — at, 

















3 
since ease te 
co ts swe ema Ba AO ee oo 4x* — alog (at — 1). 
ft 3 
8. 7 Put: asin'@. .-. dx =a cos 6 do. 


if Ve — <2 dx = af cost 6 do = 43a” fo + cos 20)d6, 
= 4@°(0 + 4sin 26), 
= fa? sin—t + hea? — 2. 
Rationalization by trigonometrical substitutions will be considered more gener- 


ally later. 


132. Parts (Decomposition).—This important method of decom- 
posing an integral into two parts, one of which is immediately inte- 
grable by definition and the other is an integral of more simple form 
than the original integral, is one of the most powerful methods of 
integration we possess. It is based on the formula for the differentia- 
tion of the product of two functions, 

d(uv) = udv+ v du. 
“dv = d(uv) — v du. 
Integrating, we have the formula for integration by parts, 


fudo = w — fodu. 


EXAMPLES. 
1. Integrate if log x dx. 


Decompose the differential log x dx, so that 
Uw lone ands wv = ax, 
ax 


aa = — and w= x. 
#5 
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Hence 
flog x dx = x log « — f dx = x log x — x. 


2. Integrate i tan—x ax. 


Put “u=tan-*%, dv = dx. 
Then du eis v=: 
ons ya _ x? 
v ftan-se Ge =e tan — {= ibd 
a 1+ x? 


=xtan- — log ¥1 + 2. 
3. Integrate ‘| x eX ax, 


Put u= xX, dv = e* ax. 
Then eae, v= ex, 


frerdeaxer— fexdx=ex(x—1), 


4. Integrate if x4 log x dx. 





Put u = log x, dv = x4, 
+ 
an = ex v= fact we 
x a-+1I1 
att x2 dx 
» f etlog = de = Flog « ta 
watt 1 ati 
apa oi hae 
5. Integrate f x2 + a? dx. 
Put w= x? + ai, dv = ax. 
du = So GR tt Cease 
yea 
Hence . 
ees ———— x? dx 
VRP a dx =x VOLO - {= 
Vx + a 
But 


a Vinee x? 1 @? @ ax x? dx 
[ Oe © -|cara en) gael) gee 
Adding, we have 
2f Vx? + a? dx = yt Pa + ot fe 
Vx? + a? 
os f Vx +a dx = tw Veta + 4a? log(x + YR pa), 


by Ex. 22, § 130, or Ex. 31, § 137. 
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6. Show, in like manner, that 


if Vx — a dx = tx Wx? — a? — Ja log (x + x —@). 


7. We can frequently determine the value of an integral by repeating the process 
of integrating by parts. Thus, integrate 


f e%% sin bx dx. 


Put uw = sin bx, dv = e% dx, 
I 
du = bcos bxdx, v = —e%, 
a ; 
- I : b 
et sin bx dx = — e@* sin bx — — | e2* cos bx dx. 
a a 


But, in the same way, we have 


A ‘ 
fo cos 6x dx = — e%* cos bx + g fe sin dx dx, 
a a 


Substituting and solving, we get the integrals 











: (gee % 
fe sin 6x dx = Phe (a2 sin 6x — 6 cos bx), 
fe cos bx dx = — 7 (a cos 6x + 6 sin dx), 
Put 6/2 = tan a, then these integrals can be written 
eax eex 
———— sin (6x — a@) and ———— cos (bx — @). 
Yo = 62 Va + B 
respectively. 
8. Use Exs. 5, 6 to integrate 
Bae seit 
SSS and a 
WV x? + qQ? WV x? ae 


9. Show that if sin— dx — x sinotx + 1 — x by putting # = sin—z, 
dv = dx. 
10. Use the method of Ex. 5 to show that 
/ VO — x dx = faa — x? + 4a? sin. 
11. Use the work of Ex. 10 to get 
Beh 


as tS eee 
Wao =—te ae — 2+ ha sin“1—. 
ar 





133. Rational Fractions (Decomposttion).—Whenever the func- 
tion to be integrated is a rational algebraic function, we know from 
algebra (see C. Smith’s Algebra, § 297) that it can always be decom- 
posed into the sum of a number of partial fractions, each of which is 
simpler than the proposed function. (See Chapter XVIII.) 

We do not propose to consider here the general process of inte- 
grating rational fractions, but merely consider a few elementary 
examples illustrating the process. 

If the function to be integrated is the rational fraction 


oe) 
p(x)’ 
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and the degree of @ is higher than that of yw, we can always divide 
@~ by y, so.as to get 

BONUS sean 

Bay 7 Fay’ 
in which the quotient /(x) is a polynomial in x and can be integrated 
immediately. The remainder /(.v) /j(«) is a rational function in which 
F(x) is a polynomial of one lower degree than ¢(x), the general 
integration of which will be considered later. 


EXAMPLES. 


1. [FS -f(e--4:-h)e 


= FPF tx — log (1 + 2), 


2— 3x dx a 
2. [i wear fa 5 os Be” 


ey «(2.3 Z 
me ne 5 og — 4). 


w= 3x4 +1 
2 ewer oats 




















ae a he ie I ye 
hg hee ea Gore Gece 
x — 34 +1 “it ax ii ax + 4) 
{oS de = f 2 dx + eau ch Ea Ba 
I 7 





I £3 
cal ee tan*— = log (#? + 4). 


ax 
4. To int t — 
o integrate d GC aie 
We can always write 





I I I I 
ema 2h = aoaless - 9) 
by inspection. Therefore 
r—@ 


f ax aE 1 
(« — alia — 6) a— ob SPR 


134. Observations on Integration.—The processes of Swédstitution 
and Decomposition, in their four subdivisions: 
I. Substitution, 
2. Rationalization, 
St 2 ort: 
4. Partial Fractions, 


constitute the methods of finding a primitive of a given function by 
reduction to a recognized or tabular form. These may be regarded 











ft 
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as the rules of integration in general form corresponding to the rules 
of differentiation. With this difference, however, that in integra- 
tion there are no regular methods of applying these rules to all 
functions as is the case in differentiation. 

The successful treatment of a given function depends on eee 
and familiarity with the processes “of the operation. 

Sometimes different processes of reduction lead to apparently 
different results. It must be remembered, in this connection, that 
the indefinite integral found is but @ primitive of the function pro- 
posed, and both results may be correct. They must, however, differ 
only by a constant. 

Frequently, in reducing an integral to a standard form, we shall 
have to use all four of the methods of reduction. Experience soon 
teaches the best methods of attack. 

In the next chapter we shall consider the subject more generally 
and make more systematic the methods of reduction to the standard 
forms. 

» EXERCISES. 


Integrate Exs. 1 to 10 by the primary method of completing the differential 
by inspection. 


1. fies dk, faxde, [axtas. 


2. he oe 1)8 x dx =t(2? +1 yz, 
i Ss aes = log (8 — 3a2x)*, 


30x 
4. | (108 — ++) at — of + pe. 
5. ff (a4 x) ax, f (s? — 1)ds/s, i v av/(9? — 1). 
6. fete SE iy Nog Ai on. 
i fe _— 2)8-8 dt = 2t-* — 6f-2 + 47 — log &, 


8. fe — 28 x dx, {Wa- Vx) ax, fet 1)@x. 
2ax + 6 ex — e-% 2ax + 6 
9. | Saree : fee laa? 


sect 
fe 4- a)"e* dx, laa” {<= ax. 


(I - x?) si ae (1 — x?) ax 
“tantx °~? sin-tx log x** 
10. Write immediately the integrals of 
I x x x? xn-1 
 TSRee Pe ee eee Mame oe an + at” 


cos’ tx, cos*x sin x, tan”x sec?x. 
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ee ae Vx» Put # = 2%, 
Vr 
12. fe cos e*dx = ? Put e=~z. 
13. [axe COS 4? dx =? Put x«*=z, 
14, = an =? Put log x = z. 
x 
15. IS dene Pat © he) 
3% as Ee 
16. [ue Put 29 =<, 





17 i dx af dx udv + udu 

od Wt — 4? Yt — 2x2 Yi — vv? 
18. { ax f f ax ly ax ; 
r+ 40” Joe +4’ J x16? —1 


19. sin igamclas fcc 46 @, cos ipdo. 





KIL ae I 








ax I 3 
21. lee WES tan (./2). 
| y2\2 
go, STEP = log e+ at + at 
(x — 2) dx = 4 
235 | ee — 2 
ia GRE: 
24. fiw? pip=tanrg— @. foot ocg —-? 
25. fosin 20 abi 2 fos 20/06 
26. fos Sie ean en ee sin (m+ n)x | sin (m — dl 
2(m + 2) 2(m — 2) 
fsiv mx sin mx dx = eee = Gea a 
eae) 2(m + 2) 


Use cos a cos 6 = $cus (a + B) + 408 (a — 8), ete. 


cos (72 ++ 2)x 


2(m + 2) 
28. fein 4x cos tx dx =? Jos 325,005 Sandor <r 


COS (72 — 2)x 


27. — fesin mx cos nx ax = 
2(m — 2) 





log x 
29. i 4 a@x = i(log x). 


30. [ (pee { esin te Va — x 
a= a 
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Multiply the numerator and denominator by /a + ~. 





31. feve+a de = U(x + a)t — jo(x + a). eee ae 
32. fiter dx = ex(x* — 2x + 2). Parts. 
33. eee ye 3x8 6x — 6). Parts. 
34, i = ~ tart PEE Put “zen — a? = 27. 


35. fcotmx dx = x cottx + 4 log (1 + +). 
36. fx tan—tx dx = 4(x? + 1) tan-'* — ex. 
37. fa sine de = 2 cos « + ee — x? COS &. 
38. f2 cos + dx = x* sin x + 2” cos « — 2 sin x. 


39. fcos x log sin x dx = sin x (log sin x — 1). 


— I 





40. f eax de = et% ces 


41 f ax f; dx f dx 
“J@—ne 3) J+ 3x —10 J 334-6 


Hint. , Complete the square. 
; ax ae ees 
42. [ = 2log (Wx — a+ Vx — A). 
W(x — ax — B) 





Put «7 —a@=—2, then ax = 22 a2. 
' f dx es 2 |’ dz 
W(x — a(x — f) V¥2+a—B 
=" 109: (z + VP + a—f). 
43. (= = 2 sin— ba: a) 
Va — a — x) pice 
Put « — a = 2%, as above, and the integral becomes 
i dz 
2 ———————-. 
V¥B—a—# 
44. p Wa + 2bx + cx? dx. 
a+ 26% + cx 








eae + 2bex + cx"), ~ 
o1[(cx + 6) — (8 — ac)}. 


Put ce +b=% «. dx = dz/c, and the integral becomes 


oe f Wz —(b% — ac) dz, 
eo 


Il Il 


the standard form 18, § 126. 
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45. Integrate uf ( ati Bp where m and # are positive integers, 
% iL ae n 





or m + mis a positive integer greater than I. 
Put « — a= (x — d)z, then 
a— bz (a — b)z a—b a—b 
Pe 


sca MONE au ee ease r—7 ~ (i ey 





dz; 


and the expression transforms into 
(1 — z)mt"-2 dz 
(Ge b)m+n—i gm 


Expand the numerator by the binomial formula and integrate directly. 


46. Integrate if sintx cos’«dx, whenever p + g is an even negative 


integer. 
Let 4+¢7=—2n. Then 
sinéx cos?’z = sinéx cos-A—24#x = tanbx sec?*x, 
= tanéx(I + tan?x)*—1 sec?x. 
ut) stan .2.) hen 


[sints cos?! dx = fe + 2)—1dZ, 
Expand by the binomial formula and integrate directly. 


47. Integrate sinéx coszx dx, whenever # or g is an odd positive integer. 
Let 7 = 27-1, then 


f sin2”*+1z costa dx = — of (sin’x)” cos?z d(cos x), 
=— i (1 — cos’x)r cos?x a(cos x), 


=— fo — @)rer de. 


Expand by the binomial formula and integrate. 


48. ai sin°@ a6 = 4 cos*@ — cos 6. 

49. fcost a=? Check by putting $7 — x for x. 
50. fcosts ad = sin 6 — 3 sin’@ + 4 sin®6. 

51. i sin*6 cos'@ d@ = 4,cos!°@ — tcos88. 

52. if sindx cos—2x dx = sec x + 2 cos x — }cos’x. 

53. i, sin x costx dx = % sinkx — 3 sintx, 

54. cost escix dx = 3 sintx — 2 sin®x. 


55. if esclx sectx dx = $ tantx — 2 cot*y. 
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56. ffsintx sec’x dx = $ tanix -+ } tandx. 

57. fsinte secix dx = 3 tan? x, 

58. fesctx sect dx — 2 tan!x (1 + } tan?x). 
59. ) tan"6 do = f tan"—26 (sec — 1) dO, 


tanz—1 
pant a fran dag. 


nw—I 





noe 
n— 





60. Show that if cot”@ d@ = ae | cot”—26 dQ. 


61. fe tan46 d6 = ttan*@ — tang + 6. 

62. J cot’ a6 = — 4 cot? — log (sin 6). 

63. J cots 0 = coe cot OS 6. 

64. ‘i cot’ do = — 4 cot" + 4 cot’ + log (sin 6). 


65. if sin x cos x (a? sin’x + 8? cos?x)*dx. 
_ Note, da? sin?x + 6 cos’x) = 2(a? — 6*) sin x cos x dx. Hence the integral 
is 
I 
a? sin2x + 8 costx)?, 
Ww) ( a ) 
ax I b 
_— erie! Woes 
a iP a cos?x + b% sint'x ~ ab oe (; oa *) : 


Divide the numerator and denominator by cos?x. 





67. | aes teee Divide the numerator and denominator by Va + 6, 


and put tan a = @/é. Then we have 





: ii A ae a 
ae cos (*— @) a? 4 v2 og tan (4 — $a + 4m). 
68. —— Ie We have 


a+ bcos x = a(sin® $x + cos” $x) + 4 (cos? tx — sin? tx) 
= (a + 4) cos? tx + (a — 4) sin? $x, 
which reduces the integral to the form of Ex. 66. 
Divide the numerator and denominator by cos? $x, and put z = tan4x. Then 


the integral becomes 
dz 


(a + 6) + (a — 4)” 


which is standardized. Hence 


ax 2 ep x 
(—— == = SS —— tan—>}, WSS Wiz 
a+ 6cosx Va — 2 a+é 2 


I ioe Vopa+ Yo —atan de 
V 0? — a Vota — Vb—atan tx’ 
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9. f—* = tan akc Bias 
Sv aSiee asin. m3 3 
1 + cos I . 
. Int me ae es 
70. Integrate (@ +p sin x) 2 (« + sin xj" 


71. ffx sin x dir = sin x — x 008 x. 





72. fime= log (1 + x)? — x. 





2 dog os I 
13: Ze es ‘ 
! (Bt NG) Balt PY, 


ax 
m4. f Gives ee 











75. f = ss — = 2sin7 aes sa eee ™), 
V5 -+ 4x — x? 6 3 

v a 
76. a dx = sin (log x). Put «x = log z. 








a 
71. if ae ne I fe pad ai —2 ; f => 
45) sini 3 2 tand4e — I 
ax 


I 
78. fi me eee tan— (3 tan x). 


CHAPTER XVIII. 
GENERAL INTEGRALS. 
GENERAL Forms Directriy INTEGRABLE. 


135. The Binomial Differentials.—Expressions of the type 
x*(a + bx8)y dx, (A) 
weg a, #, y are any rational numbers, are called d:nomial differen- 
hals, 
This expression is directly integrable in /wo cases. 
a+tI 
B 


The substitution is @+ dx8 =z. Then 


I I 
= ——-| 


z—a\B MN GN 


x*(a + dx8)y dx = 


I, When 





is a postive integer. 





hence 


a 





see ere 
Consequently, when is a positive integer, the transformed 


expression can be expanded by the binomial formula and immediately 
integrated. 


II. When asia 


fp 
The substitution is a + dx8 = 2x8, 
For, if we substitute « = 1/y in the differential x+(a + bx®)’dx, 
it becomes 





+ y is a negative mleger. 


aie yo By a= 2( aye + b)y dy, 
(Dea os ae 
B 


which, by I, is integrable when — is a positive integer, 


or, what is the same thing, when 


a-+tI 
ae eae 
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is a negative integer. Also, the transformation a + 6x8 = z becomes 
b -\- ayB = 2y8, 
Hence, under the transformation, 
asl 


Gerla nu Coa Moe Tee 
x(a + bx8)¥ dx = a ocr (6 — 2) ( ss devas, 


In working examples it is better to make the transformations than 
to use the transformed general formule, pygu as are too complicated 
to be remembered. 

When a, f, y do not satisfy the uaous in I, II, the binomial 
differential must be reduced by parts.* 














EXAMPLES. 
5g. 4 2 
1. le. Ans. as oe it + a* log (a? — x*), 
wae he I ae 
(a eat) UT erat Zea pats + ay 
x dx ‘ I 
3. Nese ae Ans. z - Bere my 2 5 (x? + 1). 
4. (= peer nt ' Ans. ad ; I — os 
(a+ = aa + cx 3(@ + cx?) S° 
f x? dx x8 I cx? 
. ea hia Ans. OS 3 | SS t a 
(a + cx2)i aa + cx2j2 (3 5(2 + ¢x*) 
(es Ans, = eae 
(a? + 22)8 3(a? +. x?)? 
x dx 
eee, F( 23 
7. u ee Ans. 3(1 + 23)}(23 — 2). 
ax # 
Be | ene Aipee) ee, 
< ees ap 
ax I 
pass : Ans. — — +. 
9. ee rape ns z(t + #4) 
ax 2xt 
Si! he Sceuecekcs Ans ices 
Use iiee 4 at ss (1 + 228 
136. Integration of a B 
30s (A + Cx*)(a + cx?)¥ ieee ( _ 
The substitution is @ + cx? = x2”, Boni “TU. rr a 
ax dz re 
Cot 2 ax + Bx dz, or re = eee A ier, “FEE 


ax Ne dz 
(A + Cx*)(a + cx*)t (Ac — Ca) — Az”? 
which is standardized, being 13 or 14 (§ 126) according as (Ac—Ca)/A 
is negative or positive. 








* For formule of reduction see Appendix, Note Io. 
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If (Ac — Ca)/A = —, the integral is 
BS ra tan™ ay Ca — Ac 
VALCa— Ac) sf Ala + cx?) 
If (Ac — Ca)/A = 4, the integral is 
I oz WV A(a + cx) COVE Ac Ca 
24/A(Ac — Ca) 1G cr) Lay Ae Ca 














EXAMPLES 
1. f eS : Ans. aed Er? 
(1 + x*)\(1 — x2) V2 Yi — x2 
ax ; 
2. | ——_______. Ans, — ACROSS, 
J (3 + 42)(4 — 324)! Suvi at 
ax I 2) 
Vy ae nee th eee 2(3 a 4)" be 
: (4 — 32°)(3 + 4x)! pe ae 2(3 + 4x%)t — 5a 
: P+ ge : 
137. inveeratton of Oe TOP (C) 


This is a particular and simple case of the rational fraction which 
will be treated generally in § 148. On account of its special impor- 
tance we give it separate treatment here. 

Let Z represent the “ear function p + gx. 

Let Q represent the quadratic function @ + 2bx% + cx. 


ax 
I. Consider Se, 
Q 


Completing the square in Q, we have 


ax i cdx 
/maGETe = fay (6? — ac)’ 


Put cx -+6=2z. Then the integral becomes 


dz 
z? — (P — ac) 


This is standardized, and depends on whether 6? — ac is positive 
or negative. If xegatve, the roots of the denominator are imaginary 
and the integral is an angie, the standard 13. If positive, the roots of 
the denominator are rea/ and the integral is a logarithm, the standard 


14 ($126). - 
Tiacss ps 
a= pe on 6x +O b (1) 
Shae 7 aay i Vac — 8 
Ibi Ie << 
ax I CO = = aC 








= ] ——— 
Q 24/8 — ac a er 6 + 4/8? — ac a 
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II. Consider Ii dx. 


Since the derivative, Q’, of Q is a linear function, we can always 
determine two constants A and #, such that 
L=A+BQ, 
or pPtgqe =AH+t 2B 4+ 2cBx. 
Equating the constant terms and coefficients of x, 
Ba g/26, A =p — bg/c. 


a [ye==t Chad dQ 





C Q 2¢ 6 i 
The first integral has been reduced in (1), (2), and the second 
is log Q. 
In working examples, carry out the process and do not substitute 
in the general formula. 


EXAMPLES. 


XH ax ee —2 I 2x +4 
i ee hate, 
= — 2tan—"(x + 2) + $ log (* + 4x + 5). 














2. IS =— eee (42 4+ 2x + 3). 

3. fess =e _ + log (* + 2). 
we. = Flog (x? + 4x + 5) — tan-(x + 2). 

6 eee, = — log (3 — 2). 

é. epee de Sek tag Oy CE a 
eee = x — log (a? + 2x + 2)? 4+ 3 tana 4 0). 


8. To integrate {eS dx, where (x) is any polynomial in x, divide Ax) 


by Q until the remainder is of the form Z/Q, and integrate. 
PN 
Va + 2dx + ce 
Let, as in § 137, Z and Q represent the linear and quadratic 
functions respectively. 


I. Consider oF 


Complete the square in the quadratic, and then 


ax = ax 
Jarl) we + 4)? — = ac) 


138. Integration of 








\ 
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which is the standard 11 or 12 according as 4 is greater or less than 
ac. If a and ¢ are both negative and ac> &, the function is 
imaginary. 

We have, according as the roots of Q are real or imaginary, 





ii log [cx + 6+ #c(a + 2bx + cx*)], 
or cx + b 
Vc Perey + Be 


as the corresponding values of the integral. 


II. Consider if: ai ax. 


Write, as in II, § 137, Z = A+ BQ’, and determine A and B. 


Then 
feunsferrfe 


The first integral on the right was reduced in I, the second is 


2Q3. 


: ax 
III. Consider if Lor 
g ax dz I — pz 


Put p+ gx = 1/2. Waar 15? ire = 


Substitute in the integral and it transforms into 


ue az 
ya’ + 2b’z + o'e 


which can be integrated by I, then replace z by 1/(p+ ¢-). 











EXAMPLES. 


1. [ere + Vx — a). 


ax : ry eaten az 
TSS" igs bigs ioe ie 
aX — X' 
d: 





n 





3. Aaa = 2sin—4/x — I = sin—(2x — 3). 
5. IVES 2p = VEE AEFS + (@—0) log (YF F 4+ VED). 


Ed 
6 fee OG We 
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ax I a 
7. ———- = = cos-t_, 
axe —a 4 &. 


ax - Koger area 
placer « Se 














a. [ Be Ly tee ees 

xx? + a a 4 

10. {/—— ae = —- sin-1 2V2 
(If x)f1-2x—x2 2 I+ * 





dx I Ve — ax+ 34-72 





—— 
0 fap ERE et TE 


ReEDucTION BY PaRTs. 
139. Integration of Powers of Sine and Cosine. 
f sings. — i “sin “2 sir & Ox. 
Put “== Sin” 72, dv = sin x dx; 
. du = (nm — 1) sin” *x cos xdx, VU = — COS x. 


oe applying the formula for parts, 


fei sin*« dx= — sin*—w cos x + (” — 1) f sin**x cos* x dx, 
= — sin” x cos © oy (n — 1) ff sin”-22(2 — sin? x) dx, 
= —sin” "x cos x-+ (“7 — 1) f sin" xrdxe— (n— r) fsinex ax. 
sin*x cosx . a —I [sine oo : a 


.+ f sine dees ———— a 
When ~ is a positive integer this reduces the exponent by 2, and 





n 


leads to fax or fosin x dx according as # is even or odd. 


Since integration by parts depends only on the differential equa- 
tion d(uv) = udv + vdu, the formula is true when ~ is any positive 
or negative rational number. 

Change 7 into — x + 2 in (1), and we have 











ax — cos x 4 n— 2 ax 
sintx (2 — 1) sin** ' 2 —1/ sin* 7x (2) 
In (1) and (2) change x into }4 — x, then 
a _ COBm TF sing | rsa aa 
cos** dx = Sr ee ame COs” “x 'ax, (3) 


Lee sin x n— 2 ax 
cos** — (m — 1)cos” "x pa eae cos"@x "= (4) 
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These formulz are important. They reduce the integrals to stand- 
ard forms whenever z is an integer. 


Formule (1), (2), (3), (4) can be obtained directly and in- 
dependently by integration by parts. In practice this is the better 
method. The separation into the parts «and dv is indicated in each 
case in the formulz below. 


sin” Silat sin 
LaGhs SS x x ax 
af cos” sh cos” + x cos y 

sec” sec”™=2 ___ sec? 
— x pidx: 

ue eset db Cscua x csc? 


In the part f vdu use sin’x + cos’x = I, sec’ = 1 + tan?x, 


or csc2x = 1 + cot?x, as the case requires. 


EXAMPLES. 
1. sins dx = = Nb be = be — din 2x. 
2 f sinkx dx = — $sin?x cosx — $ cos x = $ cos’x — cos x. 


3. i sinty dx = — $ cos x sin x (sin?x + 8) + fe. 
4. f sindx dx = —} sintx cos x +4 if sintx dx. 


5. [sinte dx = — 4os x (f sindx + 5 sin’x + § sin x) + yx. 


6. Find the corresponding values for cos x, integrating by parts. Check the 
result by putting 42 — x for x. 





7. fz = log tan 4 = log (csc x — cot x). 
sin x 


= — cot x. 
8. (& 














cos x* I x 
= — log tan—. 
i l= sind 2 sin’x A Zee 2 
cos x 2 ost 
- = — — cote. 
bs S sae sine «3 sin? 3 
dx Te ecos) 4 2 COS. & x 
at _ : lo tan > —-. 
~ Ah sindx 4 sintx 8 sin’x +5 . 
I cos 8 
2, f -—2 : she A ES Belly cot x. 
sin®x 5 sindx 15 sin’x =—-«15 


13. Deduce the corresponding integrals of cos x, and check the result by 
putting 4a” — «x for x. 
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140. Integration of sf sin™x cos*x dx. 


We have for all positive or negative rational values of m and 2 





esi sin” 74 sin”x 

- po (ee see = Dae 

CX COS ae cos” 2x COS".¥ 
Therefore 











Sin d I SUN Wyle aoe at sin” 24 Z (5) 
bg = Ls. 
cos”.x m— I cos” "x nm— tI COSTAL 
: In particular, when m= 2, 


tan =X 
fi tants dx = paren sf jennie B77 ee (6) 


Put 427 — x, for x in (5) and (6). Then 
cos"x — I cos” tx m—t1 COS S=2400 
: — : es ———. dx, (7) 
sin” x m— Isin” "x a—tI sin 7% 


eer a 
a cot“x dx = — - Aeoe i; COU x ax, (8) 


The same results are obtained immediately by changing the signs 
of m and 2. 
Change the sign of in (5), then 


f SIN al tGostia 7 —— E 4 
sin”.x cos*.x ax = — SEER Taha sin™—2x cos*t2x dx, 


n+t mt t 


But sin” “x cos*'*x = sin”-*x cos*x(1 — sin*z), 














= sin” “x cos*x — sin™x cos*x. 
Substituting and solving, we have 
: m—t : sin™—'x cos* tx 
Sin”. Cosa da sin™*x cos" dx ———________. (9) 
mtn min 
In like manner, change the sign of # in (7) and write 1 — cos*x 
for sin’ in the last integral. Then 


m—I 1m #+1 
ihe cos"x sintx dx = ~—* uP cos™~*v sin*.7 Poa Ree aS oP (10) 
n+t-m m+n 

These formule serve to integrate sin*x cos" dx whatever be the 
integers m and 2. ; 

It is well to be able to integrate the functions of this article in- 
dependently. The forms below show the separation into the parts x 
and dv which effect the integration directly when the trigonometrical 
relations sin’x + cos*x = 1, sectx = 1 + tan®x, csc’x = 1 4 cot®x 





are used in the integral tp vdu, 


ART. I41.] GENERAL INTEGRALS. 201 
fF sin"x cos*xds= if sin” "x cos** <sinxedx = af sin”x cos*“'x xcos x dx, 
tan” 2 ef ian tan? 
cot™ * a damad cot*2 * * cot? * Cee 


EXAMPLES. 


cos*x sintx dx = 4 sin x cos x($ sintx — 5 sin?x — 3) + she. 





f 
ah ax 








I 
2 - = log tan 1x. 
sin x cos%.r cos x aoe + 
dx I cos x a3 
3. I=as= = =o + 3 log tan =, 
sin’x cos2x cos x 2sin’x © 2 2 


4. fants dx = }ttand'x — tane + x. 


5. J cotteds = — tcot’e + cotx+t+ x. 








6 f Cc I ¢ 
, tanix 2 tame 2 (sin 2). 

ax Bay = 
ue fa = 4 tantx or FECES PS -+ log (sin 2). 


INTEGRATION OF RATIONAL FUNCTIONS. 


141. General Statement.—Any rational function of x whose 
numerator is a polynomial V and denominator a polynomial Y can 
by division be decomposed into 


N R 
py: 


where Q is a polynomial, and the degree of # is that of D less r. 


We then have 
IV R 
[a = [ ow + [pe 


The first integral on the right can be written out directly. The 
second integral demands our attention. We know from the theory 
of equations (C. Smith’s Algebra, § 436) that every polynomial in + 
of degree has roots, real or imaginary, and can be written 

A(x — a,)(¥ — 4)... (* — 4,). 

If there is no second root equal to a,, then a, is said to bea 
single root. If, however, there is another root equal to a@,, say 
a, =a,, then the two factors can be written (vx — a,)*, and we say 
that a, is a double root, or that the polynomial has two equal roots. 
In like manner, if there are x equal roots equal to a, the correspond- 
ing factor is (x — a)”, and we say that @ is a multiple root of order 
r, or the polynomial has 7 equal roots of value a. 
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Again, we know that if the coefficients in the polynomial are all 
real, then imaginary roots must occur in conjugate pairs (C. Smith, 
Algebra, § 446). Therefore, if there is an imaginary root @ + bY — 1, 
there must be another a — 4V — 1. Now the product of the factors 
corresponding to these two roots is 

(« —a—bY — 1)(x—a+b¥ —1)=(x—a)P +B, 
= x — 2ax4+ a+ 8, 
which can be written =x+t+pxt 9. 

Moreover, ifa+%(¢= Vv —1) is a multiple root of order 7, so 
also is @— 72s, and we have the corresponding factor in the 
polynomial 








(a? + px + 9)". 
Hence any polynomial in x is composed of factors, linear and 
quadratic, of the types 
x—a, (x—b), 2+ px+9, (+ /x+ 9). 
i(%) 
x) 
be a rational function, in which /(x) is of a degree at least 1 lower 
than that of /(x), we can always decompose the function into the 
sum of partial fractions corresponding to the roots of (x), as follows: 
For each single real root a there is a fraction : 
A 


eae 


If 





for each multiple real root 4 of,order 7 there are r fractions 
B B. B 


r 


@—-ht@—yt tel Hy 





for each pair of conjugate imaginary roots there is a fraction 
C+ Dx . 
Pete 
for each pair of conjugate multiple imaginary roots of order s there 
are s fractions of the types 
E+ xF, “e E+ x«F, rs . LE, + xf, 
Ppax+ B' @pax+ ppt  @part py 

In these partial fractions the numbers 4, B, C, D, £, F, etc., 
are constants. Since there are exactly as many of these constants as 
there are roots of /(x), they are # in number. 

If now we equate /(«)//(x) to the sum of the partial fractions 
and multiply the equation through by /(x), we shall have F(x) 
equal to a polynomial in x of degree 2 — 1. When we equate the 
constant terms and the coefficients of like powers of x on each side 
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of this equation, we have linear equations in the constants 4, B, 
C, etc., which serve to determine their values. * 
The integral of the rational function then depends on 


Jene tf etm rer 


The first of these can be integrated LBL INE the second is 
oe of the type 


(f+ x PF) dx iy 2 dz 
[(# — a? + By" = (E+ ah) fsa a Ff 


wherein x= a+. The last integral on the right is 


Ae! Me) PF on —I 
fea aS a ta + 8) 2(r—1) (22 + By)" 


To integrate the first integral on the right,{ put z= 4 tan 6. 
ae =<b sec’o do. 


| dz a we 


which can always be integrated by parts, § 139. 
Hence the rational function can always be integrated. 














EXAMPLES. 
1. , oe Se + oa — 8 
We have here ee real roots; hence 
z+ 64—8 «3+ 64 —8 ee B a5 C 
Spike aa a2) a #2. ee" 


Clearing of fractions, 
x? + 6x — 8 = A(x — 2\(x + 2) 4 B(x + 2) + Cx — 2), (1) 
=(A4+ B4 C)e+ 2B — C)x — 44. 
Equating coefficients, 
At+t+B+C=1, 2(B — C) = 6, —4A = —8. 
A =——2, IES ropa C= —2. 
Hence the integral is 


f HS ae = 2 log x + log (# — 2) — 2 log x +2) 


x? — 4x 
=e x(x — 2) 
sie (x + 2° 
If we assign particular values to x in (1), we can find 4, B, C 
more easily. Thus put x =o, then — 44 = — 8; put x = 2, then 





* Provided these 2 equations are independent, which they are. 
+See also Ex. 88, at the end of the chapter. 
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8B = 8; put x = — 2, then 8C= — 16, which give the constants at 
once. The general principle involved in this abbreviated process is: 
when there are only single roots, put x equal to each root in turn, and 
the constants are immediately determined. 





Sy = Blow te — 3) + Blog (e + 2) 
8. f SH = blog ( +3) + tog (x 0. 
4. f PSG ae = blog x + 40g (x — 2) + blog ( +3) 
. (PS de = log —" 
6 fe Ht = be Le + 3 @ — 2). 
1 fay = Ft ble SEA + tog Ge + 2) 
8. f riers dx. Here there is one single root, 0, and a triple root, x = 1, 
Hence 
Bae i) val B 





£1. 


C 
eas mt Got 


Clearing of fractions, we have 
FRET AMA PS Bs ARG eo Te ee 
Bo fis So) 
0 = C — 34 — 2D, 
o=34+4+ 8—C4+4D, 











I1=—A. 

Whence Algae ey Baa iO penn 
ett a I Z I 2 
qe ip oe oa? Gees 

i aise SPS 
ea EO ee ee ee 
ie Ae 
= Noe ee a ee 
(« — 1) 
ao (x — 2)2 
[eee ee Sia 


10. 7 dee — 2 +3 log (x 42). 


i. jaa 4x +1 (= ee ae 








at — Oe xt ne aes x(x —1) 
x ax 
12. i= Feta a) Here there are a pair of imaginary roots. 
x A Lx + M 


(s 2 tap aad gee 
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Clearing of fractions, 
1 2%) + (Le + M1 + 2), 
= (4+ M)4(L4 Myx + (4 + Lyx’. 
Equating coefficients, 
nee L+M= 1, 4+M=o0. 
= M=4, A= — 4. 
x ax I+ x 
@ Foe fy 4% apap 


a... 


+5 tan—ly. 




















, Se Lx + M 
ae ee es re ee 
Clear the fractions and putx = —1. Then 4 = 4. Substituting this, we 
get 
Oe aie 
Li, Siete (2 — x)dx 
af Fa =t ees ay 2a ar 
I 2k 
= * log (1 x) — log I — x + x) + — tan— = 
3 g (1+ ( Ate 3 
og EE 4 So 
is ee iar von LY a V3 
x dx 
yes W@? 3)" 
x A B Ix+ M 





Goes) Gop ek m jpAEeY © 
at = A(t + 22) + Ble — v(x? 4 1) + (Le f+ MYx — 1 
Equating coefficients, 
A—B+ M=0, 
A—B-2L1M= E 


B+ EOS 
Bo+L£—2M=0. 
We Messy I 5s mt [ammeter 


Hence the integral is 


Bites —*— + — log (x —1)-—= 7 8 (x* + 1), 














2%—1 
5x + 12 ee) ze ie ee ee 
ie yen 
3 
(2x® — 3a” — 3)dx | (x? — 2x + 5) Jee Eres 
Bs hee eo eee Sih, a 
a se @ 
18. {ae —_ oe ir zlog 4 a ear tan-—! V3 


I 
— —tan'x. 
Z 


io I x4 
eg et 
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20. eer eae ae ax. Here there is a double pair of imaginary roots. Hence 





Coa 
we put ; 
2 +x+3 AxtB Bahasa 
(ETP | Seay ese 


28 +a4+3= C84 D+ (A+ C)x+B4D. 
ete A=-—TI, Y 5pm So Caney Die 
2a he aichis a leas Nae 
@+i ~@ pip! ey: 





To integrate f eae put x = tan §, then the integral becomes 























if cos’# d) = 49-44 sin 20 = f tan 4 oF 
2x3 +. 3 3x +1 ing 
hy fa =a x + log (x? + 1). 
1. a + 2) dx 13x — 24 re Lue here sms 
. — 3 +3? 3? — 3 +3)" 3 73 V3 
x8 + 3 — a 2— 3 I fe 
—— 1 2 —= — ar 5 
a ft apo ae lg 
(4x% — 8x) dx 307 — x (x ii = 
& lone pee ee Ey et pe 





142. Trigonometric Transformations.—On account of the simple 
character of the reduction formule in §§ 139, 140, it is often advan- 
tageous to transform many algebraic integrals to these forms, and con- 
versely many trigonometrical formule can be transformed into useful 
algebraic forms.* 

EXAMPLES. 
1. Put x =atan6, then 
ue es = gm—nti f sin”§ cos*—™—2§ d@. 
(ab aye 


2. Put «= asin 6, then 


am ax = anni f sin”9 9 
(a — xy a cos*—19 





3. Put « =asec6, then 
“4 xm dx see ey f cos*#—™—29) dd. 
(a2 — a?)i sin*—19 
4. Put x = 2asin’6, then 
am dx sin2#—#+19 
f = an etagmnts f dl 


(2ax — x2) cos*¥—19 








5. Make the same transformations in the above integrals when # or x is 
negante: 





* The reduction formulz for the binomial differentials are given in the Ap- 
pendix, Note ro. 
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The general integral 
x"dx 


(@ + cx*)" 
can always be transformed to the trigonometric integral when the signs 
of a and ¢ are known, whatever be the signs of m and a. 


EXAMPLES. 


1. Integrate by trigonometrical transformations 


/ Va — x? dx, f WV x? — a? dx, f Vx? + a dx, ‘ 
ff ax ip ax f wae 
Yar — x Vx2— a Vita 


RATIONALIZATION. 





143. Integration of Monomials.—If an algebraic function con- 
tains fractional powers of the variable x, it can be made rational by 
the substitution « = 2", where 7 is the least common multiple of the 
denominators of the several fractional powers, 


For example, of. (i+ +!) ds ae *) ae 
I+ xt 
Put «= 24, The transformed integral is 
a(1 + 2) dz 
Yi pare 
Consequently the integral is 
4x¢ — ant — gxt + 4 tan—txt — 2 log (x + 2*). 
Again, any algebraic function containing integral powers of x along 
with fractional powers of a linear function @ + 4x can be ration- 
alized by the transformation a + dx = 2”, in the same way as above. 


EXAMPLES. 
Bax 2 nee 
1. —= — 3+ 6227 + 8 16) 7x — 1. 
ices = (5x8 + 624 $ Be + 16) ¥. 
x ax 2 2a-+ bx 
2. = b Cece 
es, o Yat bx sees 


Complete the differential, integrate and compare results. 
3. —— = log(x + fx —1)— ? tan 
Wx =I V3 

4 ( pane AE f GE SN, 
od et + ae $1 VP p+at2 
144. Observations on Integration.—As we have remarked be- 


fore, comparatively few functions have primitives which can be 
expressed in a finite form of the elementary functions. - For example, 








2Y7x—1+1- 
V3, 


iethe ees Fes es ee 
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| vivax, when y isa polynomial in x of degree higher than the second, 


is not, in general, an elementary function and cannot be expressed in 
finite form in terms of the elementary functions. If_y is of the third 
or fourth degree, the integral defines a new class of functions called 
elliptic functions. 

Functions that are non-integrable in terms of the elementary 
functions can frequently be expanded by Taylor’s series and the integral 
evaluated by means of the infinite series. 

Any rational algebraic function of x and 4/ax® + 6x —- c can be 
rationalized and integrated as follows : 

Factor out the coefficient of x? and let y = 4/+2? + px + ¢. 

The rational function /(.x, y) is rationalized in x: 





I. When the coefficient of x? in y is positive, by the substitution 
Al x? As pag ie ee 
2 2 
Then w=s a ;, ee ee ee ae = bas use Ls 


p +22" p+ 22 (p= 2zy 


ae ie 2 
of Fle.s)de = 2 fF G aie Bes: =e 
p22 po 2g (p + 22) 
II. When the coefficient of x? is negative and the roots of the 
quadratic a, are real, then 
98 -L px «lg == (% — a)(8 — x). 
The function F(x, y) is rationalized by either of the substitutions 
V¥— 24 px tq = 7 (* —a)(6 — x) = (x — @)z or (6 — x)z. 
2 
Phen 34 is oe ds= ed aks ae) dz, eas 
1+ 27° 





; — 








(x —a)z= 


t 3 “a + 2) 
$ aft 6B (B—a)z\ zdz 
Je ie eB Ce eee 


When the roots of — x* + px + ¢ are imaginary the radical is 
imaginary. 





145. Integration by Infinite Series.—We know that if a function 
et 
in an interval ) — #, ++ H(, then also its primitive is equal to the 
primitive of the series for this same interval (§ 72). Hence 


[Aeldx = age + Jax + fae 4 . 




















EXAMPLES. 
I-34 ' 1.3.5 xls 
b ae = 
rere +55t Gin fa baer: 
2 sjn4 
2. {= ve jr he's 1-3 sintx Mies 
sin x ‘ 5 Tag 9 me 
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Put sinz=2 .°. dx = dz/cos x, and the integral is 


¢ : dz 
We Vt See 
é fee AO OG a 
n mI dx = aes 
3. f (xt cere Idx wm (7 Et ag Pee ra ) 
For what values of x is this true ? 
4. Show that 

















f ax ERA hi ea Ger ‘ 
Vie R235 oe ae 
I : ae I: ‘ 
eo : 2 55 204 at — if 
5. Show that | 
oe a 
Bester (eared ae ane 


Determine the values of x for which this is true. 
Put@+- m= 2. 22. ¢2% = e—abenz, etc. 


6. The elliptic integral Jr (1 — # sin’x}idx, #2 <1, can always be ex- 


panded by the binomial formula, and the general term if sin?#x dx integrated. 


i 2 4 
es 
Vx Cap GR ay. 




















EXERCISES. 
- et dx £ aaa 
Bay = Eee Gt 
ax tt — VI — x Vt =3 x? 
ie Vagus x ~ aa 
3 . en oe FF x 
E (@ ae x?)8 fe at(a® + x?)* 3a4(a? + 2)5 
wees m5 3 1% 
4. for = ae tile- eo =). 
LOK ; x 
5. {f—~ = — (20x — x) (4x + $2) + 30? stl 
(2ax — x2)t ae ( a oe 2a 


o 


xreax dx = roy, a 
: 2 =—( i a ABP? 


ie (log x)? dx = fa [(log x)? — 4 log x + §]. 


Ee 


2 008 x ax = x3 sin « + 3x% cos x — 6x sin x — 6 cos x. 
9. [# sin x dx = — x* cos x + 428 sin x + 12x7 cos x — 24(xsinx + Cos x), 


: sin?6 a9 
ee 0 
iy: lea + cos 6)? ait 
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11. fcoste sin 29 26 = — 2 cos*§. 
12. f sins cos*@ d@ — i sin®§-— 1 sin®6. 
13. ff sins cos*§ d8 = — 3, (cos 26 — % cos? 26 + { cos? 26). 


14. if costx csc « dx = 1 cos’x + cos x + log tan 4x. 








15. i cost esc8x dv = (cost — $ cos x) cscle — $ log tan 4x. 

ee (2 : A = ne 4 & = aoe — | 

Teele oe <7 See Bett $ got + nate - yh 

18. i ee a are Put <= (a? 4 2+ «x. 


Show that i am[(a? + x?)t + x]}*dx can be integrated by the same sub- 


stitution when # is a positive integer. 


19. {— + x)” Gee * (Cr a8 a2 + a], 

















x) 
x? dx _ 44 4 A 
20. orem wis log (x* + 1). 
es ek 
21. fataq-ateS 
é 6 
23. f fie Saat 2 log * = + 4 tantat, 
xe — x8 
24. jae dx ea 
NS: cere x1 I+1 
2. f xedx _ Ox? + ox +1 
Jagex tri (ae +1) 
ax 3 ae 
26. SS Tt tt 3 + bt 3 bog + HES): 
We aint : 
27. er = 8 — 2a)(xt+ a)t. 
oe ax Leas c 2 
28. Wise cal ole + 2). 


Beebe I ——— 
29. bees = 0" — 2x7 + 2)V202 +1, 
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30. fs@ — xjdx = a(Ox* — atx? — 5a4)(a® — x2)B, 
































ax Y¥r-ae—a 
= log 
31 lar eee eae aa 
war 1 ——— 
32, ae a log (73 — x? + 1)* + log (4/3 — a? — 3), 
33. [- = Jag eee 
GYD x — x* W 2 2 oe Es ay 
34, 7 : i = ¥ log (ee? a di 2 
aYe—xt+2 2 Ve —xe—2te+t We 
dx fa: ; SS 
35. = =e aign (x + x? + ax —1). 


ae 








yg som see =). 
x 








= ar 
37. pee ee ax — —2 oe 4/2 tan—! 
x 








38. i REI TE MO ee 
(GSES Soap aes +x+—I1 
x. — 3x — 5 
39. SS ap dF = log (x — 2) — cease tO 
x3 dx 
40. saaey oak Been eee. 
Y ax I x 
41. ee Sipe a ae — log a Y Put ee =a 
x Va? + x? a a+ Va + x2 
42. f 2 = g(t — aya? + 9h pats hee 
(x + 1)8 ! 
43. lamer = (x +a) cosa —sina log sin(x+ a), Put xta=2z. 
ee ax 
44. {[— = f(3e* — 4)(e* + 1) Put #*+1=2. 
(e+ 1)* 
ax I x I 
45. la oe nie tee (e* — 2). 


46. flog © de = § x (log x — 9). 

47. [a log x dx = ~ x* (log x — — 
a) og x dx = — x” | log - 

48. ff sin x dx = = x 00s x + sin x. 


49. Joe (« + 2) dx = (x? — 4) log Wx 42 —42? +x. 
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50. fx tan-tx dx = 4(«* + 1) tan—tx — $x. 


51. Integrate 
few — x3) dx, fe — x?) dx, {# (a + x?) dx, 


x? 4/q? — x? dx, x? at + x? dx, f (a — x28 ax. 


52. fsinte cos’x dx = 4 cos x(} sin’x — Jy sinix — 2 sin x) + pen. 


ax apa tan 44 + 2 
oe ie +5 cose 4 eas ae Se 
ax I 
54, ie = Be tan 1(2 tan $x) 
i Put x =I. 
(@ + cx?)? a(a + cx)? 


56. Us ax a 64+ cx 
(a + 2bx% + cx)? (ac — Ba + 26% + cx2h 
Complete the square and put cx +6-=2z. The integral reduces to 55. 
ey eet ee I ee | 
(2 








-+ 26x + cx)3 = (ac — B)\(a 4 26% + cx2yt 


For «z = 1 transforms 



































x ax 2 — dz 
LO) 
(a + 26x + cx*)? (az? + 262 + ct 
bs : if Lethe cre a+ bx 
(a+ 2bx+cx)? (ac — 88)(a 4 26x 4 ext 
Combining with Ex. 56, the result follows at once. 
58. (3 + x) ax be Ee ek a 
(I — 2-4 2x2)2 (1 — 2x + 2x7)? 
ax ft (x — a)(x — 6) 
ay: Le — ax — b6)(2x —a— b) (a — by fog (2x — a — 4° 
ax I (* — a(x — 6) 
a Ne Sale — Age — 2a —8) = 2a — op 8 Ge — 2a — 
babe I (x — 1)(x — 3)8 
eh is — 6x°+ 1lr—6 7 2 log (e— 2. 
aes I (x — 1)(x — 3)" 
62. lex Wee a =x+>5 log Gaae 
det w= Me +3) 
as Is ZV ay = 26 we (*« — 1) 
64 H eae ot fe —7+7)e 
“B= Ya G6. 3 ye 6 





I a —= 3)% 
= 5 lox (8 — 7x +6) + Flog te. 


ART. 145.] GENERAL INTEGRALS. 213 





dx 6g 
oa meas) vi—3 



































a* ax re 
66. fa = 5 + log(e— 14+ j loe(e—3)+ = og (+4). 
ax I I Es 
ot fae=a- eres ear 
x ax we 
68. a Os ek 2 log ~ 
69 oa 2 nes b I 2x —a—b 
é eaaecy =a ea a = (x — a\(x — b) 

ax I I x 
70. brass sciaa} See + a cot—1 = 
71. (a? + 2x + 3)* ees ead 

sere rar eg Sema s (@— 1) {1 eT 
Notice xt — 4x +.3 = (x — 1)(x? + 2x + 3). 
wae —I (« — 1) 

ie ie — 1P(a? — 2e 4 2) x —I oy See manera a BOUT Eed 

#9 I x I x 
73. lwo + ey = FF ie + FFs rae at 

ax I as I I 
[eel ies ge 

dx sade! et 
ere ua OE 
_, B+ 3x 
16. fapersy 5 tans See 
dee I Bae 

1. [ope ete ™ pe 


78 (“=n t2 + log (1 — x”). 


I — x*)? a(t — x?) 
79. If fix) = (« —a,)... (x — a), and A(x) is a polynomial of degree less 
than z, show that 
Fe) *% Fa,) 
2. ax = Sz log (« — 4,). 
Fe = > Fey 


80. Show that any algebraic function involving integral powers of x and frac- 
tional powers of 





_ a+ bx 
Us pte 
can be rationalized by putting y = 2”, where ™ is the least common multiple of 
the denominators of the fractional powers. Apply to Exs. 81, 82. 


81. Pe Ve Sot Sak domain 


Y¥x—b—Yx—a 

















fC dx = We — ale — 8) — “(a — 5) log 


3 3 
x —a\? x -a 
fee)" fe)’ 
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83. If /(x) is a rational function of sin x, cos x, then f(x) dx is rationalized 
by the substitution tan 44 = 2. 
22 I — 2 2dz 


r 4 2’ eae 


Then sin x = 


1 2?” 
In particular, when m — 1, 2 — 1, or m + is even, say 27, we get for these 
respective cases 
sin”x cos*x dx = — ¢%(1 — c*)r dc, 
= + smi — s*)rds, 
OEE 
~ OF aye 
where p= sina, ¢ = cosa, (7 = tana, 
84. To integrate tee 7 where Q,, Q, are any quadratic functions of +x. 


Write out Q,—! in Sere ‘fractions. This reduces the integral to § 136, (B), or 
to § 138, (D). 
85. In general, if /(x, v) is any rational function of x and y, where 
yi aat 26x 4+ cx? = cx — a)(x — f), 
then any one of the following substitutions will rationalize /(x, 7) dx: 





y=a+ xz, 
tet xe, 
= 2(x — ac. 
a3 dx Put 423" 
86. ee (@ + 7 =f G+ Sagan cies dv for the other factor. 


fe + eye 2a*(n — 1) (@ [aes Se sas ON here jer i 
87. Given the signs of the constants @ and 4, transform the binomial differential 
x*(a — bx8)y dx 
into the trigonometrical differential 
C sin” costx dx, 





determining the constants C, # and x for each case. 


CHAPTER XIX. 
ON DEFINITE INTEGRATION. 
146. The Symbol of Substitution.—We use the symbol 
eh 
or, in the abbreviated form when the variable is understood, 


to mean that the number a is to be substituted for x in the function 
and the result subtracted from the value of the function when 4 is sub- 
stituted for x. Thus 


Fay] = Mb) — F(a). 
If F(x) is a primitive of f(x), then we have 
[a= FY] = F(x) — F(a). 


The definite integral is a function of its limits. If one limit is 
constant the definite integral is a function of one variable, the other 
limit. 

147. Interchange of Limits. 


Since f ” fle) dx = F(b) — F(a), 
f * f(x) dx = F(a) — F(8), 
[re dx = — f° fla) de, 


That is, terchange of the limits 1s equivalent to a change of sign 
of the definite integral. 

This is also at once obvious (en the original definition of an 
integral. For dx has opposite signs in the two limit-sums 


[Ae dx and [7x dx, 


while they are equal in absolute value. 
215 
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148. New Limits for Change of Variable.—If we transform 
the integral 


ee (x) dx 


by the substitution of a new variable for x, then we have to find the 
corresponding new limits. 

Let the substitution be 2 = (2), which solved for z gives 
z= (x). Then, when x = x,, we have z, = 7(x,), and when « = X, 
Z=7(X). Also, 


Mx) dx =f [b(2)] be) dz = F(z) az. 
a [o Ae) ax = |" Fe) dz, 


x 
For example, put « = a tan z. Whence z = tan—*— - When x = 0, then z =0; 
when x = a, thenz = jz. Consequently 
a in 
j—*-4/ COS dz — es 
c(@pae Ad, a va 


since cos 2 dz = sin 2. 





149. Decomposition of the Definite Integral Limits. 
If 


ff Ae) ax = MX) = Fe,), 
then : 


fo Ae) dx = Fla) — F(x), 


t “Ae dx = F(X) — F(a). 
Whence, on addition, 
a x x 
[iP Pe) +f Ae) dx =f" Ax) ae. 


Therefore a definite integral is equal to the sum of the definite 
integrals taken over the partial intervals. This is also immediately 
evident from the definition of the definite integral. 


EXAMPLES. 
Evaluate the following definite integrals: 


3 
Lf Ada ot 
1 She Fd usher os! 3 
2. fS = tog x ]'= tog ¢ — log 1 = 2, 
1 # 1 


Pid tr 
3. [sin x dx = [ cos x dx = 1. 
0 0 
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4. fe 2 — x)dx = LH. 5. [sree aS ib 
Bebe ihe BONE Scat 
i AG el a 
aaa 2 = 
a 9. "versio do = 37. 
10. [sin%9 26 = an. i. "cos 26 ai = 4. 
0 
12. fe cts sin x dx = t. 13. if Gar — we 2)dt =2y5— 5. 
0 
oO ax v4 cee ey Aes 
4. [ ae 5. fe de = —. 





16. Ae. chek) ead 7 fe dx Tee ae 
cos*x a COS x V3. 
6 


18 1 ax Sie ax manages, 
; ee o I+2xcose@t22 2sing 











ao 
P ce) a 
19. if e-4% sin mx ax = 20. i e—% cos mx dx = 
0 


m 
at me f 2 +m 


when ac> 6’, 





: ax = nt 
af Boma eu Le 


aoa na @ 22. Show, by putting x = 1 — gz, that 
1 1 


fre — Fs) Vex = fore — x) dx. 
0 0 
This is called the Hirst Eulerian Integral. Integrating by parts, 
n = m— =a 
fon —x)m—1 dx ene (ha) 4 m tf amc yn 
n 





n 
Use this to show that the value of the above integral is 
: (7 — 1)! 

xP Ul — x)? dx = — 5 

Rees KOT)... PTI-H 


when g is a positive integer, and therefore whenever / or g is a positive integer 
the integral can be evaluated. 





1 5; 25 218 
23), feu — x)? dx = ———___., —- —. 
0 SepeLl slg Sof OUSLY 


ao 
&): 24. The integral zi e-*x"dx is called the Second Eulerian Integral or the 
0 


Gamma-function, I(n + 1). 
We have, by parts, 


eagtdx = — e-*¥ar tn di e-*yn—-l dx, 


1 
230), [0-2 de= 
0 


Since ¢—*x* = O when x = O and whenx =o, 


f ec %*x" dx = Nn f eX x" dx, 
0 0 
* (2+ 1) = xl (x). 


=—————_ 
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Also, when x is an integer, 
Ia+i)= n\ 


The Eulerian Integrals are fundamental in the theory of definite integrals. 


25 : lo COD at 1)* : m (] e a 
‘a am r 4 — — '° 
2h Si (m + I)n+r ( ) f« (ioe 5) : 
Hint. Put @=*=>-#«-~in Ex. 24. 


a n! 
26. di eazy" dz = rans Put x« = az in Ex. 24. 
0 


am 4a 
27. Show that f costx dx = f sintx dx, 
0 0 





and that F 
41 
fe Lining fee T:3-5s101. (24 — 1) us 
0 ZAG see ie eit 2 
dr 
z sin*+14 dx — id On See 
0 3°5 . (2m + 1) 
when m is a positive integer. 
1 — 8s 
28. i oe oe dx = 6. Put xz = 1. 
a a 
29 tg - 
Bil ee ds Pe ya ws Pel kee 
(x — 2)§+3 
log 5 Rae 
30. i ee er l dx=4—a2. Put. e — 1 = 2. 
e+ 3 
PP Men PSs 
31. e ea eS Where a > 4. 


pres 
32. a x sin xdx = 1. 
0 
150. A Theorem of Mean Value.—Since in 


iE Nx) dx 


dx keeps the same sign throughout the summation, 
x ee x 

m[{ dx< I(x) dx <M dx, 
£ : 0 cf ny 


where m and J/are the least and greatest values respectively of the func- 
tion /(x) in (x,, X). Therefore the integral lies in value between 
m(X — x,) and M(X — x,). 

Since /(x) is continuous in the interval, there must bea value of x 
say &, in (x,, X), for which ; 


[Se dx = (X— x) AB), 


J(&) being a value of the function between m and JZ, its least and 
greatest values. 
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The value 
I x 
OES gaat i. Se) ae 
is called the mean-value of the function in (455. x): 
If /(x) is a primitive of ((~v), then 
A(X) — F(x) = (X — %) (8), 
= (X —'%) (6), 
since #’(x) =/(x). This is the familiar form of the Law of the 
Mean as established in the Differential Calculus. 


The theorem of mean value for the Integral Calculus can be estab- 
lished directly from the definition of a mean value. For, if 


4x = Ce »)/ Ms 


then 
x Ax(=)0% 
[ Ae) tes £ = Ax fzx,), 


= (x5) [Amt Ant... te) 


If the limit of the arithmetical mean of the z values of the function 
at the points of equal division of (~,, X) be indicated by /(&), the 
result is the same as above indicated. 


GEOMETRICAL ILLUSTRATION. 


If y = (x) is represented by the curve 48, then 
se 
‘i 'y dc = area (x,AZBX). 
xo y [ 


This area lies between the rectangles 
x%,ATX and x,SBX, constructed with «X 
as base and the least and greatest ordinates 
to the curve respectively as altitudes. 
There is evidently a point € between x 
and XY at which the ordinate €Z = /(é) 
is the altitude of a rectangle x,RQX, inter- 
mediate in area between the greatest and 
least rectangles, whose area is equal to that 
bounded by the curve. 





O 


EXAMPLES. 


1, Find the mean value of the ordinate of a semi-circle, supposing the ordinates 
taken at equidistant intervals along the diameter, 
Let x? + y? = a? be the circle. ° Then 


I ST een 
~—f Va — x* dx = ha, 
2a 


o—a 


viz., the length of an arc of 45°. 
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2. In the same case, suppose the ordinates drawn through equidistant points 
measured along the circumference. Then the arc length is the variable, and the 
mean ordinate is 


I : 2 
= fa sin §@9 = —a. 
Jo 1 
We shall see later that this is the ordinate of the centroid of the semi- 
circumference. 


3. A number z is divided at random into two parts; find the mean value of 
their product. 


” 
=f x(n — x)dx = 5H. 
4, Find the mean value of cos « between — wand + z. 
5. If Mey) is the mean value of y = f(x) in (x,, x,), show that: 
(a). M(2x* 4+ 3x — 1) = 8}. 
(3). My (2 — 3e + 5%? — 8) = 
(6). M(x + 1)(@ + 2) = 124. 
(d). Mi"sin 6) = 2/7. 


6. Find the mean distance of the points on the semi-circumference of a circle of 
radius 7, from one end of the semi-circumference, with respect to the angle. 


Mi 2 cos 69 =~, 
ee a 1 

By the mean value of 2 numbers is meant the th part of their 
sum. To estimate the mean value of a continuous variable between 
assigned values, we take the mean of 2 values corresponding to equi- 
distant values of some independent variable and find the limit of this 
average when the number of values is increased indefinitely. The 
mean value depends on the variable selected. See Exs. 1 and 2 above. 

If y is a funetion of /, then the mean value of y with respect to / 
for the interval (4, 4.) is 


i 





tq 
y dt, 


‘, net, ca 


151. An Extension of the Law of the Mean.—If ¢(x) and 7(x) 
are two continuous functions of x, one of which, ¢(.), has the same 
sign for all values of x in (x,, X), then we shall have 


[2 9C)B@) ax = 08) [7 P@ ae, 


where & is some number between x, and X. 


For if m and J are the least and greatest values of f(x) in 
(x,, X), then the integral must lie between the numbers 


m [o#@) dx and M ff “vb («) ax, 


since y:(~) dx does not change sign in (x,, X). Therefore there 
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must be a number & in (x,, X) for which the integral has the value 
proposed, since @(.) is a continuous function. 


152. The Taylor-Lagrange Law of Mean Vaiue.—Integration 
by parts furnishes a simple and an elegant method of deducing the 
important formula of Lagrange, and gives the form of the remainder 
in a much more useful form than that of the Differential Calculus. 

Let z be a variable in the fixed interval (a, #).. Then 


S(*) —/@) = [7 @) & = — [P/'@ Ux —2). 
Put w= /'(z), dv =d(x — 2), and integrate by parts. 
oA) —fSQ) =— (4% -— AMV @N + [@—a/"@&, 
(x — a)f"(a) — f(x — "(2 a(x — 2). 


Put w= /'(z), dv = (« — 2)d(x — 2), and integrate the 
integral on the right by parts. Then 


FE)—fa=e—af 4S pr ay— [CS pr aa—e) 


Continue to integrate by parts in the same way, and there results 


fey = FSM aye [PSE prea. (0 


This is Lagrange’s theorem with the terminal term expressed as 
a definite integral. This form of the terminal term shows that the 
difference between the function /(x) and the series vanishes when 
m= «©, provided 





x — B)” ; 
ea pestis) = 0 (2) 
n=0 
for all values of 2 in (a, x); and moreover, if this limit is not zero 
for any finite subinterval of (a, x), however small, the terminal 
term does not vanish and the series, although convergent, cannot be 
equal to the function. * 
The law of the mean expressed in § 151 enables us to transform 
the definite integral in (1) directly into the forms of the terminal 





* The reader should be warned against the language of many writers who con- 
found the vemainder of Taylor’s series with the terminal term of the law of the 
mean, for they may be quite different. In fact, if Taylor’s series S.. is convergent 
and S, = S,+ R,, then we should write 


T(#) = Sut Ru+ Th. 
The terminal term being 2, + 7, In order that /(*) = Sy it is necessary that 
both 4 An = 0, £7, =0, £ Rk, = O does not ensure £ TE —On SECA PEN GixX. 
Note 8. ; 


° 
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term given in the differential calculus. For, since (« — z)* keeps 
its sign unchanged for all values of z in (a, x), we have 


18 a de esoks D gia toh (x — 2)*dz, (3) 


where & is some number between a and x. This result, (3), takes 
Lagrange’s form when f = ”, and Cauchy’s when f = 0. The more 
general form (3), where f is any integer, is due to Schlémilch and 
Roche. 


153. The Definite Integral Calculated by Series.—If /(z) can 
be expressed in powers of (2 — a) by Taylor’s series, for all values 
of z in (a, x), then also can the primitive of /(z), and the definite 
integral of the function is equal to that of the series, taken term by 
term, between a and x. Hence, integrating between a and x, 


Ae) =a) + (2 — a)f"(@) + LED pray +, 
we have 
[Aes any + FI y@ + co se Gotan 
In particular, put x = o, then we have 
[Poe=27@)-S/O+5/'O--15 — @) 


a formula due to Bernoullt. 
Knowledge of the derivatives at a serve therefore to compute the 
integral. When a= 0 in (1), on 


[Pee =POFFLO+E/MO +. — @) 


which is Maclaurin’s form, ie is more xmeate in general, for 
computation than (2). 


EXAMPLES. 


1, Deduce Bernoulli’s formula (2), § 153, by using the formula for parts, 


{fe dx = xf(x) — J xf" (x) dx. 
2. fe dea a(r+ > ie See) 


3. [ere ae-Fti5-9t- 


ae 
4. [ise ean ode =—(1- 54+ 5-a+---). 


154. Observations on Definite Integration.—In order that a 
function may admit of definite integration in an interval (a, f) it 
must, in general, be one-valued and continuous throughout the 


ART. 154. ] ON DEFINITE INTEGRATION. 223 


interval. If the function is not one-valued, then generally the 
branches must be separated so that each may be taken as a one- 
valued function. If the function becomes infinite for any value of 
the variable between the limits of integration, tnen for such particu- 
lar values of the variable the integra] must receive special investiga- 
tion, a case which we do not consider in this text. 

In definite integration when one of the limits is infinite, we 
consider the integral 


[ fe) ax 
as the limit to which converges the integral 


i “Ax) dx, 


when «+ = o, provided there be such a limit. The same remark 
holds when one limit is — o and the other + oo. 

All continuous one-valued functions are integrable in the interval 
of continuity, as demonstrated in the Appendix, Note 9. But all 
continuous one-valued functions are not differentiable (see Appendix, 
Note 1). 

The study of definite integrals will be taken up again in Book II. 





EXERCISES. 
1. fi dx sa a. 2. fe ax ep 
0 Wa—x 0 Vax — x 
2 dx he 
3. f[ —__——— = fm. 4. f sin—tx dx = 1@m — 1, 
1 ©£V¥x2—1 0 
Pd ax 4 am 
5. [ —_—_—_—_ = =. 6. f tandx dx = log 2 — }. 
p «692+ COS” 34/3 Ik 8 t 
nd dx a Re 8 in dx eet, 
ep 1+ cos@cos x sin 6° -f 1+ cos@cosx%  sin@ 





9 0 dx Spaz 
; i a sin’x + 3 costx ~~ 2ab° 





10 hr dx __ x(a + 6) 
; f (@ sintx 4+ 2 cos’x)? ~ = gabe” 
B dx am sin x dx 1 
° —<—$_——. = 7. 12. i =-37 tan— — 
Leary OS Siar eae 


13. Show that, when #? < I, 


Lees 3 [+ G) Pte + ee 


This is an elliptic integral. 
14. Show that 


nm n n nu 
pst -«3)~¢ 








nes. 
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Put dx —1/n. The limit of the sum is then 


ihe 2 
(ee 


15. Show that the limit of the sum 





I I I 
(Roe) fee Won ieee 


when z = 0, is 4z. 
16. Show that 


wT Tr 
iy sin mx sinnxdx and f cos mx cos mx dx 
0 


are zero when m and # are unequal integers, and are equal to 4m if m and # are 
equal integers. 


har 
2 3 ag 
17. al sin’4 cos’ dt = 27 


+7 sin @ + cos 4 : es 
8. “3 + sin 26 a6 = } log 3. Put oe 


19 Hee V5 (x2 + 1)dx 
1 eet PL 


7 a 4 0 
20. f = é Sauk 
0 I — 2acosx+a* 1—a@? a ue Si ia Seat 


3 x dx $V3 ax Ww 
6 23. Se 
22. fae 8 V5. ; f v2 


== lop 3; Put e— x= 2, 














—3 473° 
2 ax a 1 ax 
9 x dx SOR ae 7 
26. [ eee etn 
gts ge Spe tee 27. f eee 
28. 16 BE ae fr = 7. 29. iB ae =a yD aetk 
—1 2% — 2 (22 + a? 8a 
4m Fa) 
30. i tan « dx = log #/2, 31. te sectx dx = I. 
7 ah | j oo ae 
32. i. @ + 8 246 cos§ = PoE 33. he \S tae = Aeon 
1 mi 
34. [ UI — x)?dx = 2 {> sin°@ cos*@ d@ = 3%. 
0 


35. [ a1 — 32)'de = [sins cost@ ap =, 
0 0 32 


Le. 
36. i. gD x)? dx = 3m 
0 128° 


37. Putting ¢* —1 = 2, show that 


1 2 
YY 4-2 
ew — Idx=2 RE er 
V. fs a= 


log 2 








0 
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38. If «+1=y, 


1 2 
f Vxxpede= f Vy —i dy = 73 —4tlog(2+ 73). 


39. Putting + —a sin6, 


a Sita LO 4 
x? a? — x? dx = af" sin’§ cos’@ dg = 7 
0 f 16 
40. If «=a tan, 
a eh a 
0 (a7 -+ 2x7) “Jy cos?Q cae 


PARTLY, 
APPLICATIONS OF INTEGRATION. 


CHAPTER XxX. 
ON THE AREAS OF PLANE CURVES. 


155. Areas of Curves. Rectangular Coordinates.—The sim- 
plest method of considering the area of a curve is to suppose it 
referred to rectangular coordinates. The area bounded by the 
curve, the x-axis, and two ordinates corresponding to the values 
X,, x, of x, is represented by the definite integral 


A= f ydx. 


This has been shown to be true in Chapter XVI, as an illustra- 
tion of the definite integral. It has been shown that the definite 
integral is independent of the manner in which the ordinates are dis- 
tributed in making the summation. 

We demonstrate again that the definite integral gives the area in 
question. For simplicity we divide the interval (x,, x,) into z 

B equal parts, each equal 
to 4x. Let AB be the 
curve representing the 
equation y= /(x), and 
x,ABx, the boundary of 
the area required. Let 
MN be one of the sub- 
divisions of «x, Draw 
ordinates to the curve at 
each of the points of 
division, and construct 
the 2 rectangles such as 

Fic. 69. MPqN, and also the x 
rectangles such as M/pQN. Since the curve is continuous, we can 
always take 4x or MV so small that for each corresponding pair of 
rectangles the curve PQ lies inside the rectangle PpQg9, and therefore 
the area ZPQN of the curve lies between the areas of the rectangles 
MPqN and MpQN. Hence the whole area x ABx, for the curve 


226 
€ 
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lies between the sum of the rectangles represented by A/P¢N and the 
sum of those represented by AQN. The difference between the 
sums of these rectangles is the sum of # rectangles of type PAQg. 
Which sum is equal to a rectangle represented by BR, whose base 
BS is 4x and altitude RS is y, —y,, where y, = x,B, y, = x,A. 
(V,,¥)) being the greatest and least ordinates in the interval. When 
the number of rectangles, 2, is increased indefinitely, the difference 
between the sums of the rectangles, the one greater, the other less, 
than the curved area, converges to zero. Therefore the sum of 


either set of rectangles has for its limit, when z = o, the area of 
the curve, or 


4 S yAx = fry dx. 


If y = /(x) is the equation of a curve, the area A included 
between the curve, the ordinates y,, y, at «,, x,, and the x-axis is 


A= if : ix) dx. 


EXAMPLES. 
1. Area of the circle. 


Taking x? + y? = a? as the equation of the circle, 


Y= ee. 





Taking the positive value of the radical, we have for the area 4, P,2,, 
Rae eee 2 x |*1 

2 VE=—H dx = apes) te © sin | é 

a 2 2 Ca ee 


If x, = a, we get the area of the semi-segment %/)4. If«) =0, and x, =a, 
we have the area of the quadrant OBA equal to 


‘s VO — x* dx = 410°. 
0 


If 6 is the angle POA, then y = 4 sin 6, x = acos 4. 





dx = —asin@ ag. The area, A, of the circular quadrant is then given by 
0 2 
A= es dx = — ay! sin?@ d@ = a? [sine a, 
0 30 


* APES 2 
= 407(6 — sin 6 cos 6) |. = 42a’. 


The area of the entire circle is therefore 7’. 
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2. The area of the ed/ipse. : 
From the equation of the ellipse #?/a? + y?/d? = 1, we gety = 3 Var — x2, 


Consequently, as in Ex. 1, the area of the elliptic quadrant is 
b a 
A ia W a — x* dx, 
Casio 
which is 6/a times the corresponding area of a circle 
of radius a. Hence the area of the entire ellipse is 
mab. 
3. Area of the parabola. 
Taking y? = px as the equation of the curve, 
and the positive value of the radical iny = 4/px, we 
have the curve OP. The area OPM is then 


A= [" pe dx = gest], 


= Rxy. 

But xy is the area of the rectangle OVPMZ. The area of the segment POP’ of 
the parabola cut off by a chord perpendicular to the 
diameter is two thirds the rectangle JZPP’ 17’. 

4. Area of the hyperbola. 

Let x?/a? — y?/s? = 1 be the equation to the 
curve. Then the area of 4PM is 


xe 
A= [fy dx, 


a 





Fic. 71. 





b x —— 
=o ff Y#e ae, 
fe aoe 2 wear) by Sate 
=F a VP — a — — log (x + ¥x?— a . Fic. 72. 
a 


b =e OO, kt oP —e 
pad pee, Ra ey aa Sere 
za* V* a 5 18 = 


’ 


ay ee hie 

= dry — tab log (| +3). 
5. Area of the catenary. 
The equation to the curve is 


sed i 
y = ta is +e Z) A 
The area OV PN is 


sage = [ov (3 Peis 


x x 


= 4a? Re. ae =a Vy? — a, 

If VZ is perpendicular to the tangent at P, show that the above area is twice 
that of the triangle PLM. Observe that tan ZVP = Dy, LN = y cos LNP, etc. 
__,8. Show that the area of a sector of the egwilateral hyperbola x2 — y? = a 
included between the x-axis and a diameter through the point x, y of the curve is 





BIG. 73: 


4a* log = 


7. Find the entire area between the witch of Agnesi and its asymptote. 
The equation is (x? + 4a*)\y = 8a’. Ans. 47a’, 
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8. Find the area between the curve y = log x and the x-axis, bounded by the 


ordinates at + = I and x. Ans. x(log « — 1)+ 1. 
9. Find the area bounded by the coordinate axes and the parabola xt + y* = at. 
Hp, Moe 
5 3 ree x\2 V\% 
10. Find the entire area within the curve (— }) + 5) =t Ans. 43nab, 
a 

11. Find the entire area within the kypocycloid xt +- y? = ai. 
Hint. Put «= asin*6, y = a cos°9. Ans. 37a’. 
12. Find the entire area between the céssoid (2a — x)y? = x3, and its asymp- 
totem 2a. / Ans. 372. 
13. Find the area included between the parabola x* = gay and the witch 
y(2? + 4a*) = 8a. Ans. a(2n — 4). 


The origin and the point of intersection of the curve give the limits of the 
integral. 


14. Find the area of the loop of the curve y 
cy? = (« — aj(x« — 6). 


(Gamae 
Hint. Let « — a = 2%. Ans. ayo 


Tihs c 
Fic. 74. 
15. Find the whole area of the curve ay? = 23(2a — x). Ans. 10’. 
y 16. Find the area of the loop c_ ‘he curve 
Oy (Gx), 
The area of the loop is 
x 2 70 3268 
O A=s HE 2 fin as oN 
3 oe Yb + x dx Set 
2 ebut ao + 25 SS eee 
FIG. 75. 


17. Show that if y = /(x) is the equation of a curve referred to oblique coordi- 
nate axes inclined at an angle @, then the area bounded by the curve, the x-axis, 
and two ordinates at x), x, is 


71 
A = sin of y ax, 
Xo 


18. The equation to a parabola referred to a tangent and the diameter through 
the point of contact is y? = £x. 

Show that the area cut off by any chord parallel to the tangent is equal to two 
thirds the area of the parallelogram whose sides are the chord, tangent, and lines 
through the ends of the arc parallel to the diameter. 


19. The equation to the hyperbola referred to its asymptotes as coordinate axes 
is xy = c?. If gis the angle between the asymptotes, show that the area between 
the curye, x-axis, and two ordinates at x,, x, is 


: 45 
¢ sin o log (=) : 
Xo 
20. If y = ax* is the equation to a curve in rectangular coordinates, show that 
the area from x = 0 to « is 





a+tI 


coi 
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ae If the area bounded by a curve, the axis of_y, and two abscis- 


se X,, *,, corresponding to the ordinates _y,, y,, is required, then that 
area is 
Ji 
yo 
EXAMPLES. 


1. Find the area of the curve y? = px between the curve and the y-axis from 
3 SONG Se 

2. Find the area of the curve y = e* between the curve, the y-axis, and ab- 
scissee at y = I, y = a. Check the result by finding the area between the curve 
arid the x-axis for corresponding limits. 

Also find the area bounded by the curve, the y-axis, and the negative part of the 
X-aX1S. 

157. Observe that in the examples thus far given the portion of 
the curve whose area was required has been such that the curve was 

wholly on one side of the 

y axis of coordinates. 


It is evident that if 
phe the curve crosses the axis 


5) «between the limits of in- 
Nae oe tegration, then, y being 
positive above the x-axis 
ENS and negative below it, 
those portions of the area above ee are positive, those below are 
negative. The integral 
"yy dx 
Xo 
is then the algebraic sum of these areas, or the difference of the area 
on one side of Ox from that on the other side. 


EXAMPLE. 
Find the area of y = sin x from x = 0 tox = $7, 
We have 
A = [Psion Bide COS ihe I. 
0 0 
But [isin Lik = 2, 
0 
iu 
ii sin x dx = — I. 
0 





Sm. loam fr kes 
a od Rogie 12) tT. 


158. It is evident that the area considered can be regarded as the 


area generated or swept over by the ordinate moving parallel toa fixed 
direction, Oy. 
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If we have to find the area between two 


curves 

I, = 9%), %= PR), 
and two ordinates at @ and @, such as the 
area LIZNR in the figure, that area can be 
computed by finding the area of each curve 


separately. Butif it is more convenient, thed 
area 1S Fic. 78 


b b 
fOr. —2) de = [ [b() — 9(2)] 2x. 
The area in question is generated by the line P,P,, equal to the 


difference of the ordinates y, — y,, moving parallel to Oy from the 
position RZ to WM. 





EXAMPLE. 

Find the area bounded by the curves 

ay —@)=sing and 24 = 2 sin x -+ 2, 

the y-axis, and the ordinate at v = I. 
nk 
A= f @—4)dese— Fa 055 +. 
0 

It would not be so easy to find the areas of each curve separately. 


159. If it be required to find the 
whole area of a closed curve, such as that 
represented in the figure, we may proceed 
as follows: 

Suppose the ordinate J/P to meet the 
curve again in Q, and let MP=~y,, 
2MQ=,. Let a and é be the abscissee 

of the extreme tangents aA and ds. 
Fic. 79. Then the area of the curve is 


b 
A= f (y, —I) ox. 
This result also holds if the curve cuts the axis of x. 





EXAMPLE. 
Find the whole area of the curve (y — mx)* = a? — x?, 
Here y 
Y= mx + V a — x*. 
Vo = mx + Ya? — x?, 
I, = mx — a? — x 
+a 2x 
i (42 — I) & 


a 
S72) VE =H dx = Ta". 
—a 


160. The area of any portion of the 


curve 
LN ih 
r(é. t\= € (1) Fic. 80. 
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is ab times the area of the corresponding portion of the curve 


I; ¥) = & (2) 
For (1) is transformed into (2) by putting = Oe 7 = Oy mie: 
and hence_y dx, from (1), becomes ad y’ dx’, and we have 


Lye af" y’ dx’. 


EXAMPLES. 
1. The entire area of the circle x? + y? = 1is 2. Hence that of the ellipse 
x/a? + y?/? = 1 is aba. 


; a \ NG 
2. Find the whole area of the curve (=) + (5) Sits 
In Ex. 11, § 155, it is shown that the area of 
at yt —1 
is $7. Hence that of the proposed curve is §zad. . 
3. Check the result in Ex. 2 by putting x = @ sin’, y = b pare 
Then ydx = 3ab sin’?p ey ap. 


A r2ab [" sin? cost@ dp = 82ab. 
0 


161. Sometimes the quadrature of a curve is to be obtained when 
the coordinates are given in terms of a third variable, or is facilitated 
by expressing the coordinates in terms of a third variable. Thus if 

co P(A), Si v4, 


the element of area is 
y ax = w(t)’ (t)d. 


EXAMPLES. 
1, Find the area of the loop of the foium of Descartes, 
y x + y3 = 3axy. 
Put y = ¢x; then 
_ 3at td 3a? 
a Gage ae 
ee a 
die got a+ 3adt, and 
f(r — 28)dt 6a? ga? 
~~ 2 
Fic. 81. fr = < does Gas “1-8 204" 


The limits for ¢ are o andoo. Hence 4 = $a? 
2. In the cycloid, 
x =a(¢—sin?z), y = a(I — cos 4), 


> fy ae a ff verst at = 4a? f'sint dt dt. 


Taking ¢ between 0 and z, we get 37a? for the entire area between one arch of 
the cycloid and its base, 
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3. Find the area of the ellipse using x*/a? + y?/s2 = 1, where x = a cos Q, 
Y= 0 SIME: : 


4, Find the area of the hyperbola x?/a? — y?/d? = 1, fromx =a to x =x, 
using x asec gd, y= btan @. 





162. Areas in Polar Coordinates.—Let p = /(6) be the polar 
equation to a curve. We require the area of a sector, bounded by 


the curve and two positions of the radius vector, corresponding to 
O = a0 = fh 





Let AB represent p = /(0), OJ the initial line. 270A = aa, 
Z10B = f. Then OAB is the sector whose area is required. 
Divide the angle AOB = 6 — a into » equal parts each equal to 
46, and draw the corresponding radii cutting AB in corresponding 
points P, Q, etc.; dividing the curve AZ into ” parts, such as PQ. 
Through each of the points of division draw circular arcs with center 
O, such as Qp, gP, etc. From the continuity of p = /(@), we can 
always take 40 so small that the sector OPQ of the curve lies 
between the corresponding circular sectors OPg and OQ, and there- 
fore the area of the whole sector OAB lies between the sum of the 
circular sectors of type OPg and the sum of the circular sectors of 
type OpQ. But the difference between these sums of circular sectors 
is equal to the area 


ALNM = 1(OB? — OA’) AO, 


which has the limit o when 46(=)o, or when x=. Therefore 
the sum of either the external or internal circular sectors converges 
to the area of the sector OAZ as a limit when 2 = o. 

Patines p= OA, °p, = 02; and p,(7 = 1, 2,%...), for the 
radii to the points of division of AB, the area of the curvilinear 
sector OAB is 


£2 4p2d0= f'4prab, 


n=2 
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EXAMPLES. 


1. Find the area swept out by the radius vector of the spzral of Archimedes, 
p = a6, in one revolution, 


21 QT 
We have Ay f Pa eee if a6? do = 4n%a?. 
0 0 

2. Find the area described by the radius vector of the logarithmic spiral 

is 7, from @ = oto 6 = 4x. Ans. = (74% = 1). 
a 

3. Show that the area of the circle 9 = a sin @ is 47’. 

4, Find the area of one loop of p = @sin 26. Ans. 410". 

5. Find the entire area of the cardioid g = a(1 — cos §). Ans. 31a", 

6. The area of the parabola p = a sec? 49 from § = 0 to § = 4m is 4a?. 

7. Show that the area of the /emniscate p? = a cos 26, is a. 


8. In the hyperbolic spiral p§ = a, show that the area bounded by any two 
radii vectores is proportional to the difference of their lengths. 


9. Find the area of a loop of the curve p? = a? cos 7. "Ans, a*/n. 
10. Find the area of the loop of the fotium of Descartes, 
xe + y8 = 3axy. 
Transform to polar coordinates. Then 
__ 3a cos @ sin 6 
~ sin’@ + cos’9” 
Therefore the area is 





ga? = sin?6 cos?@ d@4 + 9a ° uw du 
2 f . (sin’@ + cos®@)? 2 f (r + 2) 
where w = tan 0. 


eet 
= $a’, 


11. Show that the whole area between the curve in Ex. 10 and its asymptote is 
equal to the area of the loop. 


12. Find the area between the curves 


py = (5) open erie (5). 


2 
13. The area of p = a cos 36, from 0 to 47, is J,7a*. 
14. Show that the area of 9 = a(sin 20 + cos 26), from 0 to 27, is za’. 
15. The area of p cos @ = a cos 26, from 0 to 3z, is (2 — 4)a®. 


163. We come now to consider the area generated by a straight- 
line segment which moves ina plane, under certain general conditions. 
In rectangular coordinates we have considered the area generated by 
the moving ordinate toa curve. In polar coordinates the area con- 
sidered was generated by a moving radius vector. In the former case 
the generating line moves parallel to a fixed direction, in the latter it 
passes through a fixed point. 

A point Q is taken on the tangent at P to a given curve PP’, such 
that PQ=+7. To find the area bounded by the given curve, the curve 


re described by Q, and two positions PQ, P’Q’ of the generating 
ine, 
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Bere ar Pas PT = 0%) PP’ 6'¢; and-6 be the 
angle which the tangent at P makes with a fixed direction. Let 4A 
represent the area swept over by PQ in moving from PQ to P’Q’ through 


t 


\ 
\ 





Fic. -83. . 


the angle 44. Draw the chord PP’ and the circular arcs QM, Q/M’ 
with Zas a center. Then JA is equal to the area of the circular 
sector Q/M, plus a fraction of the area of the triangle PZP’, plus a 
fraction of the area QAZ Q’AZ’. Or, in symbols, 


4A = $(¢ — OtPAO 

+ List.61 sin 46 + cAI + 4+ 6%)? — ¢— dt)] 46, 
where 7,, /, are proper fractions. Observing that 4¢/, 6%, and 6’¢ 
converge to o when 46(=)o, divide by 46 and let J6(=)o. Then 


= =i? 
a6 Di) 
or dA = 112d6. 


Hence between the limits 6 = a, 6 = # the area swept over by 
7 is 
Hl == 4 [Pao 


When the law of change of /, the length of the tangent, is given 
as a function of 6, the area can be evaluated. If ¢= /(@) be this 
relation, the curve ¢ = /(@), considering / as a radius vector and 6 
the vectorial angle, is called the directing or director curve of the 
generating line. 

EXAMPLES. 


1. Show that the area swept over by a line of constant length @ laid off on the 
tangent from the point of contact is za”, when the point of contact moves entirely 
around the boundary of a closed plane curve. 


, 2, The ¢ractrix is a curve whose tangent-length is constant. Find the entire 
area bounded by the curve. (Fig. 84.) 

The area in the first quadrant is generated by the constant length PZ = a 
turning through the angle 47 as the point P moves from / along the curve /PS 
asymptotic to Ox. Therefore the area in the first quadrant is }za?, and the whole 
area bounded by the four infinite branches is 7a?. 
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3. Check the above result by Cartesian coordinates and find the equation to the 
tractrix. 
We have directly from the figure 





Fic. 84. 


Hence the element of area of the tractrix is the same as that of a circle of 
radius a. It follows directly that the whole area of the tractrix is 2a*. This 
gives an example of finding the area of a curve without knowing its equation. To 
find the equation of the tractrix, we have 


cated 
ax = — ——— dy. 
y Ly 
Integrating, we get 


hee VOR ae 
ea — YFP + alog *tVO—Y a 


since x = Owheny =a. This is said to be the first curve whose area was found 
by integration. 


4. Show that the area bounded by a curve, its evolute, and two normals to the 


curve is 
5 
+ [°° 4b, 
6, 


where a is the radius of curvature of the curve, and 9 the angle which the normal 
makes with a fixed direction. 


164. Elliott’s Theorem.—Two points P, and P, on a straight 
line describe closed curves of areas (P,) and (P,). The segment 
P,P, moves in such a manner as to be always parallel and equal 
to the radius vector of a known curve p = /(@) called the director 
curve, 

It is required to find the area of the closed curve described by a 
point P on the line P,P, which divides the segment P,P, in constant 
ratio. 
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Let (P), (P,), (P?,), (A) be the areas of the closed curves 
described by the corresponding points as shown in the figure. Let 





Fic. 85. 


P,P, and P,'P,’, Fig. 86, be two positions of the segment. Produce 
them to meet in C. 





Let p= P,P,, P,P/PP, = m,/m,. 


mM, 








PP= PP = 
l m,+m, * ? Ap, 

—- 2 eeeer 
PP, = 5 es PLP, = hp, 


where &, + 4, = 1. 
The element of area P,P,P,/P,’ is, § 163, if CP, =7, 
d(P,) — d(P,) = +(e +7)? a =r dO, 
= pr di + i, do. (1) 
In like manner the element of area P,PP’P,’ is 
d(P) — d(P,) = 4(h,p +7) 6 — tr a6, 
= kr dd + tk?p? dé. (2) 
Multiply (1) by 4, and eliminate 4,07 d0 between (1) and (2), 
remembering that 4, + 4,=1. Then 
d(P) = hd(P,) + &d(P,) — hh,d(A). 
Integrating for a complete circuit of the points P, and P, about 
the boundaries of the curves, we have 
(P) a k,(P,) me k(P,) ky hk,(A), (3) 
where the area of the director curve is given by 
(4) =4f p? 26, 
the limits of the integral being determined by the angle through 
which the line has turned. 
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In particular, if P,P, = p is constant and equal to a, we have 
Holditch’s theorem, 


(P) a k,(P,) air k,(P,) aid Hyka? fd. 


Ifa chord of constant length @ moves with its ends on a closed 
curve of area (C), the area of the closed curve traced by the point 
P which divides the chord i in constant ratio m : 7 is 


IED) = soy 
(P)= (C) - oe 
= (C)— Cex, 


if P is distant c, and c, from the ends of the chord. 


EXAMPLES. 


1. A straight line of constant length moves with its ends on two fixed intersect- 
ing straight lines; show that the area of the ellipse described by a point on the line 
at distances a and é from its ends is mab. 


2. A chord of constant length c moves about within a parabola, and tangents 
are drawn at the ends of the chord; find the total area between the parabola and 
the locus of the intersection of the tangents. Ans. tne. 

The area between the parabola and the curve described by the middle point of 
the chord is the same. 


3. It can be shown that the locus of the intersection of the tangents in Ex. 2 
to the parabola y? = 4ax is 
(V7? — 4ax)(9? + 4a?) = a?e?, 
Check the result in Ex. 2 by the direct integration 


fe ay = 4x 
from y = — 0 toy = +o. 2 being halfthe distance from the intersection of 
the tangents to the mid-point of the chord. 


4. Tangents to a closed oval curve intersect at right angles in a point P; show 
that the whole area between the locus of P and the given curve is equal to half 
the area of the curve formed by drawing through a fixed point a radius vector 
parallel to either tangent and equal to the chord of contact. 


5. If p,, 6, and p,, 6, are the polar coordinates of points P, and 7, on a straight 
line, then the. radius vector p of a point on this straight line which divides the 
segment 7), = Aso that PP, = 2,A, PP, = k,A, is determined by 


p? = kapy + kip? — kyky)?. (1) 


This is Stewart’s theorem in elementary geometry. If @ is the angle which p 
makes with P| /,, then 


py = p? + 4,20? — 2k, Ap cos @, 
p2 = p? + 470? + 22,1 cos @. 


The elimination of cos @ gives (1) at once. 
Multiply (1) through by 46, then 


4? db = k, t,7 dd + 2, 40,.2d6 — kk, 4A? dO, (2) 
or UP) = kh, dP.) + &, dP.) — kk, UA), 
and Elliott’s theorem follows immediately on integration. 
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The geometrical interpretation of (2) is as follows: Let A = P,P, be constant. 
Construct the ¢zstantaneous center of rotation 7 of A as P,P, turns through 46. 
Then 2, P,', PP’, P,P,’ (Fig. 86) subtend the angle 46 at 7 The center / being 
considered as origin or pole, (2) follows at once. The extension to the case when 
A is variable is immediately evident. 


6. Theory of the Polar Planimeter. 

In Fig. 86, let AA, =/be constant. At P let there be a graduated wheel 
attached to the bar ?,/, in such a manner that the axle of the wheel is rigidly 
parallel to P,/,. This wheel can record only the distance passed over by the bar at 
right angles to the bar. 


Ig ee Ses JB ohn Ue OR ar 
Then with the symbolism of § 164 we have 
aP,) — aP) =4(r+ 4) 4 — Yr a6, 
= rl, do + 44,7 do. 
aP) — dP.) = 47° dd — 4(r — 4) a6, 
= rl, da — 40,2 a. 
Adding these two equations, 
AP.) — AL,) = fr do + 402 — 4?) do. 


But + d@@ = dR is the wheel record for a shift of the bar. 
Integrating, we have for the area bounded by the curves traced by P, and ?, 
and the initial and terminal position of the bar 


(Py) — (Pi) = AR, — Ry) + 4? — 4?)(6, — 6); 
6,,6, being the initial and terminal angles which the bar makes with a fixed 
direction, and #,, #, the initial and terminal records of the wheel. 
Notice that when the wheel is attached to the middle of the bar 
(P,) — (A) = 4, — &))- 


The path of P, is a circle in Amsler’s instrument. 


EXERCISES. 
1. Find the area of the limacon @ = a cos @ + 4, when 4 > a. 
Ans. (8+ 4a’), 
2. Show that the area of a segment of a parabola cut off by any focal chord in 
terms of Z, the chord length, and g, the parameter, is ali pi. 
3. Show that the area of the curve x*y? = (a — x)(x — 0) is m(a* — Bt)?. 


4. Show that the whole area between the curve y(a? + x?) = ma® and the 
x-axis is m7a?. 


5. Show that the whole area between the curve y*(2? — x”) = d* and its 
asymptotes is 270?. 


6. Show that the area between the curve and the axes in the first quadrant for 
(x/a)t + (y/6)? = 1 is ab/20. 
7. Show that the area of a loop of the curve y4 — 2¢*y? + ax? = 0 is 283/34, 


8. The locus of the foot of the perpendicular drawn from the origin to the tan- 
gent of a given curve is called the peda/ of the given curve. 
(1). The pedal of the ellipse (x/a)? + (y/6)? = 1 is 


p? = a cos’6 + 2? sin*9@. 
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Show that its area is $2(a? + 6). : 

(2). The pedal of the hyperbola («/a)? — (y/6)? = 1 is 
p? = a* cos’§ — 6? sin*6. 

Show that its area is ab + (a? — 6°) tan—1(a/6). 


9. If ¥,, 72, 7g be three ordinates, y, being midway between y, and y,, of the 
curve 


¥Y =axt + 6° + cx 4+ d, 
show that the area bounded by the curve, the x-axis, and the ordinates y, and 7, is. 
3(%3 — 1 + 3 + 472): 


If we transfer the origin to x,, 0, and put x, = — 4, x, = + 4, the equation 
of the curve can be written 


Y= a8 + Bx? + yx + 6. 


We have for the area 


+h 
_ de = 2M Bl? + 8), 


and $4(y, + 7, + 4y,) has this same value. This is called Newton’s rule. 
10. Show that the area of any parabola 


yoraxvt betes, 


from « = — h, tox = + h, can be expressed in terms of the coordinates ee 
and x, , 7, of any two points on the curve, whose abscissz satisfy XX, = — $h?, 
X. = 
Ans. 4 = 24122 — 7241, 
Sp betes 


The mean ordinate in the interval is 


a ee he 
In => Bee x = tah? +c. 


Let # and g be two undetermined numbers. Then 


LY Wo-Im = AU px + 9x? — 4h?) + (px, + 9%.) + (P+ ¢ — de. 
The three equations in 4, ¢, 


Px? + 9x? = Ff, (1) 
px, + p% =O, (2) 
2p aU =1, (3) 


give determinate values of 4 and g, provided 
2 a 
a7, x7, 342) =0, 
yi ey ee O 
ee I 








or Xx, = — Pe. 
Then Im = PI + Was 
and the values of # and g from (2), (3) give the result, 


11. In Elliott’s theorem, § 164, (3), show that the mean of the areas of the curves: 
described by all points on the segment FP, is 4l(P) + (P,)] — 1(4). 


12. A given arc ofa plane curve turns, without changing its form, around a 
fixed point in its plane; what is the area swept over by the arc ? 
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13. If a curve is expressed in terms of its radius vector ~ and the perpendicular 
from the origin on the tangent 4, prove that its area is given by 


I if pr adr 
2 V re P 
14. Lagrange’s Interpolation Formula. 
We have seen, in the decomposition of rational fractions, that when 


W(x) = (« — alex — a)... (x — ay), 
and /(x) is a polynomial in x of degree less than », 
F(x) nae I Xa,) 
a) i x = ay Way) 


See § 133, and Ex. 79, Chapter XVIII. 
If Ax) is any differentiable function of x, then, since 








Z, px) KKa,) 
Fix) 0 a ca ay wy’ (ay) 
vanishes at x —@,,..., @,, and the second term is a polyndmial of degree # — 1, 
we have, § 98, II, lemma, 


r=I 


na) = $0O) Red 


par * — 4% (ar) 


where & is some number between the greatest and least of the numbers x, 
a 





+ EO) ae, (2) 


- The Pea 


reece = the YW (Gr) 


is called Lagrange’s interpolation formula. The member on the left computes the 
value at « of an unknown function when its values at a, . . . , @, are known, 
with an error which is represented by 





Ca) ne 


a in) 
n! - #6). 





15. Gauss’ and Jacobi’s theorem on areas. 

If A(x) is any polynomial of degree 2% — 1, then the exact area of the curve 
y = Mx) between x = Z, x = g can be computed in terms of z properly assigned 
ordinates. 

Let 
L(x) = 3 W(x) Far) 


1 tay WY (ay)? 


where, as in Ex. 14, w(x) = (« — %)... (% — a). 
Then /(x) = Ax) — L(x) is a polynomial of degree 2% — 1, in which A(x) 
is of degree 2n — 1, L(x) of degree 2 — 1. Also, /(x) vanishes when x = a,, 


pin LLence 
Fx) — L(x) = A P(x) (x), 


where 4 is some constant and ¢(x) some polynomial of degree x — 1, since (x) 
is of degree n. 
Integrating between g.and g, 


[ir dx — [4 dx = 4 [oa W(x) dex. 
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Jacobi has shown as follows that we can always assign @,, - . - , @,, so that 
[ova =O: 
(4 
For, integrating by parts successively, 
[ bax = Ob, — Ody +6. = (= IPM, 


where #(”) denotes the result of differentiating @ 7 times, and w, the result of 
integrating w 7 times, remembering that @(*—» is a constant. 

If we take, after Jacobi, for the values a,, ..., @,, the # roots of the equa- 
tion of the zth degree 


(%) tx — aXe — a =o, 


then the integrals %,, ..., w» between g and ¢ are all o, since each contains 
(x — pa — g) as a factor. : 
Therefore, for these values of a,, ..., @,, we have 


q 7 2 Far) Wx) 
the = 
[re a0 


ex Viaje — ee 
or the proposition is established. * 
If the degree of F(x) is 2m, then the area can be expressed in terms of m + I 
ordinates taken at the roots of 








(3) We — pte — lt = 0. 


The area of y = F(x) can be expressed in a singly infinite number of ways if 
one more than the required number of ordinates be used, in a doubly infinite 
number of ways if two more than the required number be used, and so on. 


16. Show that the area of 
Y¥HU+ ax 4 ax? + a,x, 
from — / to + 4, is equal to 


MI, + I2)s 


where y, and Jo are the ordinates at x = + 4/4/3. Give a rule and compass 
construction for placing these ordinates. 





* See Boole’s Finite Differences, p. 52. 


CHAPTER XXII. 
ON THE LENGTHS OF CURVES. 


RECTANGULAR CoorDINATES. 


165. Definition of the Length of a Curve.—A mechanical con- 
ception of the length of a curve between two points on it can be 
obtained by regarding the curve as a flexible and inextensible string 
without thickness, which when straightened out can be applied to a 
straight line and its length measured. The curvilinear segment is 
then said to be rectified. 

The rigorous analytical definition of a curve and of its length is 
a more difficult matter. 

If y is a function of x such that y, Dy, D*y, are uniform and 
continuous functions in an interval x = a, x = #, then the assem- 
blage of points representing 

I =f\*) 





in (a, f) is called a curve. 
We can demonstrate * that if P and P, are any two points on this 


S V 


curve, we can always take 
P and P, so near together y 
that the curve between P 
and P, lies wholly within 
the triangle whose sides are 
the tangents at P and P, 
and the chord PP, And 
also, if Q, & be any other 
two points on the curve 
between 7. and. /,, then, 
however near together are 
Q and &, the same property 
is true for Q and R. 

If we divide the interval (a, 4) into subintervals and at the 
points of division erect ordinates to the points A, Z,..., B, etc., 
on the curve, then draw the chords through these points, and the 
tangents to the curve there, we shall have two polygonal broken lines 
ALMNB inscribed, and A7RSVB circumscribed, to the curve 4B. 





Fic. 87. 


* Appendix, Note 11. 
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Let c, represent the length of the 7th chord, and ¢ that of the 7th 
side of the circumscribed line. 
Clearly, whatever be the manner in which (a, 4) is subdivided or 
to what extent that subdivision be carried, we shall always have 
n n cp =0 n t,=0 n 
aly <a, ands £° 26, — £0 27 =e: 
I I n=n I n=0 1 
If we interpolate more points of division in (a, 4), then 27 
decreases while 2c increases. Consequently 2/ and 2c converge 
toa common limit. This /:mz¢ we define to 
be the length of the curve between A and JS. 


166. Let P bea point x, y on a curve, 
the length of which between 4 and FP is s. 
Let P, be a point on the curve having 
coordinates x + 4x, y+ Jy, and let the 
length of the curve between P and P, be 
As, the length of the chord PP, be Je. 





77 TT Draw the tangents at P and P,. Let the 
Fic, 88 angle which PZ’ makes with Ox be 6, and 
Teeges the angle between 7P and ZP, be 46. 


Let 7? = 7) TP == 1, then, by § 165, 
Ac < As <t+h. 
But, from the triangle P7P,, 
(4c)? = 7? 4 4? + 24, cos 48, 
= (¢+4)? — 4#, sin? 146. 
Ae | ee 
5) =i1— apie TAO. 
4tt/(t +7)? can never be greater than 1, and when 46(=)o, 
Ac(=)o, ¢-+ 4(=)o, also sin? 446(=)o. Therefore when 4x(=)o, 


we have 
dc \_ 
ae ? 


Ax(=)o 
Since, by definition, 4s lies between 4c, and ¢-+ 4, we also have 


Ae 
eo Te 


Ax(=)o 


(4c)? = (4x)° + (Ay)? 


Ac\? _ (Ac\ ( As\?__ Ay\? 
(as) = (2) (as) = *+ (Zs) 


Now, 


or 
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Therefore, in the limit, for Jx%(=)o, 
HONE dy\? 
(a) = "+ (@), 
ay\® 
o= Re mk (=) ax. (1) 


Hence the length of the arc of the curve from A to P is 


Aa © 


In like manner, using Jy instead of Jx, we obtain 
TO a 
= — } ad. 
sa fir + (5) 4 (3) 


de? = de + dy, 


Since dy/dx = tan @, @ being the slope of the curve at x, y, we 
have 


In differentials 


a= cos O'ds, ~ dy = sin 6 ds. 


eae : : 
Therefore Ty’ a are the direction cosines of the tangent to the 


curve at x, y. 





EXAMPLES. 
1. Rectify the sem-cudbical parabola ay® = x3, ; 
3 d $ 
Leechs ; WY eB feN ES as ) 
oe fa i -fotaelh a=2) LGA (14 2 : 


s 


K gx\# a8 mg ae) 
f+%) de =F} (1+) tay 


the arc being measured from the vertex. This was the first curve whose length 
was determined. The result was obtained by Wilkam Nei/ in 1660. 


2. Rectify the ordinary parabola y* = 2ax. 
We have Dia Via. 


5% calf VFFS &, 
aJ0 


Walaias 
oe ue sme 


” I yo 

espe VP + a+ 

the arc being measured from the vertex. 
4 x 

3. Rectify the catenary y = 4a \e hie =) ; 


We have Dy =4 ( _ fer : 


os pau fle +e) ae = 10 Gee a le 


% 
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Show that s = PZ. Fig. 73. Also, WZ =constant. The catenary is therefore 
the evolute of the tractrix represented by the dotted line in the figure. 


4. Rectify the evoluteof the ellipse 


(ax)b + (by)t = (a — 08. 
Write the equation in the form 


put x=asin’@, y = f cos’. 
ie ee ai (a2 sink + f? cos? pyta(a® sin?@ + fF? cos’) . 


Measuring the curve from + = 0, y = (, we get 


sale sind + 6? cos*p)? — 68 





a — & 

5. Find the length of the curve gay? = x(x — 3a), from x =0 to x = 34. 
Ans. 2a 4/3. 

6. Find the entire length of the ypocyclord xt 4 yt = at. Ans. 6a. 


7. Find the length of the arc of the czrcle x? + y? = a’, from x = oto x = 4,- 
and the whole perimeter. 


8. Find the length of the logarithmic curve y = ca*. 
We have Dyx = bf/y, where 6 = r/log a. 


2 2)t 2 y2\ 40 __ 
& aie 2 YP ACY Pie OS a : 
9. Find the length of the ¢vactrix (see § 163, Fig. 84) 


q 
Sa—af % = — alogy + const. 
Measured from the vertex, x = 0, y = a, 
S = @ log (a/y). 


x ae 


10. Length of an arc of the ed/i/pse at Aah 
Put x= asin gd, y= bcos @. Then 
S= fw cos’?@ + 2 sin?) dg, 


~ afc ~ & sing) dg. 


where ¢ is the eccentricity. This is an elliptic integral and cannot be integrated 
in finite elementary functions. The length of the elliptic quadrant corresponds to 
the hmits @ = 0, @= 3m. Since é sin’ is always less than I, we can expand 
the radical in a series of powers of sin @, and integrate, obtaining the length of the 
quadrant (see Ex. 27 § 149) 


h-iG) ¢-(S)'$- Sees 1 
2 l r\2/ 4 2-4) 3 2-4-6) 5 utecat as 
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PoLAaR COORDINATES. 


167. If p = f(@) is the equation to a curve, and p, @ are the 


coordinates of P; p+ dp, 6+ 48, those of P,, then, calling 4c 
the chord PP, , we have 


(4c)? = (9 + Jp)? + p®? — 20(p + Ap)cos Ab, 
= (4p) + 2p(p + 4p)(x — cos 46), 
Hence 
Be etal \ 2 — A6 
a) = (55) + 2p(p + 4p) ee 
But when 46(=)o, we have 4p(=)o, 4c(=)o, and 


I — cosx I Sines I 





ax(=)0 





Fic. 89. 
As de. dé aso ab : ds 
Also, Ten i a ae § 166. 


de = dg? + p2 dh, 


Fey ees ot nea een 
2 dp \? ned de \2 
= 2 cael = oT gs 
ara Pa lp + (Fr) = a + eZ) de. 
Otherwise we can deduce the formula for the length of an arc in 
polar coordinates directly from the corresponding formula in rect- 
angular coordinates. 
For Mex cos 0, = p sin 0. 
dx = dpcos@ — psiné db, dy=dpsind + pcos 6 dé. 
adt=dettdrode + gp? d&. 


or 
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EXAMPLES. 
1. Find the length of the cardioid p = a(1 + cos 6) 
Dep = — asin, and therefore 
; 6 
ee af (a 4 cos 6)? + sin’]# de = 2a [cos 46 9 = 4a sin | ; 
6, 


The entire length is 8a. 


2. Show that the length of the arc of the spiral of Archimedes, p = a8, inde 
the pole to the end of the first revolution, is 


ala ¥t + 4m + 4 log (2m + 1 + 42°)]. 
3. Logarithmic spiral p = ao, Put 4 = 1/log a. 


Then s= [7°24 8 dp = (4+ (7, — 7). 
a 
4. Show that the length of the arc of log @ = a, from the origin to (p, 4), is 
° Veneene 


Find the length of p + 6? = a’. 
. Find the length of » =asin6@, from o to tz. 
Find the length of p= asec6, from 0 to 4z. 
. Show that the entire length of p = asin?19 is 87a. 
Show that the entire length of the epicycloid 
4(p? — a) = 27a‘? sin’6, 


which is traced by a point on a circle of radius 4a rolling on a fixed circle of radius 
a, is 12a. 


CHINO 


10. Find the entire length of the curve p = a sin 26. 
11. Show that the length of the hyperbolic spiral p§ =a is 


Se 
| vere + — alog ot yere | : 
Pe 


Pp : 
12. Show that the length of the aradola p = asec?if, from @ = — ia 
to. 6=+ 47, is 2a(sec 47 + log tan 87). 


168. Geometrical Interpretations of the Differential Equations 
ds? = dx® -+ dy* and ds* = dp? + p2d6?. 

I. In Cartesian coordinates, if we take x 
as the independent variable, then we have 
PM= dx. Also, since 

Dy = tan 6 = tan /PT, 
dy = tan @ dx = MT. 
ds = PM* 4 MT? = PT?, 

Hence ds = PT, while the correspond- 
ing difference of the arc is PP,. Also, we 
have the relations 

dx = ds cos 6, dy = ds sin 6. 

It is easily shown geometrically that the 
limit of the quotient of ds = P77) by either 
_ Fic. 90. AS = FP One = PP aS Ty when dx Ax 
converges too. See definition of the length of : a curve, § 165. 
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II. We can in the case of polar coordinates exhibit ds, dp, and p d@ as the 
lengths of certain circular arcs as follows: 

Let OA be the initial line and Pa 
point on the curve /(p, 6) = 0, PT the 
tangent at P. Draw OC perpendicular 
to p = OP, cutting the normal at P 
in C. Then xz = PC is the normal 
length, and S,, = OC is the subnormal. 
Let 6 be the independent variable, then 
@) = 46 is an arbitrarily chosen angle. 
We have the differentials ds, dp, p dO 
proportional to the sides of the triangle 
LOC, or to x, Sn, p, respectively. For 


we have 
ads\ 2 dp\ ? ; 
(i) = (&) +e 





O 
Fic. oI. 


But dp = S, 40, by §92, (5). Also, S,? + p?= 7%. .Hence ds = x2do. 
Draw PC’ parallel and equal to OC. Strike the arcs PV, PZ, and PY with centers 
C’ radius Sn, C radius 2, O radius p, having the common central angle 46 = a6. 
Then 


CM SAE OY mm SIN fe) Os INI, 
It is inter¢sting to notice that the rectilinear triangle PZ/Vis a right-angled tri- 
angle similar to PCO; the sides of which, PZ, PN, VL, are equal to the chords 
[,  ‘subtending the arcs PZ, PN, and PAZ respectively. 
Therefore, in the triangular figure PZ/V whose sides are 
the circular arcs PZ, PN, and an arc LV with radius p equal 
g to PM, we have the sides (PV) = dp, (PL) = ds, (LN) = pd. 


& Sa Also, the angles between the circular arcs are 
(Z)=47-—y, (P)=y, (VY) =4r4 
Se and ds? = dp? + p* dé?, 
do NV dp =dscosy, p ad = ds sin y. 
Fic. 92. In order to prove these statements, it is only necessary to 


show that the rectilinear segment Z/V is equal to the chord 
subtending PAZ Let x, y be the chords subtending PZ, PM. Then from the 
rectilinear triangle PVZ we have 
LN? = x? +- y? — 2xy cos LPN. 
But ZLPN=%7%4+ 446 —4460= y. 
Also, x= 2nsin4460, y = 2S, sin $46. 
LN? = 4(S2 + x? — 2nSp cos p) sin? $46, 
; = 4? sin? 4146 = (chord WP)?. 
The remainder follows easily. 
Observe that if we draw P/V perpendicular to OP, as 
in Fig. 93, and put PAZ = 6f, WP, = dp, then we have, 
for 46(=)o, 


As Oe ers 
HG ee ei feuge 


Therefore the difference equation 
Ac = 67? + dp? 
leads at once to the differential equation 
ds* = dp? + p? d6?. 
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169. Radius of Curvature and Length of Evolute. 
If. f (x, v)= 0 is the equation of a curve, then 
a Gy OO. 
go tan 0, Da = See a7 
Hence if A is the radius of curvature at x, y, 
Be ae es ae dx ds 
oo Ti = sec 0 B= Fp 
since ds = sec 0dx. Therefore ds = FR dé. 
The angle 46 = dé is the angle between the tangents at P and P,, 
and is equal to the angle between the normals at P and P,. 


170. The length of the arc of the evo- 
lute of a given curve is equal to the differ- 
ence of the corresponding radii of curvature 
of the involute. 

Let x, y be a point on the involute cor- 
responding to the point a, @ on the evo- 
lute. 

Then we have for the radius of curvature 


R= (a— x)? + (6 — yf 





Fic. 94. Differentiating, we get 
RAR = (a — x)(da — dx) + (6 — y)(dB — a), 
= (a — x)da + (B—y)ap, (2) 


since (a — x)dx + (6 —y)dy =o, this being the equation of R, 
the normal to the involute. If 6 is the angle which the tangent to the 
involute at x, y makes with Ox, then, since # is tangent to the evolute, 
R makes with Ox the angle ¢ = 4a + @, and we have 
a—x=—RsnO=Reosd, P—y= Reos6=RKsin ¢d. 
Hence, on substitution in (1), 
dR = da cos 6+ 4B sin g,. 
SS wo ’ 
if o is the length of the arc of the evolute. 
Integrating between @,, 6, and a,, £,, we have 
K, — xX, — 0, — =, 
This can be shown otherwise, for we have 
(x — a)da+(y — B)dB =o, (2) 
the equation to the normal to the evolute at a, f. 
The perpendicular #, from .v, y on the involute to the line (2), is 


pe Vader Ore 
Vide + ap 

or (x — a)da + (y — B)dB = R do. 
Equating with (1), we get ¢R = do as before. 


> 
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It is to be particularly observed that the theorem as enunciated ap- 
plies only to an arc of the involute such that between its ends the 
radius of curvature has neither a maximum nora minimum value. 
For when & passes through a maximum or a minimum value dX 


changes sign. i dR would be zero when taken between two points 


at which # has equal values. 

In applying the theorem one should be careful to determine the 
maximum and minimum values of the radius of curvature for the invo- 
lute, and add the corresponding adsolute values of the lengths of the 
evolute, when the radius of curvature has maximum or minimum values 
between the ends of the arc under consideration. 

From a mechanical point of view, since the evolute is the envelope 
of the normals of the involute, we can regard the involute as a point 
described by a point in the tangent, as the tangent is unrolled from 
its contact with the evolute; the arc being considered as a flexible 
inextensible string wrapped on the curve. The truth of the above 
theorem from this point of view is made evident. 

The theorem of this article rectifies any curve which is the evolute 
of a known curve whose radius of curvature can be found. 


EXAMPLES. 


1. Find the length of 27ay? = 4(« — 2a), the evolute of the parabola y? = 4ax. 


We have for the coordinates x’, y’ of the center of curvature and #, the radius 
of curvature of the parabola at x, y, 





3 
3 2 
ane, Gee R= 20 (2 )" 


4a”’ a 


Measuring the arc of the evolute from the cusp, « = 20, y=0, to 2, y’, 


we have 
, 3 
S = 2a (: =“) 24. 
3a 





2. Find the length of 


(ax)? + i = @ — oy, 
the evolute of the ellipse. 


3. Show that the catenary is the evolute of the tractrix, and find the length of 
an arc of the catenary as such. 


171. The Intrinsic Equation of a Curve.—The length s measured 
from the point of contact O ofa curve with a fixed tangent, and the 
angle @ which the tangent at the end P of the arc makes with the 
fixed tangent, are called the zzérinsic coordinates of a point on the 
curve. 

The equation (/s, @) = 0, which expresses the relation between s 
and @, is called the z#frimszc equation of the curve. 

To find the intrinsic equation of a curve /(x, y)=o0 or /(p, #)=0, 
we have to find the length of the arc from a fixed point to an arbitrary 
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point on the curve, then the angle @ between the tangents there. 
Eliminating the original coordinates between these three equations, 
the result is the intrinsic equation. 


EXAMPLES. 


1. Find the intrinsic equation of the catenary. 
Take the vertex as the initial point, then 


, 


y= ha (<2 + Pa) 


x xa 
Dy =4 Le — oa) = tan @. 
be ae 
Also, raogale —e ay 


Eliminating x, we have s =atan @. 
2. Find the intrinsic equation of the involute of the circle. 


Let x? + y? = a? be the equation to the circle. Unwrap the arc beginning at 
the point a, 0, and let the radius to the point of contact make tne angle @ with 
Ox. Then @ is also the angle which the tangent to the involute makes with Ox. 
The radius of curvature is the unwrapped tangent length, or R= aq@. But 


ads= Rdp == ap ao. ALAS inh Ra 4a’. 


172. General Remark on Rectification.—The problem of find- 
ing the length of any curve whose equation is given involves the 
integral of a function which is in irrational form. This in general 
does not admit of integration in finite form, and cannot generally be 
expressed in terms of the elementary functions. There are, generally 
speaking, but few curves that can be rectified, in terms of elementary 
functions. 





EXERCISES. 

1. Show that the length of 8a%y = xt + 6a2x? measured from the origin is 
x(x? + 4a?)8/8a8. 

2. Show that the whole length of 4(2? 4+ y?) — a = 3a8y? is 6a. 

3. Show that ay" = xt” is a curve whose length can be obtained in finite 
terms when — cs af int . 

a or fas + z is an integer. 
4. Show that the intrinsic equation to y? = ax? is 
5S = sa (sec*@ — I). 
5. Show that p” = a™ cos m@ can be rectified when 1/m is an integer. 
6. If «= g(t), vy = y(t), then 


ds\? dx\ ? ady\? 
(Z) = (3) + (Q) =or + or. 
7. In the cycloid x = a(@ — sin®), y = avers 6, show that 


ds = 2a sin 36 6. 
Hence the length of one arch is 8a. 
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8. Show that the length of the cycloid 


eee. 
a 


x = acos—! 





+ V2ay — 
from the origin to x,y is 4/8ay. 
9. Show that the intrinsic equation of the cyc/oid in Ex. 8 is 


5 = 4a sin g, 
the tangent at the origin being the initial tangent. 
6 


10. In the equiangular spiral p = ae. show that s = p secy, where tan 
= m, measuring s from the pole. 


11, Find the length of the reciprocal spiral from § = 27 to 6 = 4m, the equa- 
tion being p§ = a. 


12. Show that the whole perimeter of the Zemmniscat: 
Pp) =e) cos26 
: I 1-3 HOSES) 
is I 
us ( Bee agg agony ‘) 
13. Show that the length of y? = 23 between x = 0, x = 1 is J, (13? — 8). 


14. Designating by 2722 (/) the length of the curve f(x, y) = 0, from x = a 
to x = 4, show that: 





ent tay ay = 
(Gy Leask as ys — 2%) 6c, 
? ee ee 3 
(c). L223 [ay — «x x? — 1 — log(x — x —1)] = ie dx = 4. 


z a 2 yp | 
(@). Ht) « — #2 — 7? + alog ten? |= a log = 
(e). L*=8* (y — log sin x) = log 3. 


x= $0 
(f). LEW y — x —  — sin x) = [rt dx = 2. 
; 0 
(g). Ly=i(9? + 4% — 2 log vy) = (2 log 2 + 3). 
'15. Use the binomial theorem to evaluate 
26 W x8 -f at 


Lz=a(xy — 2) =i ra ee 


16. Show that 
TE pis By Fs es fe hw) 

17. L°=7"(g? — 2ap8 + a?) = 7 + log 4). 

[a ( = :) == 


O=0 


Decne, eek 
Dr ee 
19,25 > _ — cos-1 2 a) = 4a. 
p= 4, a p 


K « 

20. A hawk can fly v feet per second, a hare can run v’ feet persecond. The 
hawk, when a feet vertically above the hare, gives chase and catches the hare when 
the hare has run 4 feet. Find the length of the curve of pursuit. 
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Take O, the starting-point of the hawk, as origin, the line OH drawn to the 
starting-point of the hare Was y-axis, and a parallel Ox to the hare’s path as x-axis. 


When the hawk has flown a distance s to #, the hare will have run a distance o to 
/” in the tangent to the curve at P. 





Fic. 95. 
let PP’ =t. Wehaveb=v/T=HAC. S= vT, the length OPC, T being 
the time of pursuit. 
Eee & = constant 
Ce ie saa : 
In like manner, 
/ 
ay Bh 
SE 


do =kds. Also, 
A= (o — x)? (2 — yy. 
tdt = (0 — x)\(do ~ dx) — (a — y)dy. 


But o — x =? cos 6, a—y=tsin 6. Also, doa cos @ is 4 ds cos@ or 
k dx, and ; 
a@x cos @ + dy sin§ = ds. 


at = k dx —-ds. 


é 0 
Hence Sat fdx— fd = t+ 4, 
0 a 
> 
= + a. 
s—?% @ R2 
= ;+ ree 
21. If X and rare the radii of the fixed and rolling circles in the epicycloid and 
hypocycloid 


R 
x = (Rk + r) cos @ ¥ r cos =, y=(K+tr)sng F r sin # 
rr 








show that the lengths of the curves from cusp to cusp are respectively 
84(R + r)/R. 
22. In § 164 (Elliott’s theorem), if » 


é 1» 5, S are the corresponding lengths of 
the arcs described by the points P,, £,, P respectively and o the corresponding 
length of the director curve, show that 


ds? = ky ds? + by ds,? — bh, do. 


CHAPTER XXII. 
ON THE VOLUMES AND SURFACES OF REVOLUTES. 


173. Definition.—A point is said to revolve about a straight line 
as an axis when it describes the arc of a circle whose plane is per- 
pendicular to the straight line and whose center is on the straight 
line. 

A plane figure is said to revolve about a straight line in its plane 
as an axis when each point of the figure revolves about the line as an 
axis. 

The solid geometrical figure generated by the revolution of a 
plane figure about a straight line in its plane as axis is called a 
revolute. The surface of the figure revolved generates the volume, 
and the perimeter of the figure revolved generates the surface of the 
revolute. 

Examples of revolutes are familiar from the three round bodies 
of elementary geometry, the cylinder, cone, and sphere. 





AB being the axis of revolution, the cylinder is generated by the 
revolution of the rectangle ABCD, the cone by that of the right- 
angled triangle ABC, the sphere by that of the semicircle APB. 
The volumes of the revolutes are generated by the surfaces, and the 
surfaces of the revolutes by the perimeters of the revolving figures. 

We know from elementary geometry that the volume of the 
cylinder is equal to the area of the circular base multiplied by the 
altitude or by DC the length of the line generating the curved surface. 
Also, the curved surface of the cylinder has for its area the product 
of the circumference of the base into CD, the length of the generating 
line, 

255 
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It 1s evident from the definition of a revolute that any section of 

a revolute by a plane perpendicular to the axis AZ is a circle, such 
as ODD’. The circular sections cut out of the surface by planes 
perpendicular to the axis are called parallels. In 

like manner the section of the surface of a revolute 


co by any plane passing through the axis is a line 

identically the same as the generating line. For if 

in the figure the surface is generated by the revolu- 

K_ ORT tion of the line ACDB about the axis AZ, then the 
section AD’Z is nothing more than one position of 

the generating line ACB. Again, the revolute can 

always be regarded as being generated by a circle 

B moving in such a manner that its center moves 

" along the axis to which its plane is perpendicular, 

IG. 97. 2 ; ; 

and its radius changes according to a given law. 

174. Volume of a Revolute.—Let y= (x) be a curve AB. 
We require the volume of the solid generated by the figure 24 Bb 
revolving about Ox as axis 
of revolution. 

Divide (a, 4) into x 
subintervals, and _ pass 
planes through the points 
of division cutting the 
solid into z parts, such as 
the one generated by the 
revolution of #72’. 
We can always take x’ — 
x = Ax so small that the 
curve PP’ will lie inside 
the rectangle PAZP’M’, if 
J(x) is continuous. Let 
y be an increasing one- Fic. 98. 
valued function from «=a to «=46. The volume, JV, of the 
solid generated by xPP'x’, lies between the volumes of the cylinders 
generated by the rectangles xPJ/’x’ and xMP’x’. Hence for each 
subdivision of the solid we have 





myrA«< AV < ay’*dx. (1) 
The whole volume of the revolute, therefore, lies between the 
sum of the # interior cylinders and that of the exterior cylinders, or 


= aPAx<V < Say’ *dx. (2) 


E I 


But if we interpolate more points of subdivision in (a, 6), we increase 
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the sum of the interior volumes and decrease that of the exterior; and 


since 
See ae : 
Hy Ae, 
Ax(=)o 
these sums have a common limit, which is V. 
Ax(=)o ” 
a a ee ay A, 
n=o0 f 
b 
— iL my? ax. (3) 


Again, we have directly from the inequality (1) 


AV 
my < We < my"*. 


Hence, for Jx(=)o, we have 
Cane 
pee 
since £y’: = vy, when Jx(=)o. 
dV = wy ax, (4) 
and as before 


y= rf 9? de. (5) 


In like manner we show that if x is a one-valued function of y, 
say x = P(y), then the volume generated by the revolution of the 
curve about Oy as an axis, included between two planes perpendicular 
to Oy at y =p and ‘y =" ¢, is 


q 
os nf x dy. (6) 


EXAMPLES. 


1. Find the volume of the cove of revolution generated by the revolution of the 
triangle formed by the lines x = 0, y =0, «/a + y/6 = 1, about Ov as axis. 


a a b 2 
Vea mfp de=n f (*- 2) ax, 
0 0 a@ 


3s]a 
=- 25 (0-74) | = 4700". 
3 6 @ 0 


But a is the altitude and 4 the radius of the base of the cone. Therefore the 
volume is equal to one third the product of the area of the base into the altitude. 

2. Find the volume of the sphere generated by the revolution of a semi-circle 
of x? + y?-= @ about Oy. 


+a +a : 
B= nf y= x [ (a — y”) dy = 40°. 
—a —=a 
3. The prolate spheroid is the revolute generated by the revolution of an ellipse 
about its long axis, sometimes called the od/ongum. 
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Let a' be the semi-major axis of x?/a? + y?/? = 1. 
Then we have for the volume of the oblongum 
+a f? 
Vie xf a (2 — x*)dx = 4nad’. 

4. The oblate spheroid or oblatum is the revolute obtained by revolving the 
ellipse about its minor axis; show that its volume is 47a7b, where 4 is the semi minor 
axis. 

5. Show that the volume of the revolute obtained by revolving the parabola 
y* = 4ax about Ox, from « = 0 to x = a,-is 27a%. 

This is the paraboloid of revolution. 


2 2 
6. If the hyperbola s 5 = I revolves about Oy, the revolute is called the 
hyperboloid of revolution of one sheet. Show that the volume from y =o to y = y 
sates 
is™ F (9° + 30%). 

If the curve revolves about Ox, find the volume from x = a to x = 2a. This 
surface is called the Ayperboloid of revolution of two sheets. 

7. Find the entire volume generated by the revolution about Ox of the 
hypocycloid 2# + y? = a’, Ans. $3.7. 

8. The surface generated by the revolution of the tractrix about its asymptote is 


called the pseudo-sphere. This important surface has the property of having its 
curvature constant and negative. Find its volume. 


Here y? dx = — (a® —y*)ty dy. Hence the volume from x = 0 tox = x is 
a 
Veo i (a — y’)ty dy = tna? — 7)3, 
y 


The volume of the entire pseudo-sphere is $7a%, or one half that of a sphere 
with radius a. 


9. Find the volume generated by the revolution of the catenary 
x x 


y= 4a (ea: mc about Ox from 0 to x. Ans. 4nma(ys + ax). 
10. The volume generated by revolving the witch («? + 4a?) y = 823 about its 
asymptote is 472°, 

175. To find the volume of the 
revolute generated by a closed curve 
revolving about an axis in its plane, but 
external to the curve. 

We take the difference between the 
volumes of the revolutes generated by 
MABCMW and MADCN. Hence the 
volume of the solid ring generated by 
ABCD revolving about Oy is 





M 
" a = mf (x, aS x7) dy, 
O where. x, = AD, x, = RB, and-the 
FIG. 99. limits of the integral are y = OM, 


F= ON. A corresponding integral gives the volume about Ox. 
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EXAMPLES. 


1. The solid ring generated by the revolution of a circle about an axis external 
to it is called a torus. Show that the volume of the torus generated by the circle 


(e—aytyar 


(a =r) about Oy is 27a. 0 , 
la ea ) 1 yf vn iA 
We have X= a+ Vr — y*, ee Lb Guy we 
yA 9 any eee y fod am z5 





+r a ens 
Vy = np 4a Wr? — y? dy = 270? 7a, 


Observe that the volume is equal to the product of the area of the comers 


eee into the circumference described by its centre. L 
2. Show that the volume of the elliptic torus generated by Ys 7 (, Vex, | ay 
(x — c)? ya Ne y dy s yet 
a Sia a I Wr - “y ATE 
(¢>@) about Oy is 2m°abe. i, Te q 


(5% sav brey® 

176. The Area of the Surface of a Revolute.—We ee ‘from 2 
elementary geometry, that the curved surface of a cone of revolution 
is equal to half the product of the slant height into x gy 
the circumference of the base. V 

The area of the curved surface of the frustum 
included between the parallel planes AD and BC is 
therefore 

a(VD.AD— VC.BC). 

Since BC/AD = VC/VD, we deduce for the 
surface generated by the revolution of CD about 
BA the area 

; - 2x MN.CD, 


where JZJ joins the middle points of AB and CD, - nl 

In the figure of § 174, Fig. 98, subdivide, as before, the eral Hi r 
(a, 4) into # parts; erect ordinates to the curve AZ at the points of ~ 
division. Join the points of division on the curve by drawing the 
chords of the corresponding arcs, thus inscribing in the curve AB \3/% *» 
a polygonal line 42 with x sides. Let PP’ be one of the sides /*)~” 
of this polygonal line. The curved surface of the frustum of a cone as re, te 
generated by the chord Jc = PP’ revolving about Ox has for its= °° ~~ 
area 








i iS va 
pee Ac = 2n(y + 4Ay) Ac. eae 


We define the surface generated by the revolution of the arc of 
the curve APB about Ox to be the limit to which converges the sur- | 
face generated by the revolution about Ox of the inscribed polygonal 
line, when the number of the sides of the polygonal line increases 
indefinitely and at the same time each side diminishes indefinitely. 
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To evaluate this limit, we have for the area of the surface gen- 
erated by the curve AB 


Ox(=)o # 


S.= £ Sealy + 44y) de, 


n=2 
bx(=)o n 


=i Sey se 


n=2 


Since for each pair of corresponding elements of these two sums 


we have 
am(y + 44y)dc_ 
2my ds cs 


Ax(=)o 


Hence we have, by definition of an integral, 
x=b 
Si an yds, 


ape i VP eyes 
= anf’ yt (2) ar = on fs + (3) dy. (1) 


In like manner, if 4B revolves about Oy, we have for the area of 
the surface generated 


=o 
Py es an [ x ds, 
=a 


= on fer + (2) a= an fer + (2) as (2) 


EXAMPLES. 


1. Find the surface of the sphere generated by the revolution of the circle 
y*? = a — x? about Ox. 
a: 
We have pa =— 


? 


dx Dees 
= an fy ds = 20(x, — x,)a@. 





Hence the area of the zone included between the two parallel planes is equal 
to the circumference of a great circle into the altitude of the zone. If X, = + 4, 
+, = — 4a, we have the whole surface of the sphere 47a”, 

2. Show that the curved surface .of the cone generated by the revolution of 
J =~ tan a@ about Ox, from « = o tox = h, is wh? tan asec a. Verify the for- 
mula deduced for the surface of a frustum in’ § 176, 

3. Surface area of the paraboloid of revolution. 

Let y? = 2mx revolve about Ox. Then 

20 y 1 2n 3 
Sz = — a 2? a by =} a 2)? st. 
ay [Ot + my = 2) ot + mh m 

4. Let 2a be the major axis of a2y? + 8242 = a’b?, and e.its eccentricity. Then 

we have for the surface of the prolate spheroid 


2mbe pte fa? ———— , sine 
= = Be ee | — pang ES | 
eee Hi Ai adr = anab (V1 ayo ). 
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5. Show that the surface of the pseudo-sphere is 


Ayes ana [ dy = 2nala — y). 
be 
Its entire surface is 27a’, 
* 6. In the catenary show that 
Sy = mys + ax), 
Sy = 2n(a? + xs — ay), 
fromyag— Orton = x. 

7. Show that the surface of the Aypocycloid of revolution generated by 
xt + y? = a! about Ox is 127", 

8. A cyclotd revolves around the tangent at the vertex. Show that the whole 
surface generated is 327ra”. 

9. The cardioid p = a(t + cos6) revolves about the initial line. Show that the 
area of its surface is 327a?. : 

177. If a plane closed curve having an axis of symmetry revolves 
about an axis of revolution parallel to 
the axis of symmetry and at a distance 4 
a from it, then we shall have for the p 
volume and surface of the revolute gen- 
erated, respectively, 

B= en7d, § =-27val, 
where A is thearea and Z the length of 
the generating curve. 

Let « = a be the axis of symmetry O 
and Oy the axis of revolution. Then Fic. 101. 
for the volume 





54 
V, ae f (x,? a x) dy. 
Rect Oils CV a aw, ae ee eS Oe, 
6 
V,= oma f 2x’ dy = 2maA. 


For the surface 


p ' 
So = on | (x, + ,) as, 
p 
— ona 2ds == 2mal. 
q 


The results obtained assume that the axis of revolution does not cut 


the generating curve. 
‘ 


EXAMPLES. 
1. The volume and surface of the torus generated by the revolution of a circle 
of radius a about an axis distant ¢ from the center (¢ = a) are respectively 27?a?c 
and 477a¢. 
2. The volume generated by the revolution of an ellipse, having 2a, 26 as major 
and minor axes, about a tangent at the end of the major axis is 277076. 
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EXERCISES. 


1. Show that the segment of the parabola y? = 2fx%, made by the line x = a, 
when rotated about Ox, generates the volume 


2mp f[- dx = mpa. 
0 


2. The figure in Ex. 1 rotated about the y-axis generates the volume 


‘2pa 4 faa 
anf 4 (« a )y = 87a? 4/2pa. 


- 
4p 
3. The volume generated by the closed curve a4 — a?x? + ay? = 0 about the 
x-axis is 


2a f% 
a f (@x* — x4) dx = na. 


4. The curve x? + yt = 1 rotating about the y-axis generates a solid whose 
volume is 4z. 


5. The volumes generated by y = e* about Ox and Oy are respectively 


0 ug 
1 f exdx = in, x [ (log y)? dy = 27. 
0 


—o 


6. The curve y = sin x rotating about Ox and Oy, respectively, for x = 0, 
x = 7, generates the volumes 


dr 
4 ff sins dx =n", « f (x? — 27x) cos x dx = 2777. 
0 


7. The volume generated by one arch of the cycloid 
x = a(6 — sin@), y = aI —cos§), rotating about Ox, is 


és 3ema® sin’ 36.2(30) = 522°. 
8. The same branch rotating about Oy gives the volume 
grad f "(a —0@-+ sin 6) sin 6 d@ = 62328, 
9. Show that the whole surface of an oblate spheroid is 


38 
ana (x 4 = log tS), 
a 


2e 





e being the eccentricity and @ the semi-major axis of the generating ellipse. 


10. The curve y°(* — 4a) = ax(x — 3a), from x =0 to x = 3a, revolving 
around Ox generates the volume }7a*(15 — 16 log 2), 


11. The curve y*(2a@ — x) = « revolves around its asymptote. Show that the 
volume generated is 27a, 


12. The curve xy? = 4@7(2a — x) revolves around its asymptote. Show that the 
volume generated is 477a8, 


13. Find the volume and the surface generated by revolving y? = 4ax about Oy, 
fromini= oto: =. Ans. V=3na*. S=t7a [64/2—log(3 +24/2)]. 
14. Show that the volume generated by revolving the part of the parabola 
at 4 y? = a? between the points of contact with the axes about Ox or Oy is 7a. 
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15. The surface generated by y = +, from « = 0 to x = I, rotating about Ox, 
is 





oS 
an | WT + 9x4 dx = 3 ( 1000 — 1). 
0 
16. The surface generated by x* — a*x? + 8a?y? = 0, about Ox, from x = o 
TOFa ae ks 
1 


7 [Gare — 2x3)dx = tra’. 


17. Ifa circular arc of radius @ and central angle 2a@ < 7 revolves about its 
chord, the volume and surface of the spindle generated are respectively 
2ma*(2 sin a + 1 sin a cosa — a@cos a), 47aXsin a — a cos Q). 


18. The surface generated by x* + 3 = 6xzy turning about Oy, from x = I to 
x = 2, has for area m(45 + log 2), and 4272 when turned about Ox, 


19. The surface generated by y?+ 4% = 2 log y, rotating about Ox, from y = 1 
toy = 2, is 127, 


20. The area of the surface of revolution of 
2y = x x? — 1 + log (x — x* — 1), 
about Oy, from « = 2 to x = 5, is 787. 


21. The surface of the cycloid of revolution is §47a?, and its volume is 5772’, 
the base being the axis of revolution. 


22. When the tangent at the vertex is the axis of revolution, in Ex. 21, the 
surface and volume are 827a? and 77a’. 


23. When, in Ex. 21, the normal at the vertex is the axis of revolution the sur- 
face and volume are respectively 


8xa(x — 4), ma*($x? — 8). 
24. Show that when the /emniscate p? = a? cos 26 is revolved about the polar 
axis, the surface generated is 


1 —" 
4na ee sin § dQ = 2xa?(2 — 4/2). 
0 


25. Show that if the curve y? = ax? + 6x +c be revolved about Ox, the 
volume generated between x,, x, is 


Vg = E (ay — HMI? +54? + ave) 


where y,, is the ordinate at (x, + x,). 

This curve can be made any conic whose axis coincides with Ox, by properly 
assigning the numbers a, 4, c. The result then gives the volume of any conicoid 
of revolution around one axis of the generating curve. 


26. Show that the volume of the egg generated by 
xy” = (x — ay(b — x), 
revolving about Ox as an axis, is 


5 : 
m} (a + 6) log - — 26 — a). 
27. The volume of the heart-shaped solid generated by revolving p = a(1--cos 6) 
about the initial line is 87a’, 


28. Find the volume of the our-glass generated by revolving the curve 
yt — 20? + ax? = o about Oy. 


CHAPTER XXIII. 
ON THE VOLUMES OF SOLIDS. 


178. We have seen that the volume of a revolute is generated by 
a circular section moving with its center on a straight line and its 
plane always perpendicular to that straight line. If His the distance 
between any two circular sections A, and A,, and A the area of the 
circular section at a distance 4 from 4,, then the volume included 
between the sections A, and A, is 


H 
v= f A dh, $174, (3)- 


We propose to generalize this and to show that this same formula 
gives the volume of any solid included between two parallel planes 
whenever the area A of a section of the solid by a plane parallel to 
the two given planes can be determined as a continuous function of 
its distance from one of them. 

In the first place, we observe that if the plane of any plane curve 

of invariable shape moves in such a manner that 

the plane of the curve remains parallel to a fixed 

plane and the curve generates the surface of a 

cylinder, then the volume of the solid generated 
H| is equal to the area of the generating curve multi- 

plied by the altitude of the cylinder generated. 

For we can always inscribe in the curve a polygon 

of 2 sides which will generate a prism as the 

curve moves in the manner described. If P is the 

area of the polygon and # its altitude, then PH 

is the volume of the prism. When x = o and 
each side of the polygon converges to 0, the area of the polygon 
converges to A, the area of the curve, and the prism and cylinder 
have the same altitude ZH The volume of the cylinder is the limit 
of the volume of the prism and is therefore 47. 


179. Volume of a Solid.—Consider any solid bounded by a 
surface. Select a point O and draw a straight line Ox ina fixed 
direction. Cut the solid by two planes perpendicular to Ox at points 
A,, X, distant X, and X, from 0. 

Whenever the area A of the section PZ of the solid by any plane 
PM perpendicular to Ox, distant x from O, is a continuous function 
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of x, then the volume of the solid included between the parallel 
planes at X, and 4, is 


Xy 
Vizx f "Adz. 
xy 
To prove this, divide the interval between X, and X, into a large 


number of parts, . Draw planes through the points of division 
perpendicular to Ox, thus dividing the solid into ~ thin slices, of 





which MPP,|M, isa type. Let A be the area of the section PY, and 
A, that of section P,JZ, at a distance x, from O. Let JV be the 
volume of the element of the solid included between the sections at 
xand x,, and x, — « = 4x the perpendicular distance between the 
sections. 

We can always take Jx so small that we can move a straight 
line, always parallel to Ox, around the inside of the ring cut out of 
the surface by the planes at x and x, in such a manner as to always 
touch this part of the surface and not cut it, and thus cut out of the 
element of the solid a cylinder whose volume is less than ZV. Let 
the area of the curve traced by this line on the plane PM be A’. 
Then the volume of this cylinder is 

OV =ATAx: 

In like manner, we can move a straight line parallel to Ox around 
the ring externally, always touching and not cutting it. Thus 
cutting out between the planes of the sections at x and x, a cylinder 
of which the element of volume of the solid is a part. Let this 
straight line trace in the plane PJZ a curve whose area is A’. The 
volume of this external cylinder is A’’ 4x. 

Hence we have 

AAX GAY <A Ax, 
or 
y 4 V v/ 
ve line dees Zs 

Also, necessarily, from the manner of construction of the lines 

bounding the areas A’ and A”, 


ica <A’. 
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If now the surface of the solid is such that the boundary of the 
section PJ, at x, converges to the boundary of the section PM at 
x, when x,(=)x, then also A’(=)A, A’ (=)A, and we have 

dV 


> es 


Therefore 


x ISL. x 
aif eae Te =f Ae 


When A is determined as a function of x, say A = $(*), then 
the evaluation of V is a matter of integration, and we have 


Pace i P(x) dx. 


EXERCISES. 
1. If the parallel plane sections of any solid have equal areas, then ~ 
Xx. 
va *"Adx = (X,— XA. 
ay 


Therefore, if a plane figure moves in any manner without changing its area 
or the direction of its plane, the volume generated is equal to that of a cylinder or 
prism whose base is equal in area to that of the generating figure and whose alti- 
tude is equal to the distance between the initial and terminal positions of the 
generating plane. 


-2. The general definition of a cone is as follows: 

A straight line which passés through a fixed point and moves according to any 
law generates a surface called a conve. In general, the cone is defined by a straight- 
line generator passing through a fixed point, the vertex, and always intersecting a 

7 given curve, called the directrix. 
A cone is generated by a straight line passing through 
a fixed point VY, and always intersecting a closed plane 
A, curve of area 2. Find its volume. 
Draw a perpendicular V4/ = H to the plane of the 
curve. Draw a plane parallel to 2 cutting the surface in a 
B curve of area A, ata distance VV = from V. Then we 
shall have 
Aas 
BRE 
For, inscribe any polygon in the curve B and join the 
corners to V. The edges of the pyramid thus formed intersect the parallel plane 
containing 4 in the corners of a similar polygon inscribed in section 4. If Pand p 
are the areas of these polygons, we have 


Pic we 

p> H 
from elementary geometry. But 4 and # are the respective limits of and P. The 
volume of the cone is then 


jes ig A dh "ee 
=f, ’ =f, Boy th = 4BH, 

3. A conoid is the surface generated by a straight line moving in such a 
manner as to always intersect a fixed straight line and remain parallel to a fixed 


Fic. 104. 
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plane. If the generating line is always perpendicular to the fixed straight-line di- 
rector and traces a curve ina plane parallel to the directing straight line, the conoid 
is said to be a right conoid, and the curve is called its base. 
s Find the volume of a right conoid having a closed plane curve of area ZB for its 
ase. 

Let AVC be the straight-line director at a dis- 4 ¥ C 
tance VD = # from the plane of the base. 

Any plane VV perpendicular to VC cuts out 
of the surface a triangle of constant altitude 4, and 
base MN = y. This triangle moving parallel to 
itself generates the volume required. Hence 


AC AC 
v= f Tide =u }y de, 7 
0 0 


where Z=area MVN, x= OD= AV. O 
But E y dx = B, the area of the base. Therefore 
FL Ue. FIG. 105. 


The volume of the conoid is therefore half that of a cylinder on the base B 
having the same altitude H. 

This is at once geometrically evident by constructing the rectangle on M7 as 
base with altitude 7. 


4. On the ordinate of any plane curve, of area B, as-base a vertical triangle is 
drawn with constant altitude H Show that whatever be the curve traced by the 
vertex Vin the plane parallel to the base, as the ordinate generates the area of the 
base, the triangle generates a volume 4/72. 


5. A rectangle moves parallel to a fixed plane. One side varies directly as the 
distance, the other as the square of the distance of the rectangle from the fixed 
plane. 

If the rectangle has the area 4 when at distance , show that the volume gen- 
erated is 1477. 


6. The axes of two equal cylinders of revolution intersect at right angles. The 
solid common to them both is called a grozz. Find its volume. 

Let Ox and Oy be the axes of the two cylinders at right angles. The quarter- 
circles OAC and OBC are one fourth of 
their bases. The plane xQOy cuts the 
surfaces of the cylinders in the straight 
lines AZ and BL. The surfaces inter- 
sectin CAVE. A plane DLAZN parallel 
to x Oy cuts the cylinders and the vertical 
planes xOC, yOC in a square, which 
moving parallel to xOy generates one 
eighth of the groin. Let x be a side of 
this square, whose distance from OQ is 2. 
Then x? = a? — #*. Hence 


av = [(@ — B)dh = a’. 


The volume of the groin is 4a, 
where a is the radius of the cylinders. 

Knowing that any figure drawn on a 
cylinder rolls out into a plane figure, show that the entire surface of the groin 
is 16a’, : 
7. Ox, Oy, Oz are three straight lines mutually at right angles to each other. 
A cylinder cuts the plane «Oy in an ellipse of semi-axes OA = a, OB = 6; and 
the plane «Qz in an ellipse with semi-axes OA = a, OC =c. The generating 





Fic. 106. 
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lines of the cylinder are parallel to BC. Show that the volume of the cylinder 
bounded by the three planes xOy, yOz, zOx is tadc. 


8. A right cylinder stands on a horizontal plane with circular base. Show that 
the volume cut off by a plane through a diameter of the base and making an angle 
a with the plane of the base is 2a° tan a. 


9. On the double ordinates of the ellipse 67x? + a*y? = a*d?, and in planes per- 
pendicular to that of the ellipse, isosceles triangles of vertical angle 2@ are con- 
structed. Show that the volume of the solid generated by the triangle is a6? cot @. 


10. Two wedge-shaped solids are cut from a right circular cylinder of radius @ 
and altitude 4, by passing two planes through a diameter of one base and touching 
the other base. Show that the remaining volume is (7 — 4)a?A. 


11. Twocylinders of equal altitude Z havea circle of radius a for their common 
base; their other bases are tangent to each other. Show that the volume common 
to the cylinders is 4a?h. 


12. A cylinder passes through two great circles of a sphere which are at right 
angles. The volume common to the solids is (I-+47)/z times that of the sphere. 


‘oi 13. Two ellipses have a common axis and 
their planes are at right angles. Find the 
N volume of the solid generated by a third ellipse 
which moves with its center on the common 
axis, its plane perpendicular to that axis, and 

its vertices on the other two curves. 
Let AOC and AOB represent quadrants of 

the given ellipses. 


oe Oda OR Si Oe. 
B Then ZJZN represents a quadrant of the 


iG moving ellipse, having z andy as semi-axes. 
Fic. 107 Let x = OM be the distance of the plane ZWV@N 
; , from O. The area of the moving ellipse is zyz. 
Also, Cx? a2? = ae? and bs? - a4? = a5, 
Hence we have for the volume 


+a 
V= (yz) pe 4nabe. 


—a 
The surface is called the e//psotd with three unequal axes. 


14. Two parabole have a common axis and vertex. Their planes are at right 
angles. Find the volume generated by 
an ellipse which moves with its center 
on the common axis, its plane perpen- 
dicular to that axis, and its vertices 
on the parabole. 

Let OM and ON be the two parabolz 
whose equations referred to AOL, BOL 
as axes are x? — 2a7z and y? = 26%z. 

MLN is the position of a quadrant 
of the generating ellipse at a distance 
z= OL from'O. The area of the 
ellipse is wxy. The volume generated 
from z = Oto z = cis 





[as 
ae f (wxy)dz = mabe, 
0 


The surface generated is called the Fic. 108, 
elliptic paraboloid. 
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15. Volume of the Ayperdbolatoid. 

Given two parallel planes at a distance apart 7. The solid cut out between 
the planes by a straight line intersecting them and moving in such a manner as to 
return to its initial position is called the hyperdolatoid. 

If in one of the planes a fixed point P be taken, then a straight line through 
f, moving always parallel to the line generating the curved surface of the hyper- 
bolatoid, cuts out a cone between the planes, called the director cone of the hyperbo- 
latoid. Show that the volume of the hyperbolatoid between the parallel planes is 


equal to 
cheat aia mace ati 
2 6)” 


where #,, 8, are the areas of the sections of the solid by the parallel planes dis- 
tant apart 4, and C is the area of the base of the director cone. 

Hint. Any plane parallel to the given planes cuts the generating line in seg- 
ments that are in constant ratio. Therefore the area B of any such section is 


B= kB, + h,By — kykyC 
(projecting on a plane parallel to the bases), by Elliott’s theorem, § 164, (3). 


k, and &, can be expressed in terms of 2, the distance of the section B from 
either base 2, or B,. Then 
H 
ae ip Bdh, 
0 


where & is a quadratic function of 4, and the result follows directly. 

Since # is a quadratic function of #, the results of Exercises 10, 11, 16, Chapter 
XX, apply also to the hyperbolatoid, when ordinates are read sectional areas. 

An important general case is: Ifthe generating straight line moves in such a 
manner as to remain always parallel toa fixed plane, then C = oand 


V = 4B, + B,). 
16. Find the section of minimum area in a given hyperbolatoid, and show that 
sections equidistant from the least section have equal areas. 


17. On the double ordinate of «? + y? = a’, as a central diagonal, is con- 
structed a regular polygon of z (even) sides, whose plane is perpendicular to that 
of the circle. Show that the volume generated by the polygon is 

e276: 
sin — 
ga? 





2m? 
n 
and therefore the volume of the sphere is 47a’. 


18. Show that the hyperbolic paraboloid passing through any skew quadrilateral 
divides the tetrahedron having for vertices the cornersof the quadrilateral into two 
parts of equal volume. 

19. Ona sphere of radius R draw two circles whose planes are parallel and 
distant R/ 4/3 from the center of the sphere. Draw tangent planes to the sphere 
at the ends of the diameter perpendicular to the planes of the circles. 

Show that any ruled surface passing through the circles cuts out a solid between 
the tangent planes whose volume is equal to that of the sphere. 





BOOK II. 


FUNCTIONS OF MORE THAN ONE 
VARIABLE. 
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PART V. 
PRINCIPLES AND THEORY OF DIFFERENTIATION. 


CHAPTER XXIV. 
THE FUNCTION OF TWO VARIABLES. 


180. Definition.—When there is a variable z related to two other 
variables x and yin such a manner that corresponding to each pair 
of values of x, y there is a determinate value of z, then z is said to 
be a tunction of the variables x and _y. 

We represent functions of two variables x, y by the symbols 
S(x, Y), P(x, y), etc., in the same sense that we employed the corre- 
sponding symbols /(x), (x), etc., to represent functions of one 
variable x. 

When it is so well understood that we are considering a function 
J(x, 7) of the two variables x and y that it is unnecessary to place 
the variables in evidence, we frequently omit the variables and the 
parenthesis and represent the function by the abbreviated symbol / 
In like manner we frequently consider the single letter z as represent- 
ing a function of'the variables x and_y, and write 


z= /(x,7). 


181. Geometrical Representation.—Let z be a function of two variables x 
andy. Let the value ¢ of z correspond to the values a of x and dof. Through 
a point Oin space draw three straight lines 
Ox, Oy, Oz mutually at right angles, in such a 
manner that Oz is vertical as in the figure. We 
then have a system of three planes xOy, y Oz, 
zOx mutually at right angles, of which xOy is 
horizontal. These planes divide space into eight 
octants. The plane xOy we take as the plane 
of the variables x and y, in which we represent 
any pair of values of the variables « and y by a 
point having these values as coordinates referred 
respectively to Ox, Oy as axes, as in plane ana- N 
lytical geometry. y 

We take, as in the figure, Ox drawn to the 
right as positive, drawn to the left as negative; Oy drawn in front of the «Oz plane 
as positive, drawn behind that plane as negative; Oz drawn upward above the hori- 
zontal plane as positive, drawn downward as negative. 





Fic. 109. 
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To represent the value z = ¢ of the function corresponding to the values x = a, 
y = 6 of the variables: Construct the point /V in the plane, x Oy, of the variables, 
having for its coordinates OJZ = a, MN = 6. The value c of the function z can 
then always be represented by a point P, which is constructed by drawing a per- 
pendicular VP to the plane of the variables at JV, such that VP = cis drawn 
upwards or downwards according as ¢ is positive or negative. 

The representation is nothing more than the Cartesian system of coordinates in 
analytical geometry. The numbers a, 4, ¢, or in general x, y, z, are the coor- 
dinates of the point P with respect to the orthogonal coordinate planes xOy, yOz, 
20x. 

We can then always represent any determinate function (x, vy) of two variables 
by a point in space whose distance from a plane is the value of the function. 


182. Function of Independent Variables.—Let z = /(x, 9) bea 
function of the two variables « and y. When there is no connection 
whatever between x and y, then gz is said to be a function of the two 
independent variables x and y. ; 

This means that, within the limits for which z is a function of x 
and y, whatever be the arédztrarily assigned values of x and y there 
corresponds a value of z. 


GEOMETRICAL ILLUSTRATION. 


Consider the function of two independent variables 


+ FP 

This function has no real existence for values of « and y such that «2+ y?> a. 
Also, for x? + y? = a? the function is 0, while for any arbitrarily assigned values 
of x and y whatever, such that x? y? < a?. the func- 
tion has a unique determinate positive value. Geo- 
metrically speaking, the function exists for any point 
on or inside the circumference of the circle x? + y? = a? 
in the plane «Oy, and the point representing the 
function for any such assigned pair of values of x, y, 
is a point on the surface of the hemisphere 


git yit 2 = @ 
which lies above xQy. The circle «2 + y? = @? is 
called the boundary of the region of the variables for 
which the function 


Pee are port 





is defined, or exists in real numbers. 

In general, a function z = f(x,y) of two independent variables is represented 
by the ordinate to a surface of which s = f(x, y) is the equation in Cartesian 
orthogonal coordinates. The study of a function of zwo independent variables 
corresponds, therefore, to the study of surfaces in geometry, in thesame sense that 
the study of a function of ove variable corresponds to the study of plane curves as 
exhibited in Book I. 


183. Function of Dependent Variables.—Let z = I(x, ¥) be a 
function of two independent variables x and y. Since x and y are 
independent of each other, we can assign to them any values we choose 
in the region for which z is a-defined function of « and y. 
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I. In particular, we can hold y fixed and let x alone vary. In 
which case g is a function of the single 
variable x. For example, let y = 4 be 
constant, then 

ee f(x ,0) (2) 
is a function of the single variable ~. 
If zg = /(x, 7) be represented by a sur- 
face, then equation (1), which is nothing 
more than the two simultaneous equa- 
tions 





(2) Fic. r11. 


pare 
y= 4, 

is represented by a curve AB ina plane x’O’2’, parallel to and at a 
distance 4 from the coordinate plane «Oz. Or, is the curve of inter- 
section of the surface z = /(x, y) and the vertical plane y = 4, as 
exhibited by the simultaneous equations (2). The equation z = /(x, 6) 
of this curve is referred to axes O’x’, O’z’ of x and z respectively, in 
its plane x’O2’. 


II. In like manner, if we make x remain constant, say x = a, 
and let y vary, then z = /(x, y) becomes 


& = /(4, 9), (3) 


a function of y only, and is represented 
by a curve AZ in a plane y’O’2’, Fig. 
112, parallel to and at a distance a from 
the coordinate plane yOz. Or, it is the 
curve of intersection of the surface 
z= /(x, vy) and the plane + = a, whose 
equations are 





z2=/(*, 9), 
ele (4) 
Bic. 122. III. Again, since x and y are inde- 


pendent, we can assign any relation we 
choose between them. For example, instead of making, as in I, II, 
x and y take the values of coordinates of points on the line x = a 
or vy = din xOy, we can make them take the values of coordinates 
of points on the straight line 


4— 2, VO 


s= 7, (5) 


which is a straight line through the point a, din xOy and making 
an angle a with the axis Ox. 
Substituting 








cosa sina 


x=a+rcosa, y=o+rsina 


276 PRINCIPLES AND THEORY OF DIFFERENTIATION. [CH. XXIV. 


in z= /(x, y) for « and y respectively, and observing that 7 is the 
distance of x, y from a, 4 measured 
on the line (5), we have 


zg=f(atrcosa, 6+rsina). (6) 


If wis constant, (6) is a function of 
the single variable 7, and is the equa- 
tion of a curve APF cut out of the 
surface z= /(x, y) by a vertical plane 
through (5), and the curve has for its 
equations 











Fic, 113. 
z=/(*, 4), 
4— 2. =F (7) 
cosa sina 


The curve (6) is referred in its own plane, rO’z’, to O'r, O’z' as 
coordinate axis. The coordinates of any point P on the curve being 
eee 


IV. In general, x and _y being independent, we can assume any 
relation between them we choose. 

For example, we may require the 
point x, y in xOy to lie on the curve 


P(%, ¥) =O 

Then;..a8 incl ela) sya 
function of the dependents variables x and 
y which are connected by the functional 
relation @(x, y) =o. The geometrical 
meaning of this is: The point P repre- 
senting the function zg must lie in the P (,y)—° 
vertical through the point P’ represent- Fic. 114. 
ing w; gon the curve Gx, 9) = "0, SOE, 
the function z of the dependent variables x, y is represented by the 
ordinate to a curve in space drawn on the vertical cylinder which has 
the curve A’P’ for its base. The curve A’P’, whose equation in yOx 
is f(x, y) = 0, 1s the horizontal projection of the curve in space 4P 
representing the function. 

Geometrically speaking, the function z = _/(x, y) of two depend- 
ent variables x and y, connected by the relation ¢(x, y) =0, is 
represented by the space curve which is the intersection of the surface 
z= f(x,y) and the vertical cylinder (+, y) = 0, whose equations 


are 
s= f(x, 4); 
0 = P(x, 4). } 





(8) 
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If we solve A(x, y) = o for y and get vy = 7(x), then substitut- 
ing for_y in /(x, v), we express z as a function of x only, thus : 


z=/[x, 2()]. (9) 
This equation (9) is the equation of the projection of the space 
curve AP (8) on the plane 20x. 
In like manner we can express z as a function of y only, and get 
the equation of the orthogonal projection of (8) on the plane yOz. 


184. The Implicit Function.—We saw in Book I how the 
functional dependence of one variable on another was expressed by 
the implicit functional relation, or equation in two variables, 

J(%) I) = 9; 
and that this implied or defined either variable as a function of the 
other. We also saw that this functional relation could be repre- 
sented by a plane curve having x and y as coordinates of its points. 
The implicit function of two variables is a particular case of a func- 
tion of two independent variables. For, in such a function, 


z=/(x, 9), 


of the two independent variables x and _y, if we make zg constant, say 
g =, we have the implicit function in two variables 
N%, I) = 6 (1) 
Geometrically, this is nothing more than the equation to the 
curve LIN, Fig. 115, cut out of the 
surface z = /(*, y) by the horizontal 
plane z = ¢, at a distance c from «Oy. 
Its equations are 


z=S(%, 4); \ Oy 





2=—C. 

The lines cut on a surface by a 
series of horizontal planes are called 
the contour lines of the surface. In 
particular, if 2 = ©, then /(%, 7) =o - 
is the equation in the xOy plane of the horizontal trace of the surface 
z= f(x, y), or the curve ABC cut in the horizontal plane by the 
surface. 

In the same way that the implicit equation in two variables 
defines either variable as a function of the other, the implicit function 


N% I> z)=0 
is an equation defining either of the three variables as a function of the 


other two as independent variables, and can be represented by a 
surface in space having x, y, z as the coordinates of its points. 


185. Observations on Functions of Several Variables.—The 
general method of investigating a function of two independent 
variables is to make one of the variables constant and then study the 





Fic. 115. 
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function as a function of one variable. Geometrically, this amounts 
to studying the surface represented by investigating the curve cut 
from the surface by a vertical plane parallel to one of the coordinate 
‘planes. 

Or, more generally, to impose a linear relation between the 
variables x and y, and thus reduce the function to a function of one 
variable, as in § 183, III, which can be investigated by the methods 
of Book I. Geometrically, this amounts to cutting the surface by 
any vertical plane and studying the curve of section. 

As we have seen in § 184, and as we shall see further presently, 
the study of functions of two variables is facilitated by reducing them 
to functions of one variable, and reciprocally we shall find that the 
study of functions of two or more variables throws much light on the 
study of functions of one variable. 


186. Continuity of a Function of Two Independent Variables. 
Definition.—The function z = /(%, y) is said to be continuous at 
any pair of values x, y of the variables when corresponding to +, y 
we have /(x, y) determinate and 


LI % 9 Ir) =N% 9): 
for x,(=)x, y,(=)y, independent of the manner in which x, and y, are 
made to converge to their respective limits x and _y. 
The definition also asserts that : 
4 [A> 9) —S(*, 9)] = 
for. 7,(=)4, 9(=)9. 

In words: The function z = /(x, _y) is continuous at x, y when- 
ever the number z, = /(+,, ¥,) converges to z as 
a limit, when the variables x,, y, converge 
simultaneously to the respective limits -, y in 
an arbitrary manner. 

Geometrically interpreted, the point P,, 
representing x,, y,, 2,, must converge to P, 
representing +, y, 8, as a limit, at the same time 
that the point JV, representing +,, y,, con- 
verges to JW, representing +, 7; whatever be the 

Fic, 116. path which V is made to trace in +Oy as it 
converges to its limit JZ. £ 

A function /(x, y) is said to be continuous in a certain region A 
in the plane xOy when it is continuous at every point », y in the 
region A. : 

An important corollary to the definition of continuity of /(x, y) 
at x, y is this: Whatever be the value of /(~, ) different from o, we 
can always take x, y, so near their respective limits x, y that we 
shall have /(x,, y,) of the same sign as /(x, 1). 


187. The Functional Neighborhood.—A consequence of the 
definition of continuity of z= /(, _) is as follows: 
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If “(x, v) is continuous in a certain region containing a, 4, we can 
always assign an absolute number ¢€ so small that corresponding to 
€ there are two assigned absolute numbers 4 and k, such that for all 
values of « and y for which 


\¥— aj <h, |y—b| <, 


[1% 9) — Na 6)| <e. 

‘The proof of this is the same as that given for a function of one 
variable. For, let y and a be fixed numbers, and let x vary. Then 
whatever number 4e be assigned, we can always assign a correspond- 
ing number 4 ~ o, such that for |.~ — a| < h we have 


IA 9) — NG 9)| < te, 
since /(x, y) is a continuous function of one variable x, and its limit 


is /(@, ¥). 


In like manner for |y — 4| < & we have 


IM2, ¥) —/@, 4)| < te, 
[7(* 9») —(4, 4)| <e 


for all values of wv, y, such that 
|j~—a| <h, |y—34| <&, 


Geometrically speaking, whatever be the value c= (a, 6), we 
can always assign an arbitrarily 
small number ¢€, corresponding to 
which there is a rectangle KZJ/V 
in the plane xQy, the coordinates 
of whose corners are K, (a — 4, 
b+2); L, (ath, 648; M, 
(2+ h, 6—k); N, (a —h, 6 —&), 
such that, whatever be the point 
x, y in the rectangle AZAJZN, the 
corresponding point x, y, 2 on the 
surface z = /(x, y) lies between the 
parallel planes zg = c—e, (STUV) 
aidec== e-i-6, (WXYZ): The 
point P representing a, 4, ¢. 

Such a region KZMW is called ESO 
the neighborhood of the point a, 4. The point is called its center. In 
like manner the corresponding parallelopiped STUV-WXVYZ_ is 
called the zezghborhood of the point P in space. . 

The above results may be stated thus: When the variables x, y 
are in the neighborhood of a, 4, then must the continuous function 
J(x, y) be in-the neighborhood of /(a, 4). 

An important consequence is this: If /(x, y) is continuous in the 


we have 


and on addition 
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neighborhood of /(a, 6) ¥ 0, then we can always assign a neighbor- 
hood of a, 6 such that for all values of x, y in this neighborhood 
the value (x, y) of the function has the same sign as /(q, 4). 


EXERCISES. 


1. Trace the surface representing the function 


Ke, I) = — mx + b. 
Put z = y — mx +6. Whenz = 0, the surface cuts «Oy in the straight line 
v= mx —b. If « =a, we have for the section of the surface by the plane x = a@ 
the straight line 


2=y—mat b. 


Whatever be a, this line is sloped 45° to the plane xOy. As x = a varies, this 
line moves parallel to itself, intersecting the fixed line y = mx — 6 in xOy, and 
therefore generates a plane. 

In like manner it can be shown that the implicit function of the first degree in 


x, J; By 
Kx, I; 2) = Ax+ BY + Cz + D=0, 
is always represented by a plane. 
2. Show that the function 
Va? — 4? = y? 


can be represented by a sphere, by showing that it can be generated by a circle 
whose diameters are the parallel chords of a fixed circle, and whose planes are per- 
pendicular to that of the fixed circle. 


3. Trace the surfaces representing the implicit functions 
x? y? g2 x2 yy 
GE IS Sa gee eee 
by their plane sections. 
4. Trace by sections the surface representing 
(a? — az)(a? — x2) — xy? =o, 
5. Find the maximum value of the function 
a as 
eB 
when the variables are subject to the condition « + y = 1. 


Let z = f(x, vy). Then zis immediately reduced to a function of one variable 
by substituting 1 — x for y. 


Ke, J) Si 


at 2 

£1 3. 
dz 2x (1 — x) 
eo ee 


gives «= a@/(? +0), y = /(a? + 8), s=1 — 1/(a? + 8%), which is a 
maximum value of z since Diz is negative. 

Consider the geometrical aspect of this problem. We have 
x? y? 
ai (1) 
the equation of the elliptic paraboloid whose vertex is 0, 0, I, < i 
in the ellipse x?/a" + y?/d? = 1. SS Se eee ee ah 


z=21I— 
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We wish the highest point on the curve cut out of the surface by the plane 
x+yz=1, Take O’7, the horizontal trace of this plane, as the positive axis 
of r, and O’2’, its vertical trace on yOz, as axis 
of zg in the plane 7O’z’. Then for the equation 
to the curve in the plane « + y = I, or 

x ee = z Si, 


Wz —¥W2 
we substitute «= 7 /2, y= 1 — 7 4/2 in (1). 


Hence the equation to the curve of section in its 
own plane is 


Bice (: —3)+ 74ers (a) 











a’o? 
Dz = 0 gives r = a?/(a? + 6%) 4/2, and Fic. 118. 
Dzy =—. Hence the values of x, y, z as before. 


The first method, in which we substitute for y in terms of x, is only possible 
when we can solve the condition to which the variables are subject, with respect to 
one of them. The second method, in which we express x and y in terms of a third 
variable, is always possible, although perhaps cumbersome. 

The class of problems such as the one proposed and solved here should be care- 
fully considered, for we propose to develop more powerful methods for attacking 
them. Butit should not be forgotten that those methods themselves are developed 
inthe same way as is the solution of this particular problem. The student should 
accustom himself to seeing curves referred to coordinate systems in other planes 
than the coordinate planes, for in this way a visual intuition of the meaning of the 
change of variables, and a concrete conception of the corresponding analytical 
changes which the functions undergo, is acquired, 


CHAPTER 2X. 


PARTIAL DIFFERENTIATION OF A FUNCTION OF TWO VARIABLES. 


188. On the Differentiation of a Function of Two Variables. 
A function of two independent variables has no determinate deriva- 
tive, It is only when the variables are dependent on each other that 
we can speak of the derivative of a function of two variables. The 
derivative of a function of two variables is indeterminate unless the 
variable is mentioned with respect to which the differentiation is 
performed and the law of connectivity of the variables given. 





189. The Partial Derivatives of a Function of Two Independ- 
ent Variables.—Among all the derivatives a function of two variables 
can have, the simplest and most important are the partial derivatives. 

Let z = /(x, vy) be a function of the two independent variables 
x and y. The simplest relation we can impose between ~ and y is 
to make one of them remain constant while the other varies. We 
then reduce the function z to a function of one variable, to which 
we can apply all the methods of Book I for functions of one variable. 

For example, let_y be constant and x variable. Then z = /(x, y) 
is a function of x only, and it can be differentiated with respect to 
x by the ordinary method, and we have 


oe {2 — fe, 9) 


x, Tx 





xy (=)% 
= f(%, V). 

This is called the partial derivative of the function z or / with 
respect to x. To obtain the partial derivative of /(x, y) with respect 
to x, make y constant and differentiate with respect to x. 

Correspondingly, the partial differential of (Lx, vy) with respect to 
x is the product of the partial derivative with respect to +, Df and 
the differential of « or x,— x = 4x. If we represent the partial 
differential of / with respect to x by d,f%, then we have 


t=. fei leohes: 
and the corresponding partial differential quotient is 


df) ae 
e = f(x, 9) = Deo. 


It is customary to employ the peculiar symbolism designed by 
282 
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Jacobi for representing the fartial differential quotient or derivative 
of Ax, y) with respect to 2. Thus the above will hereafter be 
written (the symbol @ is called the round d) 


EC a 


0x dx 


The symbol @ being used instead of @ to indicate the partial 
differential as distinguished from what will presently be defined as 
the total differential, which will be represented as formerly by d. 

In the same way, if we make x constant, then (x, v) becomes a 
function of one variable y, and has a determinate derivative with 
respect to y. This derivative we call the partial derivative of /(x, y) 
with respect to y, which is written and defined to be 


aes”) — f° Ae) — eI) 
ay > de LA eats 2 





ni(=)y 


190. Geometrical Illustration of Partial Derivatives.—Itf 
z= /(x, y) is represented by the ordinate to a surface, then at any 
point P(x, y, 2) on the surface 
draw two planes P/Q and PAR 
parallel respectively to the coor- 
dinate planes «Oz and yOz. These 
planes cut out of the surface the 
two curves, PK and P/ respectively, 
passing through P. 
f= x, ¥) (y constant) 
is the equation of the curve PX in 
the plane PMQ. 
teak eae (x constant), Fic, 119. 
is the equation of the curve P/ in the plane PJZR. 

Draw the tangents P7' and PS to the curves PX and P/ in their 
respective planes, and let them make angles @ and w# with their 
horizontal axes, as in plane geometry. Then we have 

Oz Oz 
ay tan —, ital tan *. 

Therefore the partial derivatives of /(x, _v) with respect to’x and 
y are represented by the slopes of the tangent lines to the surface 
z= /(x, y), at the point x, y, 2, to the horizontal plane xOy. These 
tangents being drawn respectively parallel to the vertical coordinate 
planes xOz, yOz. 

Also, draw PV parallel to /Q, and PU parallel to ZR. Then 
we have 





VT =(*%,—x)tan¢, US= (y’ —y) tan 9, 
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if Qis x,, y, and Ris x,y’, Or 


of of 
= = eS ay 
represent the corresponding partial differentials of / with respect to 
xand y at P(x, y, 2). 

Thus the partial derivatives and differentials of /(x,_v) are 
interpreted directly through the corresponding interpretations as 
given for a function of one variable. 

191. Successive Partial Derivatives.—If z = /(x, y) is a func- 
tion of two independent variables x and y, then, in general, its 
partial derivative with respect to x, 

a 

- a iG y); 
is also a function of x and y as independent variables. This deriva- 
tive can also be differentiated partially with respect tc either x or y, 
as was (x, y). Thus, differentiating again with respect to x, y being 
constant, we have the second partial derivative of / with respect to x. 


In symbols 
PK %, I) en 
gk ee = me Crs gt 


In like manner J:(%, ¥) can be differentiated partially with respect 
to_y, «being constant. Thus we have for the second partial differen- 
tial quotient of / with respect first to x and then to _y 


OIE I) yi 
Oy ox = pa J). 


Similarly, differentiating //(~, y) partially with respect to _y, we 


have 
Ox, V) _ 5(*; 9) 
Sa tata Pee 
and with respect to x we have 


Pia) < OF a ae 
Oxdy’ ~~ ~—S AX =Sil% J). 


Thus we see that the function s = /(x, _y) has two first partial 
derivatives, 


=Sy(% I); 





dz = 0g 
Ox’ oy’ 
and four second partial derivatives, 
: O's 0° 0° 


dx?’ OF? Oydx’ Axdy 
Each of these give rise to two partial derivatives of the third 
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order, and generally the function has 2* partial derivatives of the 
mth order, of the forms 


0” 0" 
Ox? Ay?’ Oy? Ax®”? 
where # and g are any positive integers satisfying p+¢—%x. These 
mth derivatives, however, are not all different, for we shall demon- 
strate presently that 0x? and 0y7 in the denominators are interchange- 
able when the partial derivatives are continuous functions, and that 
PB ios: 5089 
Ox? Oyt OY Ox?’ 
or the order of effecting the partial differentiations is indifferent 
The number of partial derivatives of /(x, y) of order ” is then » + I 


EXAMPLES. 
1. If 2=%?+ axy + cosexsiny, 
0 
= = 24 + ay — sin x siny, 
Oz 
By = ax + cos x cos y. 


Ae 2 
21 Ax”) =St+G-4 


of 24 0/5 2y 








CE Ga ayn = ae 
02z ‘ 02z 
8. In Ex. 1, By Ox Be a coe Oye 
heey Tee cas aie 
Ox? } ay? J: 





er ef 
4. In Ex. 2, show that ar bn Or 





192. Theorem.—The partial derivatives are independent of the 
order in which the operations are effected with respect to x and y. 

In symbols, if z = /(x, y), we have 

OZ Oe 
Ee oe 

Consider the rectangle of the 
four points 

M, (%, 9); My, (py 91) 

g, (a, Y) 5 R, (x, 9). 

The theorem of mean value applied 
toa function of one variable x gives 
Af _ Ae, 9) Ae) 

Ax He : 

= fi/(E,9); (1) Fic. 120. 


where & is some number between x, and x. (See Book I, § 62.) 
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Form the difference quotient of (1) with respect to _y, 


A Af _f%I,) ~A&y I) = In) +N I) 








Ay Ax (, — ¥)(#, — *) 
LES, A) -~SE(EN _ pn Z 
og Ley, = SE, 1), (2) 


where 7 is some number between y, and y. The value (2) is therefore 
equal to the second partial derivative of 4, taken first with respect to 
x, then with respect to_y, at a pair'of values §, 7 of x, y. Geomet- 
rically, at a point &, 7 in the rectangle 17 QIZ,R. 

In like manner, taking the difference-quotient of / first with respect 


to y, we have 
Af _ \% J) — f(x, ¥) = 
Ay Ji,—F 


where 7’ is some number between _y, and y. 
Now taking the difference-quotient of (3) with respect to x, we 


Si (% 17); (3) 











have 
4 Af ie S\% 21) — #2 I) = J1k, #) +/(*, 4) 
Ax Ay (%, — x)(Y, 9) : 
= Sn (4) on ae (*, @ ) — 9 Be ', n’), (4) 


where &’ lies between x, and x, 7’ between y, andy. The value of 
(4) is then equal to the second partial derivative of 4, taken first with 
respect to _y and then with respect to * at some point &’, 7’, also 
inside the rectangle 7 QIZ,R. 

But (2) and (4) are identically equal. Hence we have 


SilEs 1) =Fil@ 1) 
ANE,7) PAE’, 7’) 
ay BE 8B Oy 5) 


_ This relation is true whatever be the values Xi, I; 
If now the functions 


Qa 2 
o and oe 
Oy Ox Ox dy 
are continuous functions of x and _y in the neighborhood of «x, y, then 
since &’, 7’ and &, 7 converge to the respective limits x, y when 
x,(=)*, ¥,(=)y, the two members of (5) converge toa common limit 
at the same time, and therefore 
ier 
Oydx ax dy" (6) 





or 
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Incidentally, equations (2) and (4) show that the difference- 


quotients 
AON WIA Ae Aes, 
Ay 4x ~ Ay Ax’ Ax Jy ~ Ox Ay 
converge to a common limit whatever be the manner in which 
4x(=)o, 4y(=)o, and that common limit is 
oF 07 
=~. or ~——. 
Oy Ox Sse oy 
Observe that in the symbols 
a? 
Oy Ox 





S=S x 


the operations are performed in the order of the proximity of the vari- 
able to the function. 
In like manner, making use of the result in (6), we have 


OF eis uve Oak OOO 007 
waxy) = Ox OyO0x dy Axdx dy Ox" 
Ogee 
Ox Oy 7 Oy Ox?” 
and similarly for other cases. Hence, in general, 
arr abtaf 
Ox? Aya cs ay? Ox? ’ 
in whatever order the differentiations be made. 




















EXERCISES. 
[bbe 2 eS kehoes ee show that 
2 07z a wy 
Ox dy dy dx (x + 2)?” 
Pi ps Gna pe Des. 





Geass ge! 


3. Verify in the following functions the equation 


Ls iti he 
Ox dy Oy Ox" 
xsiny + y sin x, log tan (y/x), 
x log y, (gy — bx)/(by — ax), 
x), y log (1 + 4). 
quit. 2 = pn ee , show that 
VE py 
0?z I 04z I5xy 





ee pet yy WH ape pe 
5. If wv = xy? — 2xy* + 3x73, show that 
Ou ue Ou . 
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ie ee eas oe 
6. If ¢ = log (ea + é8), en ia) 06 : 


Oe) 0G 
7. 1f ‘cles 4c?) = eet, then a +35 = (a+ 6— I)e. 


8. If z= e*siny + e&sin x, show that 
Ba od “eeepew is Py aan ett tae ) 
ae das ayes Jy). 
9. From z= «7 y*, show that 


Oz Oz 
tee aad (x + y + log z)z. 


10. Show that if y is the angle between the plane xOy and the tangent plane to 
the surface z = f(x, y) at x, y, then 


wore (+ 


Let P, (x, y. 2) be on the surface, and 
PRS the tangent plane. 

Draw WN = fp perpendicular to RS. 
Then y = PVM. 


y PM of PM 
dx RM’ dy SM 
Since RS-VM = RM-MS, 
and RS? = RM? + MS?, 
(MN) = (RM)-? + (AS), 
and therefore 


wore Sn (BE)'+ = (B+ @ 


Also, on ee 
wey = 14 (Z)'+ ©! 


11. In Fig. 121, let V be any point in the trace of the tangent plane with xOy. 
Let VM make an angle 6 with Ox, and the tangent line (VP to the surface make an 
angle @ with the horizontal plane «Oy. Then the triangle R.S/Z is the sum of the 
triangles RAZ, NALS, or 

RM.SM = SM.NM cos 6 + RM-NM sin 0, 
Le) ee 
VM ~ RM 
Therefore the slope of a tangent line to the surface at x, y, z, whose vertical 
plane makes the angle 6 with zOx, is 
wa F . 
tang = ox 628 6+ = sin 6. (1) 








Fic. 121. 


or 





PM 
cos § +- Tar sin 6. 


12. Find the tangent line to a surface at P which has the steepest slope. 
From Ex. II we have 
af af 


d : 
th giea cnt yes) ye 
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The values of sin 6, cos @ from this equation put in (1), Ex. 11, give for the 
tangent line of steepest slope 


Of \ 2 af\ 2 

24 — 

te) a)” 

Observe that this is the slope of the tangent plane in Ex. 10. 


13. If O(x, vy) = 0 is the equation of any plane curve, show that 


OP(x, ¥) 
dy Ox 
dx Ox, )° 

oy 


Let z = G(x, vy) be the equation of a sur- 
face cutting the horizontal plane in the curve 
P(x; 7) = 0. 

Let P, (x, 7) and P,, (x, ¥,) be two 7Y 
points on the curve ¢(x, vy) = 0. Draw the 
vertical planes through ? and /, parallel 
respectively to xOz and yOz, cutting the sur- N. 
face in curves PQ, 7,2. Then @ is a point Fic. 122 
x, 7, 2 on the surface. The derivative of y : ; 
with respect to x in @(x, vy) = O is the limit of the difference-quotient 











i,-—y MF, Mc MAO — tan PO _ tan AZPQ 
x,—x PM” MQcotMPQ tanMP,O” tan VPC 
0 : 
Also, tan WPO = ee), tan VP,O = “eee 


& being between x and x,, 7 between y and y, (by the theorem of the mean), 
Therefore, when «,(=)x, 7,(=)y, 


dp 
CI RO cas RIE 
Hip %—e- ID" 
ay 
This usually saves much labor in computing the derivatives of implicit functions 


in x and y. 

The important results of Exs. 10, 11, 12, and 13 are deduced here geometrically 
to serve as illustrations of the usefulness of partial differentiation. ‘They will be 
given rigorous analytical treatment later. 

14. Employ the methods of Book I, and also that of Ex. 13, to find D,y in the 
following curves: 

x? /a® — y?/b% —1 = 0, xsiny —ysinx = 0, 
axiy + byx — 4xy = 0, ex siny — log y cos x = 0. 
15. Show that the slope of the tangent at x, y on the conic 
ax? + by? + 2hxy + 2ux + 2uy -+ad=0 
dy ax + hy +u 


ss = ax” hx Ly tv 


CHAPTER XXVI. 


TOTAL DIFFERENTIATION. 


193. In the partial differentiation of /(x, vy) we made x or y 
remain constant during the operation, and differentiated the function 
of the one remaining variable by the ordinary methods of Book I. 

We now come to consider the differentiation of /(x, _v) when both 
x and y vary during the operation of evaluating the derivative. Such 
derivatives are called o/a/ derivatives. 

In order to make clear the nature of the total derivative of a 


function 
2=/(x,7); 


consider the simple case when there is a linear relation between x 
snd y, 
op es oe yy 
Uae ieee ea 
where / = cos 0, m = sin 6, and the differentiation is performed with 
respect tor, Let x’, y’; 2, m; be constant... Then 7 varies with x 


and y, and 
Me eel fen ge for 
Also, « and y are linear functions of 7, and 


x=ax’th, yoy +ar. 
Substituting these values of x and yin /(x, y), we reduce that 
function to a function of the one variable 7, and it becomes 


K(x’ +, 9’ + mr). (1) 
The derivatives of this function with respect to 7 can now be 
formed by the methods of Book I, Thus we get by the ordinary 
process of differentiation 
af af ef 
dr’? art gps? 
for the successive derivatives of / with respect to r. These are 
called the /ofal derivatives of / with respect to 7. Both variables x 
and y vary with 7. 


We can give a geometrical interpretation to this total derivative 
as follows: The equation : 


wa x yy! 
Try NT ae (2) 


290 





=T, 
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is the equation of a straight line through x’, y’ in the horizontal 
plane xOy, making an angle 6 with Ox. + being the distance 
between the points x’, y’ and x, y on the line. Let O’ be the point 
x’, y’. Draw O's’ vertical, The vertical plane rO/2’ through the 











NY 







/ 


i 





FIG. 123, 


line (2) cuts the surface representing z = /(x, y) in a curve PE; 
whose equation in its plane, referred to O’r and O’z/ as axes of 
coordinates 7 and gz, is 


a= f(x’ +17, y' + mr), (3) 

Let P, be a point on this curve whose coordinates in space are 

49,7 %, and ‘in rO's’are-r,; 2,. “Let r, —r = Ar. Then, by 

definition, the derivative of z with respect to r at x, y is the limit 
of the difference-quotient, when 7,(=)z, 


al z K(*) 4) SA) 


ror r,—?r 





Hence we have 
dz ; 
Fm tan ®, 
where @ is the angle which the tangent P17” to the curve PP, at 
FP, and therefore to the surface, makes with O’r, or the horizontal 
plane xOy. 
Observe that as v,, y, converge to x, y, the point 47, converges 
to M along the line 17,12. 
By assigning different values to 6 we can get the slope of any 
tangent line to the surface, at P, with the horizontal plane. 
In particular, when the line (2) is parallel to Ox or Oy, or, what 
is the same thing, when 6 = z or 47, the total derivative becomes 
a partial derivative, as considered in the preceding chapter. 


194. The Total Derivative in Terms of Partial Derivatives.— 
It is in general tedious to obtain the total derivative, after the 
manner indicated in § 193, by reducing the function directly to a 


292 PRINCIPLES AND THEORY OF DIFFERENTIATION. [CuH. XXVI. 


function of one variable, and generally it is impracticable. We now 
develop a method of determining the total derivative in terms of the 
partial derivatives. Let z= /(x,_y), where x and y are connected 
by any relation d(x, y) =o. To find the derivative of z with respect 
to 4, where / is any differentiable function of « and y. 

Let z take the value z,, and ¢ become 4,, when x, y become 
ER Vis 
"Let y be constant and x, be a variable. Then the law of the 
mean is applicable to the function /(x,, vy) of the one variable x,, 
and we have 


ei, 9) AG 9) = (8, = 2) NE, I), ue 


where & is some number between x, and x. 
In like manner, let x be constant and Jy, vary, then, by the law of 
the mean, 


A213) — A) = Or —DeMr s (2) 


where 7 is some number between y, and _y. 
Adding (1) and (2), we have 


Ae N53) = C1 — DagNED)+ DE Aes). (3) 


Therefore the difference-quotient with respect to / is 
Bey Ax a vicay 
pat SE) Fe TaD Fy (4) 
Ax, Ay, Mz, At converge to o together, and at the same time 
x,(=)x, &(=)~, I(=y, n(=)y. Also, 
(SE, ¥) I(x, 7) 
ae and aie ee 
have the respective limits 


af (x, ¥) ad Lea) 
Ox oy 


if these latter functions are continuous in the neighborhood of x, y. 
Passing to the limit in (4), we have for the total derivative of /(x, v) 
with respect to 4 at x, y, 

if _ ode aw 


di ax di * ay di (5) 


The geometrical interpretation of (1) is this: In Fi 
I : g. 123 we _ 
neve. ie (4, ¥)i AL, (%,,.%)3 Q (%,9)3 B (2%, y). 
O, 


S(*,, 7) —S(x, J) = UF =P0 tan OPK 
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But, since on the curve PA there must be a point X, (&, y, 2) at 
which the tangent is parallel to the ae 


tan OPK = NE»). 
In like manner for equation (2), 
I(%; Y,) = TiC a ey = a = — LK tan LKP.. 


But, since there is a point Y, (x,, 7, 2) on the curve AP, at which 
the tangent is parallel to the chord, we have 


— tan LKP, = a Me 1). 


195. The Linear Derivative.—An important particular total 
derivative is the case considered in § 193. Suppose there is a linear 
relation between x and _y, such as 

ea yb 
; gr Mie 

Then x =a+/r,y=6+ mr. To find the total derivative of 
J (x, ¥) with respect to the variable 7, we have 
ax dy 








ee Z, oF = 7, 
Z= cos 6, m =sin 0, being constant. Therefore 
Jie oe oS 
Te i ere (1) 


This isa much simpler way is Ponte this derivative than that 
proposed in § 193. 
As before (see Ex. 11, § 192, § 193), 


tno = 2 = F co s04 2 sin 0 (2) 


is the slope to the horizontal plane of a ae line to the surface, 
in a vertical plane making an angle @ with «Oz. 

Again, suppose, as in §194, that x and y are related by 
d(x, y) = 0, and we wish the derivative of / with respect to s, the 
length of the curve G(x, _v) = 0, measured from a fixed point to x, y. 
Then, putting = s in (5) § 194, 

if fd sy 
ds dxds | oy ds (3) 





But = = cos 6, o sin 6, where @ is the angle which the tan- 
s fe 


gent to f(x, y) =o at x, y makes with Ox. Hence we have the 
same value of the derivative as in (1), 


TER “4 
SE ae sd+t+ = sin 4, (4) 
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which is also the slope to the horizontal plane of the tangent line to 
the surface. 


196. The Total Differential of /(~, y).—By definition, the 
differential of a function is the product of the derivative into the 
differential of the variable. Hence, mutiplying (5), § 194, through 
by d/, we have for the total differential of fat x, y 


ere ean 
df= aE ax +- ay (1) 
Observe that 
pee ae dy =0,f 


Ox 0 
are the partial differentials of Hence 
af == OF + Of; (2) 


or, the total differential of fat x, y is equal to the sum of the partial 
differentials there. t 

The value of the differential at a fixed point depends on the 
values of dv and dy, which are quite arbitrary. 

The geometrical interpretation of the differential is as follows: In 
Fig. 123, let dv= MO and dy= WK. \Drawe PRON, O'S 
parallel to JZR. Then 

Onis O’Q” = MS and OJ = ie SM", 
~9 df= M'S + SM” = MM"; 
or, the differential of the function is represented by the distance 
from a point in the tangent plane to the surface at P from a hori- 
zontal plane through P. 


197. The Total Derivatives with respect to « and y.—If, in the 
total derivative 
3 if_aax yw 
Gl Ga de 
we take / = x, then the total derivative of / with respect to x is 


Ff Ff | Fa 

de ge * ty ae (t) 
If we take ¢ = _y, then 

af Of dx ket 

wy dxdy * ay” (2) 


Equations (1) and (2) represent the /ofal derivatives of * with 
regard to x and y respectively. These derivatives are quite distinct 
and different from the partial derivatives, as is shown by the formulz, 
and as is exhibited in their geometrical interpretations as follows: _ 

The total derivative of z = /(x, ”) with respect to x is the limit 
of the difference-quotient 

z— 8 





x ’ 
x 
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x and y varying as the coordinates of a point on some curve J/H in 
the horizontal plane. 





IL POIs £15 Is %, then, in Fig. 124, 
Ca een eA ee ae a NAL ee: fo 
dz : ‘ pa 

Therefore ey tan @ is the total derivative of z with respect 
to x. That is, the total derivative of / with respect to x is repre- 
sented by the slope to Ox of the projection ?’7” of the tangent PT 
to the surface on the vertical plane xOz. The tangent PTZ being 
in a vertical plane through P which makes with x«Oz the angle 6 
dy 


determined by ae tan 6, as determined from ¢(x, y) = 0. That 


is, = is the slope to Ox of the horizontal projection MN of the 


tangent PT. 
In like manner the total derivative of / with respect to_y is equal 
to tan 7, this being the slope to Oy of the projection of the same 


tangent PZ’ on the perpendicular plane yOz. 
Equations (1) and (2) are immediately determined from the total 


differential 
df= ax dx + we 


_ by dividing through first by dx and then by dy. 
In Fig. 124 we have 
af —_ TT — fire —_ Wh sel WLS 
and equations (1) and (2) can be verified by the differential quotients 
taken from the figure directly. 
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198. Differentiation of the Implicit Function /(x, vy) = o.—An 
important and valuable corollary to the total differentiation of the 
function z = /(x, y) is that which results in giving the derivative of 
y with respect to x in the implicit function /(x, y) = o. 

since 2 = 0 in ¢=/(%, y) gives Jia.) =o, and.in fl 429) =0 
are admissible only those values of x and y which make 2 constanily 
zero, the derivative of z with respect to any variable must be o. 

Therefore, from (5), §194, or (1), § 196, § 197, 


va 
dy = wee 
ae. me aoe 
y 


This has been geometrically interpreted in Ex. 13, Chap. XXV. 

In general, the plane z = c, c being any constant, cuts the surface 
z = /(x, y) in a contour line, or curve in a horizontal plane, at dis- 
tance c from the horizontal plane xOy. The equation of this curve 
in its plane is (x, y) =c. In the same way as above, 








Of ax.) Of dy Bf ae 
Oe al ae 
dy of 
er nee OMe 
. dn, de gr 
dt Oy 


which corresponds to the slope of the tan 
point x, y, c) to the vertical plane xOz. 








gent to the contour (at the 


EXERCISES. 
1. If x + 48 a) Zaxy =—©64 find Dzy. 
of a 
Here ag = Sie": 6) Z = 3(7* — ex) 
y xt ay 
at) ax —y 
2. Find Dy in «™/am 4. ym/om — 1. 
OF tr | YY res HN 5\ m [ x\ m1 
eet PE (Q-- 6" 


then 





3. If x logy — y log x = 0, 


4. Let x = pcos 6. 


Ox 


a6 


ip = Cos 6, 


dy. Sy 
ay lor ay axe 
Find the total differential of x. 


— psin 6, 


dx = cos 0 dp — psin 6 do. 
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5. Find the slope to the horizontal plane of the curve 


x y? 
2=>—4+5 
) yj fees — 
a? Ans. (a — 3) V2. 
I=x+y. 


6. Find the slope to xOy (the steepness) of the curve cut from the hyperbolic 
paraboloid z = «?/a? — y*/é* by the parabolic cylinder y? = 4px. 
We have 
de _ O02 dx , dz dy 
ds” dx ds" dy ads’ 
s being the length of the parabola y? = 4px. Here 


tan w = 





Oz 25 Oz 2y 


ax — BY! ay = RR 
ie 25 
ds ax es Vx+p a siom Wx+p K 


VP +x 
which is the declivity of the curve in space at x, y, z. 
Find the points at which the tangent to this curve is horizontal. 
7.18 w=tan(y/x), du = («dy — y dx)/(x* 4+-y’). 
8. If z= «9, dz = yx-t dy + xy log x ay. 
: ees the locus of all the tangent lines to a surface z = f(x, y) at a point 
e Though f draw a vertical plane, Fig. 123, r4ZP, whose equation is 


ie (1) 


Then the equation to the tangent line, P17’, to the surface at /, in the plane 
7MP in terms ofits slope at a, 6, ¢, is 
z—c af 


r = a . 
z and » being the coordinates of any point on the tangent line. But at a, 4, ¢ 
af _ Aa, 6) da | dfa, b) db j 
0 a ahaa das dr ‘s a6. dr’ 
of a 
Therefore the equation to the tangent line to the surface at @, 4, c, whose hori- 
zontal projection makes / 6 with Ox (where / = cos 6, # = sin 6), is 


f of 


Ha  -y—b _ 
7 Si ark he ees 











#—c=rls + rh ay: (2) 
Eliminating 77 and rm between (1) and (2), we have 
o af not 
r—ca(e—ag tt iy—4s, (3) 


an equation of the first degree in x, y, z, which is the locus in space of the tangent 
lines at a, 4, con the surface. This locus is a plane, Exercise 1, Chap. XXIV, 
touching the surface at a, 4, ¢, and is defined to be the tangent plane to the surface 
atd,. 05.6 
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10. Show that the equation to the tangent plane to the surface 2 = ax? + by? 
at any point x’, y’, 2’ on the surface is 


z+ 2! = 2(axx!' + byy’'). 
11. Use the equation to the tangent plane 


Ff 7 = 
(4B) SOO eek j= 
to verify Ex. 12, § 192. 





a 
The direction cosines of the plane are proportional to ss oe, —1. Hence 
if 7, m, n are these cosines, 
De RTD em SOT ae oe I 
She 8a hn i f\?. (f\? 
Ee ea 
Also, sec?7 = 1/n®, giving the same result as Ex. 12. 
12. Show that when 
af af : 
Pe eee i I 
Ox ° ay oS (1) 


the tangent plane to the surface is horizontal at values of x, y satisfying z= 7(x, 7) 
and (1). 


13. Show that the curve on the surface z = /(x, y) at all points of which the 
tangent plane to the surface makes the angle 45° with «Oy is the curve cut on the 


surface by the cylinder 
of \? aN 
(i) +) =" 


14. Apply Ex. 13 to show that the cylinder x? + y? = 4a? cuts the sphere 
x? + y?-+ 22 = qin a line at every point of which the tangent plane to the sphere 
is sloped 45° to the horizontal plane. Draw a figure and verify geometrically. 


15. The equation x? + y? = a? represents a vertical cylinder of revolution whose 
axis is Oz and radius is a. Find the equations of the path of a point which starts 
at x = a, y = 0, z = O and ascends the cylinder on a line of constant grade &. 
This curve is the helix, a spiral on the cylinder, having for its equations 
zg 


a es 
Ziq? J =e@sin p 


x = acos 
ka- 


CHAPTER XXVII. 
SUCCESSIVE TOTAL DIFFERENTIATION. 


199. Second Total Derivative and Differential of z = /(x, y). 
It has been shown in § 194, (5), that 
if _ofdx aw 
G2 ea Rae ee 
where + and y are any differentiable functions of 4, 
- If we differentiate again with respect to 4 then 


Pf ae A d e A), 











d@~ dt\ax dt)" ad \ay dt 
s axed far af ax dy ad (Af Of dy 
Ge alas) + a6 df an at dt \dy a dy dt?’ (2) 
Since oe a are functions of « and _y to which (1) is applicable, 


in the same way we have 


d/af\ a (af\ dx . a/af\ w 
NOx) TF CLNOX eo By Oxy de? 
_ Of dx af wy 
~ ax? di ' dy dx di’ (3) 


BO) itt ar &y 
Z \oy 








Also, 





~ ax Oy di ' aA dt’ (4) 
Substituting in (2) and remembering that 
Ce ese 7 8 
Ox Oy Oy Ox’ 


we have finally for the second total derivative of /(x, y) with respect 
to? 


Pf _ of (ds)? OF dub 9 (d\ Hox Hy |. 
GP d2\ a) * *anay a dt \a) "ax P wy ae 


Multiplying through by df, we have the second total differential 
L(x, 2), 
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Of = dat $2 dx Wt? + OF Pet Ley. (6) 


In (5), / is taken as the independent variable, and ses dt is per- 
fectly arbitrary in (1) in actual value, we agree, as in Book I, that a 
shall be taken as having a constant value in the successive differen- 
tiations. 

Thus if we take x as the independent variable instead of /, then dx 
dix ad [dx 
dx dx \dx 
the second total derivative of / with respect to x 

CMEC EE Oy. Oe af dy 
Ga at eae Eta zy Lae dx (7) 

In like manner taking y as the independent variable, changing ¢ to_y 

in (5), we have dy constant, and the total derivative of J with respect 


ee af es Of dx Bf, ex 


is taken constant, in which case —, )= o, and we have for 








dP dx dx dy dy | AP ' dx GH fe) 


ay 
200. =, when /(x, 7) = 0. 


The formule of the preceding article furnish means of expressing 
the second derivative of_y with respect to x in an explicit function 
J (x, ¥) = ©, in terms of the partial derivatives of /(x,_v). This gen- 
erally saves much labor in computing this derivative when / is a com- 
plicated function. 

For brevity, represent the partial derivatives of f with respect to x 
and y by 

Wee Ts me . pee etc., 


and the first and second derivatives of y with respect to x by y’, y”’. 
Putting f= z= 0 in (7), § 199, we have 
web Say) thy I? +h sy”. 
But y’ = til Substituting this and solving for _y’’, 
_ *halety ~fADY HJ SY 
= (Foe : 
In like manner we get, by interchanging x and y, the second 
derivative Djx. Otherwise deduced from (8), § 199. 








201. Higher Total Derivatives.—We shall not have occasion to 
use the higher total derivatives of zg = /(x, _y) above the second. 
They, however, are deduced in the same way as has been the second, 
by repeated applications of the formula for forming the first derivative. 
For the third total derivative of / with respect to / see Exercise 35 at 
the end of this chapter. 
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The higher total derivatives of /(x, y) with respect to an arbitrary 
function ¢ of x and y become very complicated and are seldom 
employed in elementary analysis. ‘There is, however, an important 
particular case in which the higher derivatives of /(, y) require to be 
worked out completely—that is, when x and y are connected by a 
linear relation. ‘This case we now consider and call it linear dif- 
ferentiation. 


202. Successive Linear Total Derivatives.—To find the th 
derivative of /(x, y) with respect tov, when x and y are linearly 
related by 

xX—a_ y—b 
1 m 





a, 6, l, m being constants. 
The first derivative is, as found before, 





Go of 
a bn | ay () 
Differentiating ee with respect to 7, we have 
fa as arf 
Me wa +? ue Ox Ox +m Oy” (2) 
_ Otherwise this ee immediately from (5), § 199, wherein 
eae ee yeh, Pa Ty 
CS pe Bag a gh ae 


Differentiating (2) again with respect to 7, and rearranging the 
terms, we have 
Pf __ 20S we on 
ae a oma (3) 
We observe that (1), (2), (3) are formed mee to a definite 
law. The powers of Z, m, and their coefficients follow the law of the 
binomial formula. 


ea 
Ox Oy" 








a 0 . 
If we consider the symbols — ,-—— as operators on f, and write 


Ox’ Oy 
conventionally 
oPt@ 0 
dx? aye = (a) Cr a 
then we can write 
OF of 10 a 
es (: ag +" 3) 4 (4) 
d? 0 a 
r= (tas +H) A (5) 





Oran, 0 6 
or? = ("5 re ay ( ) 
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in which the parentheses are to be expanded by the binomial formula 


C) C) 
and the indices of the powers of = yp and ee taken to mean the num- 


ber of times these operations are inne 
We can demonstrate that this law is general and that we shall 


have 
he a Cum 
as follows. 


First, observe that 


od Of) 30 Oe eee a. 5 
dr 0x ~ 0% Or’ Gr By. Oy Or- (8) 











For 
@' Of. OFRae arf wa 
dr 0x 0x2 dr Oy Ox dr’ 
Pes wee 
7 aan ay ax" 
Also, 
oe SS a (Svea E 
Ox dr x an ” Oy 4 
0 De ko 
ate 
Ox? ree ‘Ox dy’ 


which proves the first equality in (8), and the second is proved in the 
same way. 
Now assume (7) to be true. Differentiating again with respect to 7, 


we have 
hart Mey etek a \* 
wr =e (lag + HF 
0 


aaa, 
“(deat Ubteg). 
=('5 oe =) 


The memoria technica (7) being true for 2 = 3, it is true for 4, 
and so on generally. 
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EXERCISES. 
1. Given x? + y? = a’, find Dy. 
2. 1f 8 + a — ay =o, y' = (34° + y*)/2y(a — x). 
du ta — & — uv?) 
dt ua +P 4+ wey 
xt2z az exe 
4 24 = Ee ae 
, dv 12uv® +4. 24-4 
du 3u 4 — 1202y 
6. If /(#, v) = 0, is the equation to any curve, show that 
x” ee ay x, 


Of(x, 





3. If (@ + #)? = 2072 — u?), 








5. If vv? + Wu — fv = 0, 





are the equations to the tangent and normal at x, y. The running coordinates 
being X, ¥. 
7. Show by Ex. 6 that the equations of the tangent and normal to the ellipse 
x*fa? +. y?/b* = 1 are 
DEE SGY nes Y 
—— as = SS ee ee ed 
a ge I and ls oe 8, 


8. Show that the second derivative of y with respect to x, in /(x, y) = 0, can 
be expressed in the form 





of 0 of d\2 
OST Ox dy ay Ox 
eat = af \ 3 
oy 
9. Show that the ordinate of the curve J(*, vy) = Ois a maximum or a minimum 


when /%, = 0, according as fz, and fy are like “ unlike signed. 
For a maximum value of y we must have 


lee agian 

ax — ip ee 

or f, = 0, fy #0. When this is the case, by § 200, 
dry af of 


dxt ~*~ 9x2 ay’ 
which gives a maximum when /;, and /, are like signed and a minimum when 
unlike signed. 
10. Show that the maximum and minimum ordinates of the conic 


f = ax? + bf + 2hay + agx + 2fy + d=0 


are found by aid of 
Se = ax + hy + g=0. 
If fy = by + hx +f, _ is positive, the ordinate isa maximum, if negative, a 
minimum. 
11. Find the maximum ordinate in the folium of Descartes, 
3 —3axy +3 = 0 = f(x, ¥). 
tie = — aw 4 e, if, sy OK 
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Eliminating y between f = 0, fy = 0, we have 
x8 — 2258 = 0. 
x=0,«=aW2. These values givey=0, y=2V4. For x =0, 





y = 0, we have f,/ = 0, but for x = a /2, y = a V4, we have a maximum y if 
a= -, since 

d*y i AM Bo pe 

dx? — dx27f ay” a 


12. If two curves P(x, vy) = 0, (x, v) = O intersect at a point x, y, and if w 
be their angle of intersection, prove that 


Pz Yy — Dy Ux 
pz Vy + Py bx 
13. Show that two curves @ = 0, 7 = oO cutat right angles if at their point 
of intersection 
IP IP | ID IP __ 


dx dy ‘Oy ax 
14. Apply this to show that the ellipses 
fa yt Ot Ny x2 / a Bi 
willcut at right angles if a? — 6? = a — #?. 


15. Show that the length of the perpendicular / from the origin on the tangent 
to the curve O(x, y) = O at x, y is 


tan wo = 


= ee 
V (Px) + (by? 
16. Show that the radius of curvature of /(x, vy) = 0 at x, y is 
ee (A? + (Fy? 





Sik BY — 2h Sely + hyFe 
17. If (x,y) = 0, show that 











of dy | (OF ay dy a 
ay dat (= ay. ay 7) diya + (= ae ae =* 
18. If y? = 2xy + a2, show that 
AY ary d’y a wy s 30x dx @ 
day — x’ dt ~ (yap? aS ~ ~ (yx? at ~~ ¥ 


Also, that «= + a@are maximum and minimum values of x. 


19. Investigate y = sin (x + y) for maximum and minimum y,. 
dq __ cos(x + y) dy —y 


de 1 —cos(¢+ 9)’ da fr— cos(x + y)P° 
20. If z= x5y? — 2xyt + 32%, show that 








iz Oz 
ax 1 iy = 5* 
0%z O2z 02g 
7 feats Eas Wi tees 
x Ox? = 2xy Ox ay +y ay? = 203. 


21. If z= Py + ax)4+ Wy —.ax) . cape hae 


Ox? “HR 
22.1 es 2k Nee eee 


x—y’ ax” (x—y) 
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0 
23. If y — xz = f(x — mz), then m =~ + ne = 1, 
24. If w= y*, prove wy, = y*-(1 + log y*) = Hes 


+ 0 0\2 
25. If z= x2 + 7, prove («5 +yz)e=0 


eee a av! 
If <= 7x +73, prove (“5 +75) ee 


26. The curve «* + y? — 3x =o has a maximum ordinate at the point 
I, 72, and a minimum ordinate at — 1, — 4/2. 


27. The curve p(sin*@ + cos*@) = a sin 26 has a maximum radius vector at the 
point @ 4/2, iz. 


28. The curve 2x*y + y? + 4x — 3 =o has no minimum ordinate, it has a 
maximum ordinate at the point — 4, 2. 


29. The curve x* + y* — 4xy3 — 2 = ohas neither maximum nor minimum 
ordinate. 


30. Show that (0, 2) gives y a maximum, and + } 4/3, — $a minimum, while 
2 4/3, 8 makes x a maximum, and — 3 4/3, 3 gives x a minimum in the cardioid 
(2 +92) — ala + 92) — =o. 
31. In x 4 2ax*y — ay* = 0, y isa minimum at x = + a. 
32. In 3a*y? + xy? + 4ax8 = 0, y isa maximum for « = 3¢/2. 
33. Investigate the conic ax? + 2hxy + dy? = 1, for maximum and minimum 
coordinates, 
34. If is the radius of curvature of f(x, vy) = 0, and 6 the angle which the tan- 
gent makes with a fixed line, show from ds = & d6 and @ = tan— dy/dx, that 
pot. toy 
Fass ay dx = dy dx” 
The first when x is the independent variable, the second when the independent 
variable is not specified and dx, dy are variables. 
35. The third total derivative of /(x, vy) with respect to any variable ¢ is 
Ce PSs \ a eee af d*y 
ds (5 ax ' at ey) Ox ad® ' a dts 
Of ex ax OF [(ad’x dy , dy dx Of dy ay 
+3 & d® dt | ax y (Fe a ae z) + ay dP z | 








CHAPTER ANVIL 
DIFFERENTIATION OF A FUNCTION OF THREE VARIABLES. 


203. We are particularly interested here in the differentiation of 


a function 

Wf (Ky Ss 2) 
of three independent variables, for the reason that when w = 0 we 
have 

I(% I, %) = ©, 


the implicit function of three variables, which can be represented by 
a surface in space, and also because the treatment of the function of 
three variables assists in the discussion of the implicit function of 
three variables. 

We do not attempt to represent geometrically a function w of 
three independent variables. 

However, corresponding to any triplet + = a, y = 6, z =c¢, there 
is a point in space which represents the three variables x, y, z for 
those particular values. 

When, corresponding to any triplet x, y, z, the function A(x, y, z 
has a determinate value or values it is defined as a function of 
BIG 082 

The function. /is a continuous function of x, y, 2 at x,y, ¢ when 
for all values of x,, y,, 2, in the neighborhood of x, y, z we have 
the number /(x,, y,, 2,) in the neighborhood of A(x, », 8). 


204. Differentiation of w = A(x, 9, z).—Let x, y, z and CS ee 
z, be represented by two points P, eas 
in space. Complete the parallelopiped 
PROP, with diagonal PP, by drawing 
parallels to the axes through P and aah 
Then in the figure we have the coordi- 
nates of A, (x,,.¥, 2), and of Q, (es 
yi, 8) ~ Leet Pos Ar, and let<%, we, 
n be the direction cosines of the angles 
which PP, makes with the axes One 
Oy, Oz, respectively. 





HIG) 125, 
Then we have 


Rae at PA 
dy, = mAr, 
8,— 2 = adr. 
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Applying the theorem of mean value for one variable, letting 
g, _¥, x« in succession alone vary, we have 
IXIA) — NX) rae (2 aes 2)fe(x,9,0), 
S(%:2) — [%,92) aa (Y, — F(X 12); 
J(%,92) — Sy2) = (*%, — *)/4(Ey2), 
WietonG,. 9, 5; %,, he; 4, 9, 6, are points such as Z, JZ, NV, 


respectively, on the segments PR, RQ, QP,. By addition, we have 


w, — w= ff (Gyzj)4xu + fy (x,n2) Ay + FE(4%,N0) 42. 
Now let ¢ be any differentiable function of x, y, 2, such that 
a= 7), when.+, y, s become: x, ,.7,,. 2. Then for the difference- 
quotient of w with respect to 4, 


Ww, — w ; Ax Ay Az 
pay =SU(E2)Fz tS“) 5; +S (MIS) FF 
dw 0 
If now the partial derivatives woe ae a are continuous func- 
Ox’ Oy’ OZ 


tions throughout the neighborhood of x, y, 2, we have, on passing to 
limits in the above equation, the total derivative of / with respect 


Ones 
af Of dx Of dy Of ade 
ag oy ae a a (1) 
The process is obviously general for a function of any number of 
variables, and if /"is a function of z independent variables v,,... , 
v,, then the derivative of / with respect to 4, a function of these 


variables, is 
ai OF dv, 
a dv, .dt* 
Second Total Derivative of w= /(x, y, z).—We can differ- 
entiate (1) with respect to ¢and obtain in the same way 
a7 CBO PPO. 1 de.0\? OF 20 Of ay Of ae 
dP 2 a di ty) df Os)” 1 an aP ' ty ae * oa a 
205. Successive Linear Differentiation.—Of chief importance 
are the successive linear total derivatives of /(%, y, 2) with respect to 
r when 











B— a yb 2 —£ 

/ er Saaaene” 

where a, 4, c, 4, m, m are constants. Then 
Kae, p= bh mr, £= 6 => Ur, 


aa fh 





> 


and 
ax d dz 
a if mes — 772, —_— =n 
dr dr dr 

are constants, their higher derivatives are o. 
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Equation (1), § 204, becomes 


Yow 58 A 2 
pes = ia + m + BAe (1) 
We can differentiate (1) again with Ane to r and get 
one (5. tee nxn) D (2) 
dr? Ox dy Og pe 


or obtain the result directly from the equation (2) in § 204. 
We can show, as for two variables, that the th linear total 
derivative can be expressed 
Dae ) i ag 
where the parenthesis is to be expanded by the multinomial theorem 
and the exponents of the operative symbols indicate the number of 
times the operation is to be performed on /, 


EXERCISES. 


1. If w= (y — 2)(2 — x(x — 9); - ae ee 


02) az — wey 
If «ey + logz— yz=0, alae seat), 

Tf w= log(«* + 73 + 23 — 3xyz), wy, + uy + uw = 3(x +y +2). 
If w= log(tanx+ tany+ tanz), wy sin2x+ w,sin2y+ w}sin2z = 2. 


fw=@¢ ey ot an er 
a o+5 at 3 rol aks 


UE es 





Ow 
6. Tf w= ery, Pa Pe (1+ 3xy2 + x?y22? ex, 
7. Tf ww = x24 4 exy2z8 4 x2y2g? lV = — Gexy2? + Byz. 


XxYE 
8. Show that s = oo atthe point (3, 4, 2) onthe surface 
x? + 327 | xy — ays — 3x — 42 = 0-7 
9. Show that ee = 0 at the point (— 2, — I, 0) on the surface 
4x? 2% — 5x2 + qayz-ty — 22 —15 =0. 
= ae at the point (I, 2, — 1) of the surface 
Bi Pas ay — Qaim Fis 5 =O. 


11. Show that the second total derivatives of w = /(x, 7, 2) with respect to x, DAYS 
are respectively 


fe= (24 98 im)! +h at af dvs 


ax* dx dy + dade ay det dz dx?’ 


02z 


Ox dy 





10. 


dw (dx d at ad az@ *. Px Has 
dy? ~ \dydx * dy | dyaz a. Bs Ox dy? * az dy?’ 
d 


2w axd aya 0\2 Of ax Of dry 
wa(eutaytal spat 1 age 


CHAPTER XXIX. 


EXTENSION OF THE LAW OF THE MEAN TO FUNCTIONS OF TWO 
AND THREE VARIABLES. 


206. Functions of Two Variables.—Let z = /(x, y) be a function 
of two independent variables. 
When * =), — ~,lets become ¢ = (a, 0). Alsa, let 
KONE YO. 


7 Bs (2) 
Then g= f(x, Vv) = f(a + ir, 6 + mr) (2) 


is a function of the one variable, if a, 4, 4, m are constants. This 
function becomes c = /(a, 6) whenr = 0. If this function of r and 
its first 2 + 1 derivatives with respect to 7 are continuous for all 
values of r from r = 0 tor = ¢, then, by the Law of the Mean for 
functions of one variable, 








dz a OE ou Cee 
oi = (b =) ae (F),+ aT 9 so n!\ (Ga ),+ (n+ 5 ee (3) 
p 
Here (F) means the /th derivative of z with respect to r 
TP Jo 
i h Eee 
taken at r = o, and Teh means the (z + 1)th derivative of z 


with respect to 7 taken at some value o of r between o and ¢. 
Also, since these derivatives are linear derivatives of z, we have 


(2) _ aflx,y) 





on ae ee Winengme= oy ——08 
: ; 


= (155 +" 5) Ae 
=i {e-95+0-9%} Ze, 
since 7 = (x — a)/r, m =(y — 4)/r, from (1). Hence 


a (e \e Kc —v} i: ah 70) e Ae é). (4) 
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In like manner let x = §,y =n, when r=; &, y being num- 
bers respectively between a and x, and y. Then 
die i hag 3 - | C) 3 0 ae z 
_—— (—__ = oe nw a )A5 
(z+-1)! (ar), (m-+-1)! eae) 0S ae aq AE,7).(5) 
Substituting the values of (4) and (5) in (3), we have the Law of 
the Mean Value extended to functions of two variables, or ' 


Ae) es (@ — a) 5-+ (9-35 | Aa, 8) 


p=0 
“ a rs) A+I 
+ opal © sgt ¥ -- a), (6,7). (6) 


207. The geometrical interpretation of § 206 is as follows: 
Given the ordinate to a surface at a particular point a, 4, and the 
partial derivatives ofthe ordi- 
nate at that point. To find the 
ordinate at an arbitrary point 
EPs ee 

Let z= /(, y) be the equa- 
tion to a surface on which 
A,(a, 6, c) is the point at which 
the coordinates and partial de- 
rivatives of z are known. Let 
P be the point on the surface 
at which x, y are given and gz or 
I(x, ¥) is required. 

Fic. 126. 7 Pass a vertical plane through 

A and P, cutting the surface in the curve 4P and the horizontal plane 
in the straight line BZ, whose equation is 





xX —a_y—bdb 
ets 


The equation of the curve AP cut out of the surface by this verti- 


cal plane is 
zg=f(a+ r,b+4+ mr), 


referred to axes Br, Bz’ and coordinates r, 2, in its planerBs’ The 
law of the mean is applied to this function of the variable r, resulting 
in (3). Then, since these derivatives are linear, they can be ex- 
pressed in terms of the partial derivatives of z at a, 4, and (3) is trans- 
formed into (6). 


208. Expansion of Functions of Two Variables.—Whenever 
the function (2), § 206, of the one variable r can be expanded in 


ARI. 210] EXTENSION OF THE LAW OF THE MEAN. 3I1 


powers of r by Maclaurin’s series as given in Book I, then we can 
make 2 = oo in (6), and we have 


Ax») i [@- a+ - Day bined, 


and the function /(x, y) can be computed in terms of /(a, 2) and the 
partial derivatives at a, 6. 


209. Functions of Three Variables.— Following exactly the same 
process as in § 206, for 
w= f(x; 9,2); 
we have the law of the mean for three variables, 


: a 
eH )= DF {ema +(e—Dab eee l "Aa, 0) 
p=o 


n+I 


I 0 7) 0 
tapi] OM getU-Dget dae LAE 2D () 


where &, 7, € are the coordinates of some point on the straight-line 
segment joining the points in space whose coordinates are x, y, z and 
TiO Gs 

Whenever the function of one variable +, 


Ka + lr, 6+ mr, c+ nr), 
can be expanded in an infinite series of powers of 7 by Maclaurin’s 
series, Book I, then we can make » = o in (1), and have 


fara= ) 4 | a) +0) +05. | "Ka,b,0). (2) 
pro 





210. Implicit Functions.—The law of the mean enables us to 
express the equation of any curve or surface in terms of positive 
powers of the variables, and permits the study of the curve or surface 
as though its equation were a polynomial in the variables. 

Uhuseil == f(x, ¥) 1s constant and o, then 7(4,.y) = 0 is the 
equation of a curve in the plane «Oy. The equation of any such curve 
can, by (6), § 206, be written in the form 


n 


o= VE Lege + -Dy tM) te 


In like manner, by (1), $209, the equation to any surface 
J(%, Y, 2) = 0 can be written 


0 = NE {eae to—Dagt eget AG bt Ru (2) 


p= 
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k, being (5), § 206, for equation (1) above, and the correspond- 
ing value in (1), § 209, for equation (2). 

211. The law of the mean as expressed in this chapter is funda- 
mental in the theory of curves and surfaces. It permits the treatment 
of implicit equations in symmetrical forms, which is a far-reaching 
advantage in dealing with general problems whose complexity would 
otherwise render them almost unintelligible. 

A most useful form of the equations for two and three variables is 
obtained by putting 


Boas 2 i ie, Bo 


and in the result changing a, 4, c into x, y, 2. 
Thus for two variables 


fathy+h =) "F(rze 4s) Aas) (10) 


foe 
For three variables 


a 
Hath, yh, 2+7) =) Al? at A : 


a + 15) Ae y, 2). (11) 





: 


EXERCISES. 


1. Show that the equation of any algebraic curve of degree z can be written as 
either 





n 0 0)r 
on S569 540-9 rl Aad) (1) 
or 
nT 0 ' 0 r 
eo) ae a (« a0, +y 2) TO, oO). (2) 


2. Show that any algebraic surface of wth degree can be written in either of the 
equations 
n 





a a r 
os SE} G ae t0-9 546-92) 50,  @ 
% 0 0 OP? 
ee (« iS 25, + * 3) J(Q, ©, 0). (2) 


‘ a oe : 
3. The function (25 + y a) J(*, ¥) is called a concomitant of f(x, ). 


Find the concomitants of a homogeneous function “x, 7’) of degree ». 
In (10), § 211, put = gx, & = gy, then 


m or re Gants: 
At + 82,9 + 8) =e (« rans 5) Nx ¥)- 
Since / is homogeneous in x and y of degree x, 
Se + sHy+o)=S{t+ sx, (t+ 8)y} =+4 8)" Ke, ¥). 
is 0 0 ‘- 
(I+ e/a 9) = =e (« byte >) A 9). 
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This equation is true for all values of g including 0. Therefore, equating like 
powers of g, we have 


ax CY ay = 
arf auf af 
2 ~— 2 = — 
x at eae pues a2 (x — tf, 


(= +7 5) Fame 


In the same way, if /(x, vy, z) is homogeneous of degree ”, we find, by putting 
h = gx, k = gy, = gz in (11), § 211, as above, the concomitants of /(x, y, 2), 


(“2 +y 5 +3) Same 0... Gort If, 


Ose (2 a Moen Appa i 7% 





The concomitant functions are important in the theory of curves and surfaces. 
They are zmvariant under any transformation of rectangular axes, the origin 
remaining the same. 


CHAPTER XXX. 
MAXIMUM AND MINIMUM. FUNCTIONS OF SEVERAL VARIABLES. 


212. Maxima and Minima Values of a Function of Two Inde- 
pendent Variables. 


Definition.—The function z=/(x, vy) will be a maximum at 
x =a, y= 6, when /(a, 4) is greater than /(x, y) for a// values of x 
and y in the neighborhood of a, 6. 
In like manner /(a, 4) will be a minimum value of /(x, y) when 
(a, 4) is less than /(x, ¥) for all values of x, y in the neighborhood 
of a, d. 
In symbols, we have /(a, 4) a maximum or a minimum value of the 


function /(x, vy) when 
I\*, Y) — IG 4) 


is negative or positive, respectively, for all values of x, y in the 
neighborhood of a, &. 

Geometrically interpreted, the point P, Fig. 115, on the surface 
representing z = /(v,_v) is a maximum point when it is higher than 
all other points on the surface in its neighborhood. Also, P is a 
minimum point on the surface when it is lower than all other points 
in its neighborhood. 

This means that all vertical planes through P cut the surface in 
curves, each of which has a maximum or a minimum ordinate zs at P 
accordingly. 

Also, when / is a maximum point, then any contour line ZAZV, 
Fig. 115, cut out of the surface by a horizontal plane passing through 
the neighborhood of P, below P, must be a small closed curve; and 
the tangent plane at P is horizontal, having only one point in 
common with the surface in the neighborhood. Similar remarks 
apply when / is a minimum point. 

When the converse of these conditions holds, the point P will be 
a maximum or minimum point accordingly. 





213. Conditions for Maxima and Minima Values of /(x, »).— 
Let z = /(x, y), « and _y being independent. ‘To find the conditions 
that z shall be a maximum or a minimum at ~, y. 


I, Any pair of values x’, y’ in the neighborhood of x, y can be 
expressed by 


ea xth, y =p or, 
314 
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where 7= cos 0, m= sin 6. Then 


2z=f(x+, y+ mr) 
is a function of the one variable 7, if 6 is constant. 
If z is a maximum or a minimum, we must have, by Book I, 


dz az ‘ is 
i. O°, RP negative or positive, 
respectively, for all values of 6. That is, 
dz Ore hahha? 
Fs cos @ + sin at oO. 


This must be true for all values of 6. But when @ = o and 
@ = in, we have 


He, 9) = 0), and sf) =e (1) 


respectively. Equations (1) are necessary conditions in order that 

x, y which satisfy them may give g a maximum oraminimum, But 

they are not sufficient, for we must in addition have 

ae pot ar oa 
ae 


2 
tee 2 
3 a + alm By + m ay? (2) 


different from o and of the same sign for all values of @. When (2) 
is negative for all values of 6, then zat x, y is a maximum; and when 
(2) is positive for all values of 6, then z is a minimum. 


are arr oF: 
eee —— = ——= = SEE 
ae eed *-- Ox ay Oy" 
The quadratic function in /, m (see Ex. 19, § 25), 
Al? + 2Him + Bm, (3) 


will keep its sign unchanged for all values of the variables /, m, pro- 
vided 





AB — FH? 


is positive. Then the function (3) has the same sign as A. 
(2). Therefore the function /(x, y) is a maximum or a minimum 
at x, y when 


One Vie OF af OAs 
ae 5 Oy at Oe > Oa) 7 (4) 
0? ga 
and is a maximum or a minimum according as either ues or ae is 
Ox Oy 
negative or positive respectively. 
(2). If AB — H*? = —, then will (2) have opposite signs when 
m = oand m/l = — A/H; also when /= oandm// = — H/L. The 


function cannot then be either a maximum or a minimum (see Ex, 


19, § 25). 


316 PRINCIPLES AND THEORY OF DIFFERENTIATION. [CH. XXX. 


(c). If AB— H* =o, and A, B, Hare not all o, then the right 
member of (2) becomes 


(7A + mH)? ¥. (mB + 1H)? 
A ie B f 





and has the same sign as A or B for all values of 6, except when 
m/l= — A/H. Then(z) iso. This case requires further examina- 
tion, involving higher derivatives than the second; as also does the 
case when A, B, # are all o. 

To sum up the conditions, we have /(x, y) a maximum ora mini- 
mum at x, y when 


ge ef Se 
Sx =, Sy = 
geese max. Ee Wada See 
xe — min., wa J ay) — +. 
Tite max. yp gt) 
or YS as, 35 min., xy S Vd 








If the determinant is negative, there is neither maximum nor 
minimum; if zero, the case is uncertain.* 

To find the maximum and minimum values of z= /(x, y), we 
solve .f/, = 0, fj = 0, to find the values of x, y at which the maxi- 
mum or minimum values may occur, then substitute +, y in the 
conditions to determine the character of the function there. 

The value of the function is obtained by either substituting .v, y 
in /(x, y), or by eliminating x, y between the three equations 


zg = /(*, 9); Sx =a 5 ST =a 8) 
for the maximum or minimum value zg. 

This method employed for finding the conditions for a maximum 
or a minimum value of z = /(x, v) has been that which corresponds 
geometrically to cutting the surface at x, y by vertical planes and 
determining whether or not a// these sections have a maximum or 
a minimum ordinate at x, y. 


II. Another way of determining these conditions is directly by 
the law of mean value. We have 


K's”) — fle, 9) = (at — V0) sf D4 (y’ = Aa a) 


For all values of x’, y’ in the neighborhood of x, y we have &, 7 also 
in the neighborhood of x, vy. Ifthe values 7’, 7; are different from 
o, then the values /;, 7; are in the neighborhoods of their limits and 
have the same signs as those numbers for all values of x’, y’ in the 
neighborhood of x, y. Therefore the difference on the left of the 
equation changes sign when x’ = ., as _y’ passes through y, if 4) ¥ o. 
In like manner this difference changes sign when y’ = y, as x’ passes 





* For examples of the uncertain case in which the function may be a maximum, 
a minimum, or neither, see Exercises 22, 25, at the end of this chapter. 
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through x, iff; #0. Hence it is impossible for /(x, vy) to be a 
maximum or a minimum unless /; = o and /j = o. 
When 7 t=O. 7-10, We Pye 


Sie. Slee I)= (212) Sot 20! —a)(9' I) ge + GY 


If the member on the right of this equation retains its sign unchanged 
for all values of x’, y’ in the neighborhood of x, y, the function will 
be a maximum oraminimum at x, y. But in this neighborhood the 
sign of the member on the right is the same as that of its limit, 


‘ wana 4 2(a’ — x)(9’ = gh + (9 a) ae 


ar?” 


(x? — 


This gives the same conditions as in I, and leads to the same ee 


EXAMPLES. 


1. Find the maximum value of z = 3axy — a — y%. 
This is a surface which cuts the horizontal plane in the folium of Descartes. 
Here 





0g 0z 
aro oan 3x, y = 3ax — 37”, (1) 
‘ 
022 022 Oz 
ax2 =_— 6x, ay = oy, Ox Oy = 3a. (2) 
The equations (1) furnish 
3ay — 3x7 = 0, 3ax — 37” =0, (3) 


for finding the values of x, y at which a maximum ora minimum may occur. 
Solving (3), we have 
x=0 y=O, ANG ia 


Kor 4 = 0; jy=0; 


O22z. 022 Gh 2 
Eel abel ESS | EE Pe 
Ox? dy? Ox Oy 
and there can be neither maximum nor minimum at 0, 0. 
ROvet = 0,5 i=; 


2 2 2 2 
eat ie, — teak = + 27a*; 
Ox? dy? Ox Oy 
2 
and ace = — 6a, we have the conditions for a maximum value of z at a, a 


Ox? 
fulfilled. Hence at @, @ the function has a maximum value a’. 


2. Show that 23/27 is a maximum value of 
(a - «Ka —yla+y —. 


3. Find the maximum value of x? -- xy + y* — ax — by. 
Ans. }(ab — a? — 07), 


4, Show that sinx + siny +.cos(«-+y) is a minimum when « = y = 37, a 
maximum when « =y = 47. 
5, Show that the maximum value of 


(ax toy terf(etytr is @+ete, 
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6. Find the greatest rectangular parallelopiped that can be inscribed in the 
ellipsoid. That is, find the maximum value of 8xyz subject to the condition 


xa + 7?/P + 2/e = 1. (1) 

Let «= xyz. Substituting the value of z in this from (1), we reduce ~ to a 
function of two variables, 

xe 
wt a= sty? (1 — aah): 

Ou? Ou? 

From ap ais : 

ditions, x = a/ 73, y = 6/3. These give z =c/ 3, and the volume 

required is 8adc/3 4/3. 
7. Show that the maximum value of «*y°z4, when 2% + 3y + 42 = a, is (a/o)°. 


_ 8. Show that the surface of a rectangular parallelopiped of given volume is 
least when the solid is a cube. 


= 0, we find the only values which satisfy the con- 


9. Design a steel cylindrical standpipe of unifurm thickness to hold a given 
volume, which shall require the least amount of material in the construction. [Ra- 
dius of base = depth. ] : 

10. Design a rectangular tank under the same conditions as Ex.g. [Base 
square, depth = 4 side ot base. ] 

11. The function z = #7 + ay + 7? — 5x — 4y+ 1 has a minimum for x = 2, 
y=tl. 

12. Show that the maximum or minimum value of 











a= axtt by* + 2hxy + 29x + 2afy te (1) 
is 
z2=|ahg|)—|ah|. 
A Df | h 
ce aes 
We have 
I 02 I dz 
eae =axthy+g=0, PW ee Aida, Jala (2) 
Multiply the first by x, the second by y, subtract their sum from (1), and we 
get 


s=gxtfy +e. (3) 

Eliminating x and y between (2), (3), the result follows. 
The condition shows that when aé — /? is positive, the above value of z is a 
maximum or minimum according as the sign of @is negative or positive. If 


ab — h» — —, then z is neither maximum nor minimum. We recognize the 
surface as.a paraboloid, elliptic for ad — #? positive, and hyperbolic when 
UE UB es 


13. Investigate z = 2? + 3y? — xy + 34 — 7y +1 for maximum and min- 
imum values ot ¢. 


14, Investigate max. and min. of «# 4+ yt — x2 + ay — Be: 
x=0,y=0,max; x=>y=thmin; x=—y= + } 3, min. 
15. The function (7 — y)? — 4y(x — 8) has neither maximum nor minimum. 


16. The surface x? + 2y? — qx + gy + 32 + 15 = oO has a maximum 
z-ordinate at the point (2, —1, —3). (3 


17. The function x4 + y4 — 22° + 4xy — 2y? has neither maximum nor minimum 
for x = 0, y = 0; but is minimum at (+ 4/2, — V2), (— 4/29 + 2). 
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18. Show that cos x cos a+ sin xsin a cos(y — )is a maximum when 
x= a, WA = p. A 

19. Show that x? — 6xy? + cy* at 0, oO is minimum if ¢ > 9, and is neither 
maximum nor minimum for other values of c. Hint. Complete the square in x. 


20. Show that (1 + «? + y*)/(I — ax — dy)has a maximum and a minimum 
respectively at 





ew Y_ rt VYI+ 74h 
is ae A e+ 2B F 


21. Show that 3, 2 make x3y2(6 — « — y) a maximum. 

22. Show that a, 6 make (2ax — x?)(2by — y?) a maximum. 

23. Show that 3 + 4 4/2 is a maximum, — 6 — 4 4/2 a minimum, value of 
y* — 8y? + 18y? — By + 43 — 3x? — 34. 


214. Maxima and Minima Values of a Function of Three 
Independent Variables. 


Let zl Xs), 2), 
De Ue a) Tk, | Se BS 
As before, if « is a maximum or a minimumat., y, z, we must have 
u=f(x+, y+tmr, 2z+n7r), 


a maximum or a minimum for all values of 7, m, , or 








du Ou 

o aie era, fe ee 
Ghee y,—y0u  2,—2 du 
fe ING? of a i ao Fos.’ 


must be o for all values of /, m, 2 or of x,, y,, 2, in the neighborhood 
OG). 2, OF 


(Ha) 2 + (4-9) + —2) Geo. 
Hence the necessary conditions 
Ou Ou Ou 
ae ae? on eee Avene (1) 


Now when the relations (1) hold, and for all values of x,, y,, 2, in 
the neighborhood of x, y, z, we also have 


a =P am fy ea 2m, + anf, + 2mnsy, 


or, what is the same thing, 


Ah? + BRA Ce? + 2hhkg + 2Ghg oe 2Hhk (2) 
(wherein A = fy, B= fy’, C=Sfa, F=Lhs, =fun, L=f/,) 
negative (positive) ay all values Of kh, 2; then s wu be a maximum 


(minimum), 
The condition that (2) shall keep its sign unchanged for all values 
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of 2, , g has been determined in Ex. 20, § 25, where it is shown that 
when 
AT? and™ AVAT.G 
| vais a LC 
Gee, 


are both positive (2) has the same sign as 4 for all values of 4, 4, g. 
Therefore /(x, y, 2) is a maximum or a minimum at 4, y, 2, 
determined from 
Foe Oy Jy =, Je =O 
when we have 


if dia _ // v1 
LZ= seein ge yx 


7/ 7/ 
xy yy 


=+, See Iys Te = = mm 
xy Ixy Sey 
fit see oe 


The conditions for maximum or minimum can be frequently 
inferred from the geometrical conditions of a geometrical problem, 
without having to resort to the complicated tests involving the second 
derivatives. 











EXAMPLES. 
1, FErPty+e24x—22— xy. 
Jn = 2K —y +1=0, J, = 2—x=0, Jz = 22 = 2 = 0. 
t= —4 Y=—%, “FZ=1, give swfi= —-<. 
Also, fxn = 2 Sy = 2. Jaz = 2, Jose) (=a ft =o 
ae ='3; 21T0|=6. 
72 1.2.0 
002 








Therefore — 4/3 is a minimum value of 7, 
2. Find the maximum and minimum values of 
ax” + by” + cz" + 2fyz + 29x24 2hxy + 2ux + 2vy 4+ 2wz-4 d. 
Here Tx = 2(ax+ hy 4+ gz+u)=0, 
fawiery tite) =e (1) 
fi = 2gx + fy + cz + w) =0 


Multiply the first by «, the second by y, the third by zs. Add together and 
subtract the result from the function I. 





J =ux+tvuytwetd. (2) 
Eliminating x, y, z between (1) and epee we have 
jf = lace u ahs 
hb rope hoff | 
ae A Pe 
uvwd 


which is a maximum ora minimum according as 
a=F, |ak|=4, 
hb 








the upper and lower signs going together. 
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3. Find a point such that the sum of the squares of its distances from three 
given points is a minimum. 


ECE Rtn Ue Con age eay) Deathe aren points. Then 
S = BY [(% — 4)? -+ (9 — Ie)? + (@ — 2)], 
ie ae) = Ol ve, 
Sy = 22(y — Jr) =O = 39 — Bye, 
fr=224 — 2) = 0 = 32 — Sz. 
% = 3% + Hy 3) YH RIM +I. + Ish 2 = H% + + %). 
The point is therefore the ang of the three given points. 


ea ppg One ay xe = Jyz = 9. Show that the solution is a min- 
imum. 
Extend the problem to the case of 2 given points. 


4. If w = ax? + byx + de + lxy + myz, show that « = y =z = 0 gives 
neither a maximum nor a minimum. 


215. Maximum and Minimum for an Implicit Function of 
Three Variables.—To find the maximum or minimum values of z in 


J(% I; 2) = % 
Since the total differentials of fare o, we have 


Ya(te Rtas tag )\Sao (x) 


tf =(de + bs +eox a) Sti e+ Fay oP a= 


Also, at a maximum or a minimum value oe 2 we must have 


o. (2) 


ier ty 
daz = es =o 
dz 
for all values of dy and dx. It is therefore necessary that 
aan = ey 
dans? ay ° ag (3) 


Substituting these values in (2), we have at the values of x, y which 
satisfy (3), and make dz = 0, 


(2x Eattay =) f 
Pe nee Ox oy 
oe = - 
Be 
de fl + ady dx fy + GLY 
Fi 


In order that this shall retain its sign for all values of dy and dx, 


we must have 4 
” — (Sy)? =: (4) 
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Then the sign of @z is that of //7.. (See Ex. 19, p. I a 
Hence z will be a maximum (minimum) at %, y, 2, determined 


from 
p= Os Viney f= 2, 
when ////, is positive (negative), provided (4) is true. 


EXAMPLES. 


1. Find the maximum and minimum of z in 
2x7 + 5y? + 2? — 4ny — 2x — dy — $= 0. 
n= 4e—-4y —2=0, fy = ley — 4x —4=0, 
give Gps BR Se lp | eee 2 
fi2w~ath fe=4 Sasy — Coy = 
z is therefore a maximum and a minimum at 3, I. 


2. Show that z in 23 + 34% — gay + yz =o has neither a maximum nor a 


minimum atz = — 4,V= —a3p 2%= — wz: 





216. Conditional Maximum and Minimum.— Consider the 
determination of the maximum or minimum value of z= /(*, ¥), 
when x and y are subject to the condition ((x, y) = o. 

Geometrically illustrated, z = /(x, vy) and (x, v) = o are the 
equations of the line of intersection of the surface z = /and the ver- 
tical cylinder @ = 0. We seek the highest and lowest points of this 
curve. 

Since, at a maximum or minimum value of 2, 


ar af 
aes Vigne mi (1) 
dp dp 
also 5, 2 - ay dy = 0, (2) 
we have, eliminating dy, dx, the equation 
Sx P, — Sy Px = © (3) 


to be satisfied by x, y at which a maximum or minimum occurs. 
Equation (3) together with @ =o determines x and_y for which a 
maximum or minimum may occur. ; 
Usually the conditions of the problem serve to discriminate be- 
tween a maximum, minimum, or inflexion at the critical values of x, y. 
The test of the second derivative, however, can be applied as 
follows: We have 


Pa = fi de + ofl dedy + fy PHL Px + fidy, (a) 
which must keep its sign unchanged for all values of x, y satisfying 


¢ = 0 in the neighborhood of the x, y also satisfying (3). But we 
also have 


xe 1? + 2h, dxdy + by UP + bPx+ Py =0. (5) 
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To eliminate the differentials from (4), (5), multiply (4) by ¢/, (5) 
by 7,, and subtract, having regard for (3). In the result substitute 
for dy/dx from (2). 





= | OF ny gy St; d, Ss 
& Se 7) by Pia wv dy te , 71 wy, f ° 
‘ (Coss Dux XX Hh * | gi xy ? % a bi S yy . ( (6) 














When this is negative (positive) we have a maximum (minimum) 
value of z. ‘The form of the test (6) is too complicated to be very use- 
ful, and it is usually omitted. 


EXAMPLES. 


1. Find the minimum value of x? + y? when x and y are subject to the condi- 
tion ax + by +d=o0. 

Condition (3) gives x= ay. Therefore, at 

se ad 23 bd 
a Cae a as fara ae 
we have 
2 2 @ 
xy? = OLR? 

which can be shown to bea minimum by (6). Otherwise we see at once from the 
geometrical interpretations that this value of x? + y? must be a minimum. 


First. 4/x? + y? is the distance from the origin, of the point x, y which is on 
the straight line ax + dy + d=0, and this is least when it is the perpendicular 
from the origin to the straight line, which was found above. 

Second. z= x? y* is the paraboloid of revolution. The vertical plane 
ax + dy +d=0 cuts it ina parabola, whose vertex we have found above, and 
which is the lowest point on the curve. 


2. Determine the axes of the conic ax? + dy? + 2hxy = 1. 

Here the origin is in the center, and the semi-axes are the greatest and least 
distances of a point on the curve from the origin. We have to find the maximum 
and minimum values of x?-+ y*, subject to the above condition of x, y being on 
the conic. 

Lett w=x?+y? and @ = ax?+ by? + 2hxy —1=0. 

Condition (3) gives 

x ax+thy 
y hx 
Multiply both sides by x/y and compound the proportion, and we get 
(a —u)x + hy = 0, 
hx + (6 — uy =0. 
Eliminating x and y, there results 
a—u-t, h I I ; 
h 6 rt Sr Var oF =O 
' for determining the maximum and minimum values of z. 


217. The whole question of conditional maximum and minimum is 
most satisfactorily treated by the method of undetermined multivliere 
of Lagrange. 

The process is best illustrated by taking an example sufficiently 
general to include all cases that are likely to occur and at the same 
time to point out the general treatment for any case that can occur. 
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To find the maximum and minimum values of 


u = 1%, 9, a, w) (1) 
when the variables x, y, 2, w are subject to the conditions 

P(x, J, %, W) = 0, (2) 

G(X; V5 2,20) = 0; (3) 


Since, at a maximum or minimum value of “, we must have du = o, 
the conditions furnish 


fidi+ flby+ fide + fi dw =o, 
gb, dx + $y + $1 ds + bf, dw =o, (4) 
Ldx+ Pi dy + pds + bl dw =o. 
Multiply the second of these by A, the third by y, A and yw being 
arbitrary numbers. Add the three equations. 


(fi t+ Abst Mbaex + (Ly + Ady + eby)ey + 
(fe + Agi + mpd + (fa + Aga t Mpu)dw =o. (5) 
Since A and yp are perfectly arbitrary, we can assign to them 
values which will make the coefficients of dx.and dy vanish; moreover, 
since equations (2) and (3) connect four variables, we can take two of 
them, say z and w, independent, and therefore dz and dw are arbitrary. 


Consequently, in (5), after assigning A and yu as above, we must have 
the coefficients of dz and dw equal too. Therefore 


Si AGL + ph, = 0, | 
fy +g; + phy = 0, | 
fi + Adi + mIt = 0 | (9) 
Ce ae en 
The six equations (2), (3), (6) enable us to determine x, y, 2, w, 
A, , which furnish the maxima and minima values of . 
The discrimination between a maximum and a minimum by means 
of the higher derivatives is too complicated for our investigation. In 


ordinary problems this discrimination can generally be made through 
the conditions of the problem proposed. 


[Ses EXAMPLES. . 
1. Find the maximum value of « = x? + y?+ 2? when x, y, z are subject to 
the condition ~ 
d=ax+hb+e+d=0. 
Here we have, as in equations (6), 
Ou ny ap 


a 


ee a. a ee 
Ou 0p 
ay So ee pee 
Ou Ip 
ag tAg, SOS 22 Ae 
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Multiply by a, 4, cand add. Also, transpose and square. Then 
ax thy +e)+@+P+ A =—adt (+ R4 A) <0, 
A(x? ty? +2) @LP LAY = qu (@ +P 4AM =o, 
2? + Bt 2 x 
The problem is to find the perpendicular distance from the origin to a plane. 


2. Find when # = x? + y? + 2? is a maximum or minimun, «, y, z being sub- 
ject to the two conditions 


x*fa® + y2/b? + 2t/% = 1, le + my + nz = 0. 
Geometrically interpreted: Find the axes of a central plane section of an ellip- 


soid. 
Equations (6) give 


2x 
aT eal = 0 
aw tag x 4 um = 0, 


22 
i i ol 


Multiply by x, y, z and add. WegetA = — uw. Therefore 





her? Mem? pen 
(f =) SastetS = ee i = Se 
Wa eae een ae 2) oy — Ay: 
Hence the required values of w are the roots of the quadratic 
af? Bm? On 
c = 0. 
u—a’ u—b*°u—e 


3. Find the maximum and minimum values of 
u = arxt + by? 1 2g? 
, y, 2 being subject to the conditions 
et yt 2m, dtm +n = 0, 
The required values are the roots of the quadratic | 
P/(u — a) + m?/(u — 8) + #/(u — &) = 90, : 
4. Find the maximum and minimum values of 
be at 2 
when Hy J, # are subject to the condition 
ax? + by? 1 co + afyz + 29K2 + 2hxy = 
Geometrically interpreted: Find the axes of a central ca 
The conditions (6) give 
x + (ax + hy + gz)A = 0, ‘eee Ea 
y + (he + by + fz)A = 9, 
a+ (gx + fy + eA = 0. 


Multiply by x, y, zandadd, .. A= — 
Eliminating x, y, z from the above equations, 
a— ue, la g = 0. 
h y b.— u—t, ifs 
pa) if Re Os 


The three real roots of this cubic, see Ex. 17, § 25, furnish the squares of the 
semi-axes of the conicoid. 


326 PRINCIPLES AND THEORY OF DIFFERENTIATION. [CH. XXX. 


5. Show how to determine the maxima and minima values of «? + y? + 2 
subject to the conditions 
(a? $y? + 22)? = ata? 4 By? 4 Oe, 
lx + my + mz = 0. 


EXERCISES. 


1. Show that the area of a quadrilateral of four given sides is greatest when it 
is inscribable in a circle. 

2. Also, show that the area of a quadrilateral with three given sides and the 
fourth side arbitrary is greatest when the figure is inscribable in a circle. 

3. Given the vertical angle of a triangle and its area, find when its base is 
least. 

4, Divide a number a into three parts x, y, 2 such that x”y%zb may be a 
maximum. ct ih AEs a 

Ans. — =—-=>— = 
Bie te ep m+tnun+tp 

5. Find the maximum value xy subject to the condition x?/a?+ y?/é? = 1. 

This finds the greatest rectangle that can be inscribed in a given ellipse. 


6. Find a maximum value of xy subject to ax + 4y = c, and interpret the result 
geometrically. 


7. Divide a into three parts x, y, z, such that xy/2 + xz/3-+ yz/4 shall bea 
maximum. Ans. x/24= y/20= 2/6 = a/47. 


8. Find the maximum value of xyz subject to the condition 
sr/a? 4 y2/B24 22/A=1 
by the method of § 216. 
9. Show that « + y+ 2 subject to a/x+ 6/y+c/z=1 is a minimum when 


s) Ve=y] Y0=e/ Ye= Yar PELVe 
10. Find a point such that the sum of the squares of its distances from the 
corners of a tetrahedron shall be least. 


11. If each angle of a triangle is less than 120°, find a point such that the sum 
of its distances from the vertices shall be least. [The sides must subtend 120° at 
the point. ] 4 


12. Determine a point inthe plane of a triangle such that the sum of the squares 
of its distances from the sides a, 4, cis least. 4 being the area of the triangle. 


eee Ls 24 


Go be Les & 


13. Circular sectors are taken off the corners of a triangle. Show how to leave 
the greatest area with a given perimeter. [The radii of the sectors are equal. ] 


14. In a given sphere inscribe a rectangular parallelopiped whose surface is 
greatest; also whose volume is greatest. [Cube.] 


15. Find the shortest distance from the origin to the straight line, 


Lx tmy+m2z=p,,; ; 
Z,x + my + yz = p- 


The equations of the planes being in the normal form. 
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We have, if a? = 22+ y? + 23, 
2x-+ 4A+ Zu =0, 
2y + mA +m u =0, 
2z2t+nmA+ nu =o. 


Multiply these by x, y,2 in order and add. Multiply by 2, m,, 2, in order 
and add. Multiply by 4, m,, 2, in order and add. Whence the equations 


20+ pA + Pit =9, 
2p, + A+ cos 6 =0, 
2p. + cos 6A + LO 


Since 1? + m? +n? = 1? +m? +n? =1, 1,1, + mm, +n, = cos 6, where 
6 is the angle between the normals to the planes. Eliminating A and yw, we have 








Wp, “Pp; =, 
Pes cOsiG 
PCOS OED 

or uw sin’@ = p," + p,” — 2p,p, cos 4, 


which result is easily verified geometrically as being the perpendicular from the 
origin to the straight line. 

16. A given volume of metal, v, is to be made into a rectangular box; the sides 
and bottom are to be of a given thickness @, and there is no top. 

Find the shape of the vessel so that it may have a maximum capacity. 

If x, y, z are the external length, breadth, depth, 


— a 
rayaetal “at z= de. 





3a 
17. Find a point such that the sum of the squares of its distances from the faces 
of a tetrahedron shall be least. If Vis the volume of the solid, x, y, z, w the per- 
‘pendicular distances of the point from the faces whose areas are A, B, C, D, then 


Se RAS i gm LL 3V 
Ae Ce 0 AB CPA DP 
18. Of all the triangular pyramids having a given triangle for base and a given 
altitude above that base, find that one which has the least surface. 
The surface is }(2 + 6.4 c) Wr? + #*, where a, 4, ¢ are the sides of the base, 7 
the radius of the circle inscribed in the base, # the given altitude. 


19. Show that the maximum of (ax + dy + Gelert 2 PY ie given by 


a b Gs a b 
A= w= (S+ et 5): 


20. Show that the highest and lowest points on a curve whose equations are 








P(*, Vy 2) = 0, W(x, V, 2) =O, (1) 
are determined from these equations and 2 
Px + Apis =0, gy +Ap/ =0. (2) 


21. Show that the maximum and minimum values of +? = x? + y?+ 2, where 
x, ¥, 2 are subject to the two conditions 


ax? + by® 4 ca? 1 afyz + 2gxz 4 2hxy = 1, lx + my + nz = 0, 
are given by the roots of the quadratic, 


a—r2 h g£ AO, 
h fil are if m 
£ ge ¢c—r2zn 


Z mm n fo) 
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Geometrically, this finds the axes of any central plane section of a conicoid with 
origin at the center. It also solves the problem of finding the principal radii ot 
curvature of a surface at any point. ; 

The following four exercises are given to illustrate the uncertain case of max- 
imum and minimum conditions. 


22. Investigate z= 24? — 347? + yt = (y? — x)(y” — 22). 

At 0, o we have 2, = 4 = 2 = 2,,=>0, 2, 4 The conditions 
2). By — (24)? = 0 makes the case uncertain. The function z vanishes along 
each of the parabole y? = x, y? = 2x. It is positive for all values x, y in the 
plane z = 0, except between the two parabolz, where itis negative. The function 
is neither a maximum nor a minimum at 0, 0, since it has positive and negative 
values in the neighborhood of that point. In fact z is negative all along y? = 34/2 


except at O, O. 

23. 2 = Oy = any 1 A Ye, 

At 0, 0 the case is uncertain. Put y = max, then 

2 = x [(1 + m)x* — 2amx + am). 

When x ory iso the function is positive. For all values of # the quadratic 
factor in the brace is positive. rate 

Hence z is a minimum at 0, 0. 

24. = yy? — xy? — axry + ot. 

As in 23, the condition is uncertain ato, 0. Puty—=mx. Then 

2 = x" x? — m(m + 2)x 4- mm]. 


The function is positive when. or y iso. For any value of m not arbitrarily 
small z is positive for all arbitrarily small values of x. But since 


m*(3m? — im — 1) 
is negative for all arbitrarily small values of m, the quadratic function of x in the 
brace has two small positive roots for each such value of #. Between each pair of 
these arbitrarily small roots the quadratic factor, and therefore z, is negative. The 
function is neither a maximum nor a minimum ato, o. In fact along the curve 
x? — y the function is z = — x°, 


25. Consider the function z defined by the equation 
(2 — a)? + (yx 4-9? — a)? as 


or z=a— ¥V2ap — 7, 
wherein the positive value of the radical is taken and p? = x? + y%. This is the 
lower half of the surface generated by revolving the circle (a — a)? + y? = a? about 
the y-axis. 
Here 
0z x a—p Oz y a—ip 





—_ -— ———~ 9 — ia) a 
Ox p? 2a —/f dy p? 2a — 
At all points satisfying 2? + y? = p? = a? these derivatives are o. Also at 
such points 
Rivne eas hy =a /ias Zany = ay/ a>, 


eae Byy — (225)? =o. 

The function z is o at each point x, y satisfying x? + y? = a2, and is positive for 
every other x, y. It is neither a maximum nor a minimum, nor does it change 
sign in the neighborhood of any x, y in x? + y? = @ We shall see later that the 


plane z = O is a singular tangent plane to the surface. 


CHAPTER XXXI 
APPLICATION TO PLANE CURVES. 


I. Orpinary Points, 


218. We have seen that when the equation of a curve is given 
in the explicit form y = /(x), and the ordinate is one-valued, or 
two-valued in such a way that the branches can be separated, the curve 
can be investigated by means of the derivatives of y with respect to x, 
or through the law of the mean, as given in Book I, for functions of 
one variable. 

In the same way, when the equation of the curve is given in the 
implicit form /(x,y) = 0, we can investigate the curve through the 
partial derivatives and the law of the mean for functions of two variables. 
This amounts, geometrically, to considering the surface z = TRAN), 
whose intersection with the plane z=o is the curve we wish to 
investigate,* 


219. Ordinary Point,—If 7(x, y) = o is the equation to a 
curve, then any point x, y at which we do not have both 
or d Ol. = 
aus =o an oy =o 
is called a sewgle point on the curve, or a point of ordinary position, or 
simply an ordinary point. 
By the law of the mean, 





or or 
F(x, y) = Fa, 6) + Cate Frases — 5) on 
If x, vy) = 0, and a, 6 is an ordinary point on this curve, then 
F(a, 6) = 0. Hence 
r 


ar Cs) 
Ae se ON se 3 eps tos 
From this we derive for x(=)a, 1(=)é, 
dy or sor 


dea oe) oy. 








* For convenience of notation we shall generally write the explicit equation to 
a curve in the form y = f(x), and the implicit equation as (x, y) = 0. 
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Therefore the curve /(x, y) = o and the straight line 
ar OP 
(+= a) aoe ag 9 (1) 


have a contact of the first order at a, 4, or (1) is the equation of the 
tangent to the curve at a, 3. 

We propose to deduce the equation to the tangent at length, in 
order to lead up to the general methods which are to follow. 

Let /(x, y) = o be the equation to a curve, then 


or or 
01 OND) Ts ee ere arg 


I 0 0)? 
$5 A-D get el F (2) 


is the equation to the curve in the form of the law of the mean. The 
straight line - 
X—x Y—y 
i er m eae (3) 





intersects this curve in points whose distances from x, y are the roots 
of the equation in 7, 
oa 


0 0 0 P 
o= Mas) tr(tgz tm a) Pte (se t™ me) Fe 


If the point , y is on the curve, this is one point of intersection, 
and one root of (4) is o, for F(x, y) = 0. 

If in addition we have 

or oF 

then two roots of (4) are 0, and the line (3) cuts the curve in two 
coincident points at x, y, and is by definition a tangent to the curve 
Ene Ged Wy 

Eliminating 7, m between the condition of tangency (5) and the 


equation to the straight line (3), we have the equation to the tangent 
at x, y, 


ar 
(X-a) 5 +(F-)F =o, (6) 
the current coordinates being X, F. 
The corresponding equation to the normal at x, y is 
X—x ) een), 
an Sage (7) 
ax y 
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EXAMPLES. 


1. Use Ex. 3, § 211, to show that if A(x, y) = cis the equation to a curve, in 
which /(x, v) is homogeneous of degree , then the length of the perpendicular 
from the origin on the tangent is 


ee 
VER? 
2. If A(x, y) = um + ww. +...+ 4, +4 =o is the equation of a curve 
of wth degree, in which zw, is the homogeneous part of degree 7, show that the 
equation of the tangent at x, y is 


OF OF 
oo ies SS re ee aes O 


If X, Y is a fixed point, this is a curve of the (#7 — 1)th degree in x, y which 
intersects A(x, vy) = 0 in x(z — 1) points, real orimaginary. These points of 
intersection are the points of contact of the #(z — 1) tangents which can be drawn 
from any point X, Y to a curve / = 0 of the mth degree. 


3. If X, Y be a fixed point, the equation of the normal through XY, Yto “=o 
at, 9018 


ne 


OF OF 
(xX — rates = 

This is of the wth degree in x, y, which intersects “= 0 in #? points, real or 

imaginary, the normals at which to “= 0 all pass through X, Y. There can 


then, in general, be drawn 7? normals to a given curve of the zth degree from any 
given point. 


4. Show that the points on the ellipse 2#?/a? + y?/d?—1 at which the 
normals pass through a given point a, 6 are determined by the intersection of 
the hyperbola 

: xy(a* — 6?) = aay — Box 
with the ellipse. 

5. If A(x, y) =0 isa conic, show that its equation can always be written 


a) a) a) a)? 
Ge Dt (ea + (y 3) 5 Lia) as +0-9 51 Fa) 
(az). Show that the straight line whose equation is 
1, (2) 


where / = cos 6, m = sin 9, cuts the curve in two points whose distances from a, 6 
are the roots of the quadratic 


; i) a a a\? 
o= Rad) +7(0x toms) Fhe (gots) # (3) 
(6). Show that 


e—-a@ yd _ 


Z m 





OF 
(pa) 4 (7 — 8) = (4) 


is the equation of a secant of which a, 4 is the middle point of the chord. 
(¢). Show that the equations 
or or 


Gone Oe 





solved simultaneously, give the coordinates of the center of the conic. 
(d@). Show that 
x—-a_y—b OF oF 


es ae and aaa aie 
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are the equations of a pair of conjugate diameters of the conic “ = 0, whose center 
is a, b . 

6. If # < 1, show that the tangent to «?/a? + y?/d? — # cuts off a constant 
area from #?/a? + y?/d* = 1. 

7. In Ex. 5, show how to determine the axes and their directions in the conic 
F = 0, by finding the maximum and minimum values of 7 in the quadratic (3), as 
a function of 6, the center of the conic being a, 6. 


220. The Inflexional Tangent.—At an ordinary point x, y on 
the curve /(x, y) = 0, the straight line 
DE SS HE - a Gs (1) 
1 yr ar ghee 


cuts the curve in points whose distances from x, y are the roots of the 
equation in 7, 


0 0 Bal pedo a\2 0 dene 
o=r( ie +m ee (45 +n) PHA (Gets ) i 2) 








If we have 
OF oF 
iene = wy QO, (3) 


the line (1) cuts the curve in two coincident points at x, y, and is tan- 
gent to the curve there. 
If, in addition to (3), 7 and m satisfy 


0 0 \" 
(grt Hy) F=e (4) 


then the line cuts the curve “= 0 in three coincident points at x, y, 
provided 


C) O\? ‘ 
(: ax + ™ s) F so. (5) 
In this case the line (1) has a contact of the second order with 
/’= 0 at x, y, and this point is an ordinary point of inflexion. This 
_ means that the value of 7/m = tan @ in (3) must be one of the roots of 
the quadratic in 7/m (4). 


Eliminating 7 and m between (3) and (4), we have a condition that 
x, y may be a point of inflexion, 


ee LG — a0 Po ee ere et: (6) 
To find an ordinary point of inflexion on / = 0, solve (6) and 
f= o0 for x andy. . If the values of x, y thus determined do not 
make both FY and #7 vanish, and do satisfy (5), the point is an 
ordinary point of inflexion. 
The solution of equations (6) and / =o is generally difficult. 
In general, if x, y is an ordinary point satisfying 7 = 0, and 


OF 8!" 0F geen 
Oy Ox dx dy sie 
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Fi By Bennet a aveae hy ANIC 

oF a an ea \% 

— F yo, 

Oy Ox ax oy 
then when 2 is odd we have a point of inflexion at which the tangent 
cuts the curve in 2 coincident points at x, y. When z is even x, yis 
called a point of undulation and the curve there does not cross the 
tangent but is concave or convex at the contact. 

The conditions for concavity, convexity, or inflexion at an ordinary 
point on #"= o can be determined as in Book I. For, differentiating 
/ =o with respect to x as independent variable, 

As O20 5 Os ray 
eax Oy dx’ 
0 ay o\* nq? 
Ca) 
On ax “OY Oy dx? 

At an ordinary point 0,/ 4 0 or 0,/' ~ 0. Hence the curve is 

convex, concave, or inflects at x, y according as 








(as ae)? (a arn ie a)? 
De OX. a. OY a Oy Ox =—0x =O 
ci ae ar aye oF \s 

x (5) 


is positive, negative, or zero. 


EXAMPLES. 


1. Show that the origin is a point of inflexion on 
ey = bxy + cx + dxt. 
2. Show that x = 6, y = 203/a? is an inflexion on 
a — 26x* | ay = 0. 
3. Show that the cubical parabola y? = (x — a)*(x — 6) has points of inflexion 


determined by 3% + @ = 40. 
Hint. Solve the conditional equation for (~ — @)/(y — 4). 


4. If y? = f(x) be the equation toa curve, prove that the abscisse of its points 
of inflexion satisfy 
afta) f(x) = {f(x} 
II. SINGULAR POINTS. 


221. If at any point x, y on a curve (x, y) =0 


oF or 
peas and ch =O) 
the point x, y is called a singular part. 
Since wy =— as ee the direction of a curve ata singular point 
ax ox / dy 


is indeterminate. 
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222. Double Point.—If at a singular point the second partial 
derivatives of /’ are not all o, we shall have 
Or er er 
oh (X— 4)" Fa fp 2(A = sg Metierea harm ave (Fee 


Divide through by (X — x)? and let X(=)x. Then 


Leen OF / dy 0?F / dy\2 
= 952 1 * ax dy \dx OP \dx 
This quadratic furnishes, in general, two directions to the curve at 
x,y. Such a point is called a double point. The two straight lines 
er or or 
ie RRL a: a EF eect 
(X — x) ana + 2(X — x)(V —y) Ap yt (¥ —y) ao ° 


pass through the point x, y and have the same directions there as the 
curve, and are therefore the two tangents to the curve at the double 
point. ; 

The coordinates of a double point on (x, vy) = o must satisfy the 
equations 


TOS Oy il) = 10,- aos (1) 


The slopes of the tangents there are the roots 4 and 4, of the 
quadratic 
PE + 2h fd eens (2) 
(A). Mode. If the roots of the quadratic (2) are real and different, 
then 
Bae By — FSH, (3) 
the curve has two distinct tangents at x, y, and the point is called a 
node. ‘The curve cuts and crosses itself at a node. 
(B). Conjugate. If the roots of the quadratic in / (2) are imaginary, 
or 


Fan Py — Fi = +; (4) 


the point is a conjugate, or isolated point of the curve. The direction 
of the curve there is wholly indeterminate. There are no other points 
in the neighborhood of a conjugate point that are on the curve. For 
the equation to the curve can be written 


c=] X-aar t (Fogle 


+4} (X- Fe + (Fy) mF 


For arbitrarily small values of X — «and Y — y the sign of the 
second member is that of the first term, and (4) is the condition that 


iad 
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this term shall keep its sign unchanged. Therefore the equation can- 
not be satisfied for X, Y in the neighborhood of x, y. 
(C). Cusp-Conjugate. If the roots of (2) are equal, or 


Fa fy — F° = ©, (5) 


the point may be either a comjugale point ora cusp. The curve has 
one determinate direction there and a double tangent. Equation (5) 
assumes that 4, “7%, #/ are not independently o. Further, con- 
sideration of the cusp-conjugate class is postponed. 


ILLUSTRATIONS. 


1. The following example, taken from Lacroix, serves to illustrate the distinc- 
tion and connection between the different kinds of double points. 
(az). Let y? = (x — al(x — b)\(x — 0), (1) 
where a, J, ¢ are positive numbers, and a < 6 < . y 
The curve is real, finite, two-valued, and sym- 
metrical with respect to Ox fora < x < 6. It does 
not exist forx < @ord < x <¢; itis finite and sym- O| q SC ov 
metrical with respect to Ox for all finite values of 
x > c. The ordinate isco when x=0oo. The curve 
consists of a closed loop from a to 4, and an infinite 
branch from ¢on. The curve is shown in Fig. 127. Fic. 127. 
y (4). Let ¢ converge to 4. 
Then the loop and open branch tend to come together, 
and in the limit unite in 
ola * en Y= (oak 2), (2) 
giving at 4a node. (See Fig. 128.) 
(c). Let 6 converge to @ in(1). The closed oval 


Fic. 128. continually diminishes, shrinking to the point a. 
In the limit we have 
y= (x — a(x — ¢), (3) 


which consists of a single isolated or conjugate point 
x = @, and an open branch for x > ¢. (Fig. 129.) 

(2). Let ¢ and 4 both converge to a. The oval 
shrinks to a, and the open branch elongates to a also, 
resulting in 





ae — ay, (4) FIG. 129. 
which has a cusp at a, (Fig. 130.) 


y 2. A clear idea of the meaning of singular points 
on a curye is obtained when we consider the surface 
z = Kx, y), which for any constant value of z is a 
curve cut out of the surface by a horizontal plane. 


6) 7 x For example, using (1), Ex. 1, we have the surface 


z= («x — a)\(x — b)(« —¢) — 7’, 
Fic. 130. which is symmetrical with respect to the «Qz plane, 
and cuts the xQz plane in the cubic parabola 
z= (x — a\(x — b)(x — 0), 
and the horizontal plane in the curve 


y= (x — ax — b)\(x — ¢). 
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A moving horizontal plane cuts the surface in curves of the same family. For 
example, DD is an open branched curve; BZ is a curve with a node as in Fig. 128; 
AA is a curve with a closed oval and one open branch asin Fig. 127; so also is CC. 

As the horizontal cutting plane rises until it reaches a maximum point Z on the 





Fic. 131. 


surface the closed oval shrinks until it becomes the point of contact of the horizon- 
tal tangent plane, which plane cuts the surface again in the open branch 7, The 
point of touch 7 is a conjugate of the curve 77 and part of the intersection of the 
surface by the plane. If the cutting plane be raised higher, to a position J, the 
oval and conjugate point disappear altogether and the section is only the open 
branch 

Obsere that the tangent plane at the node of BZ is also horizontal, but the 
ordinate to the surface is there neither a maximum nor a minimum. 

The node of BB is a saddle point on the surface. 

To illustrate the cusp, consider the surface 


z= (x — ap — 7’. 


This cuts xOz in z = (x — a), and the 
horizontal plane in y? = ( — a)3. All 
planes parallel to yOz cut the surface in 
seens ~ ordinary parabole. All sections of the 
surface by horizontal planes are open 
branched curves, none having cusps except 
ee ee that one in «Oy. All horizontal sections for 
f a # negative have inflexions in the plane x=a, 
and their tangents there are parallel to Ox. 
The horizontal sections above +Oy have no 
inflexions. As the plane of the horizontal 
section below xOy rises, the inflexional tan- 
Fic. 132. gents unite in the wxigue double tangent at 
the cusp in the plane xOy: 


3. The above considerations will always enable us to discriminate between a 
conjugate point and a cusp of the first species, * when the singular point is of the 
cusp-conjugate class under condition (5). For, let A(x, v) =o have a point of 
this class, and let Aix, vy) = o be the equation of the curve referred to the singular 
point as origin and the tangent there as x-axis. The point isa cusp of the first 
species if (x, 0) changes sign as x passes through o. If #(x, ©) does not change 
sign as x passes through 0, the point is either a conjugate or a cusp of the second 
species. Ifin the neighborhood of such a point no real values of x, y satisfy the 
equation, the conjugate point is identified. Also, the conjugate points on F = o 
are the values of x, y which make z = “a maximumor a minimum. 











*A cusp is of the first species when the branches of the curve lie on opposite 


sides of the tangent there. If both branches lie on the same side of the tangent, 
the cusp is of the second species, 
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The only forms that double points on an algebraic curve can have, 
besides the conjugate point, are nodes and cusps. (See Fig. 133.) 


Node. Cusp, first species. Cusp, second species. 
FIG. 133. 


In fact, all other singular points of algebraic curves are but combi- 
nations of these, together with inflexions. 


EXAMPLES. 
1. Show that the origin is a node of y*(a@? + «*) = x(a? — x*), and that the 
tangents bisect the angles between the axes. 
2. Show that the origin is a cusp in ay? = x3. 
. Find the singular point ony? = x(x + a). [Cusp. ] 
Investigate 4(«? + y?) = x at the origin. 
Investigate x? — 3axy + y? = 0 at the origin. 


PAP w 


Find the double point of (44 — cy)? = (« — a), and draw the curve there. 
Saye c ele 


7. The curve (y — ¢)? = (« — a)*(x — 6) has a cusp at a, ¢, ifa = 2b: conju- 
gate ifa < 4. 


8. Investigate y? = x(x +a)? and «+4 y* = a* for singular points. 
9. Investigate at the origin the curve 
F= a — 2x + zyx? —axi + oF + x4 + 75 =O, 

Here A, =0, 4,=0, Fy? — Fy, Fy, =0, at the origin, and the third 
partial derivatives are not allo. The origin is a point of the cusp-conjugate class, 
and y? = 0 is the double tangent. 

Since Aix, 0) = — ax* + xt changes sign as x passes through 0, the origin is 
a cusp of the first kind. 

223. Triple Point.—If x, y satisfy the equations 

ee ee eae hyena ie 5) O, Ce) 
and do not make all the third partial derivatives of # vanish. Then 
we have at any point X, VY on the curve 


c =|(X-a eR +(v-ng le 


Divide by (X — x)? and make X(=)x. We have the cubic in / 
for finding the three directions of the curve at x, y, 


0 = FUL + BHF) + 3ARY + BEY, (2) 
The solution of this gives, in general, three values of ¢ = dy/dx, 
furnishing the three directions in which the curve passes through ~, y, 
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which is a /riple pont on the curve. ‘The equation of the three tan- 
gents at x, y is 


|(X- s+ Ys | F =o. 


Some forms of triple points are shown in Fig. 134. 


PICK 


FIG. 134. 


EXAMPLES. 


1. Show that x4 = (x? — y*)y has a triple point at the origin. 
2. Investigate at O the curve x4 — 3axy? + 2ay3 = 0. 


224. Higher Singularities.—In general, if 
or 
an caer 
forall values of .p-- g = 7, and: r =o, 1, 2;.....,% — 4, then 


the curve / = o has an z-ple point at x, y, and in general passes 
through the point z times. 


The equation of the eas there is 


| s) P+ Fin gl Fao. 


Their slopes are the roots of 


6) 0 \% 
(G +45) ¥ =. 


Examples of multiple points are shown in Fig. 135. 


of WY Wee 


Fic, 
EXAMPLES. 
1. Investigate «5 + y5 = 5ax%y?, ato, 0, 
2. Investigate (y — x)? = x5, ato,o. 


3. In «5 + dx4 — a'y2 =o, the origin is a double cusp. 
4. Determine the tangents at the origin to 


WE SAE Se 


[x + Y= 0.] 
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5. Show that «* — 3axy + yt = 0 touches the axes at the origin. 
6. Investigate «+ — ax*y + dy? =o ato, o. 
7. Show that 0, 0 is a conjugate point on 
ay? — 8 + bx® =o 
if a and @ are like signed, and a node when not. 
8. Show that the origin is a conjugate point on 
(x — @) = x4, andacuspon (y — 2)? = 23, 
OSinvestigate (y= 47) = 4" at 0, 0, for z= 4. 
10. Investigate («/a)® + (y/d)8 = 1, where it cuts the axes. 
11. Find the double points on 
x* — gax> + garx? — fy? + 26%y — at — 4 = 0. 
12. Alsoon «* — 2ax*y — axy* + ay? = 0. 
13. Find and classify the singular points on 
xt — 2ax*y — axy? + ay? =0 
when (pfs SIS SEDO G2 Fan tb 


14. Show that no curve of the second or third degree in x and y can have a cusp 
of the second species. ve 

Show that if /(x, y) = 0 is any equation of the third degree, having a point of 
the cusp-conjugate class at the origin and the x-axis as tangent, the origin is a 
cusp or conjugate point according as F(x, 0) does or does not change sign as x 
passes through 0, that is, according as the lowest power of «x is odd or even. 


15. If “x, y) = Ois any curve of the fourth degree, having at the origin a 
double point of the cusp-conjugate class, and the tangent there as x-axis, then the 
origin is a cusp of the first species if the lowest power of x in /(x, 0) is odd; 
otherwise, it is a cusp of the second kind or a conjugate point according as the 
co-factor of x? in /(x, mx) has real or imaginary roots for arbitrarily small values 
of m. 


16. Show that the origin is a cusp of the second kind in 
“| y* — ay — 2exty -|- any? +- ay? = 0; 
is a conjugate point in 
at + y* — ay — axty + axy? + ay? =0; 
and a cusp of the first kind in 
we + yt — a — bey + cry? + a =0. 

225. Homogeneous Coordinates.—The study of homogeneous 
functions is very much simpler than that of heterogeneous functions, 
owing tothe symmetry of the results. This is exemplified in the con- 
comitants. It is therefore of great advantage, in the study of curves, 
to make the equations homogeneous by the introduction of a third 
variable. While we do not propose to follow up this method, it is so 
necessary and so universally employed in the higher analysis that it is 
mentioned here in order to give a geometrical interpretation to the 
meaning of the process and to illustrate what has been said about the 
study of surfaces facilitating the study of curves. 

In the present chapter we have been really studying a curve as the 
section of a surface by the planez=o. If now we make the equa- 
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tion to any curve F(x, y) = o homogeneous in ~, 4, 2, by writing the 


equation 
Bee 2) =o, (x) 


& z 


and clearing of fractions, then we have the homogeneous equation in 
three variables x, y, 2, 

EY(%, J, 2) = 0. (2) 
F’, = 0 becomes /”= 0 when we make z = 1. 

But /, = o being homogeneous in x, y, 2, it is the equation of a 
cone with vertex at the origin, and which cuts the horizontal plane 
z= 1in the curve / = 0, which curve is the subject of investigation. 

Consequently any investigation of /, = o carried on for a homo- 
geneous function in x, y, z is applicable to the curve # = o when in 
the results of that investigation we make z= 1. 


III. Curve TRACING. 


226. In the tracing of algebraic curves, the following remarks are 
important. 

(I). If the origin be taken on a curve of the mth degree, at an or- 
dinary point, the straight line_y = mx can meet the curve in only z — 1 
other points. 

If a curve has a singular point of multiplicity m, and this be taken 
as origin, the line y = mx can meet the curve in only z — m other 
points. 

Therefore, if any curve ofthe zth degree has at the origin a sin- 
gularity of multiplicity 7 — 2, the line y = mx can meet it in only 
two other points besides the origin, and by assigning different values 
to m we can plot the curve by points conveniently. 

(II). If any curve has a rectilinear asymptote, and we take the 
y-axis parallel to this asymptote, we lower the degree of the equation 
in y by 1. If there be m parallel asymptotes, and we take the y-axis 
parallel to them, we lower the degree of the equation in y by m. If 
the degree of the equation in y can thus be made quadratic or linear 
in y, then by assigning different values to x, the curve can be plotted 
by points conveniently. 

(III). In any algebraic equation of a curve #= 0, when the 
origin is on the curve, the coefficients of the terms in .v, y are the re- 
spective partial derivatives of the function /'at 0, o. Therefore the 
homogeneous part of the equation of lowest degree equated too is the 
equation of the tangents at the origin. The origin is a singular point 
whose multiplicity is that of the degree of the lowest terms ; it is an 
ordinary point if this be 1. 


(IV). The Analytical Polygon.—Newton designed the follow- 
ing method of separating the branches of an algebraic curve at a 
singular point, and tracing the curve in the neighborhood of that 
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point. The method also determines the manner in which the curve 
passes off to co. 

Let /(x, y) be any polynomial in x and y which contains no con- 
stant term. Then 

INAS I) eS Cnty = 0 
is the equation of a curve passing through the origin. 

Corresponding to each term 
C_x'y?, plot a point with reference q 
to axes Op, Og, having as abscissa 
and ordinate the exponents f and g 
of x andy respectively. Thus lo- 
cating points 4,,...,A,, draw Ag 
the semple polygon A,A,4,A,4,A.,A, 
in such a manner that no point 
shall lie outside the polygon. 

Such a polygon is determined by 
sticking pins in the points and 
stretching a string around the sys- 
tem of pins so as to zclude them all. 

The properties of the polygon are :* 

(1). Any part of the equation # = 0, corresponding to terms 
which are on a side of the polygon cutting the positive parts of the 
axes Op, Og, and such that no point of the polygon lies be/ween that 
side and the origin, when equated to o is a curve passing through the 
origin in the same way as does /’= o. 

Thus, if we strike out of /’ = o all terms except those correspond- 
ing to terms on the side 4,A,, we have left a simple curve which 
passes through the origin in the same way as #’= 0. In like manner, 
if we strike out all terms save those corresponding to points on the side 
A,A,, we have another simple curve passing through the origin in the 
same way as does /’= 0, and so on. 

(2). Any part of the equation /#’=o corresponding to points 
which lie on a side of the polygon cutting the positive parts of the 
axes Op, Og, and such that no point of the polygon lies on the opposite 
side of this line from the origin, when equated to o gives a simple curve 
which passes off to zzfinity in the same way as does /’'= o. 

Thus the part of “=o corresponding to the side A.A, gives 
such a curve. Again, the part corresponding to 4,A,, gives another © 
such curve. 

(3). Any side of the polygon which cuts the positive part of one 
axis and the negative part of the other merely gives one of the axes 
Ox or Oy as the direction of an asymptote to # = 0, and these are 
more simply determined by equating to o the coefficients of the 
highest powers of x and of yin “=o. Sucha side is 4,A,. 

(4). Any side of the polygon which is coincident with one of the 





Ai, Ay 


Fic. 136. 





* For a demonstration of these properties see Appendix, Note 12. 
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axes Og, Op, as A,A,,, merely gives the points of intersection of 
F = o with Ox or Oy accordingly. 

(5). Any side of the polygon which is parallel to one of the axes 
Op, Og gives rectilinear asymptotes parallel to an axis, or the axis as 
a tangent to the curve according as the side falls under conditions (2) 


or (1). 


EXAMPLES. 


1. Trace «® + 2a7%xby — 553 — o. 
Numbering the terms in the order in which 
they occur, we have 4, , 4,, A,, in the polygon 
corresponding to the terms of the equation. 
The curve passes through O in the same 
way as does the curve 
28+ 207 x3 y = x3(434-207y)=0, 
corresponding to 4,4,, or 
as shown in Fig, 138. 
Also, the curve passes 
eg Ue through O in the hile way Fic. 138. 





as does 
2a°xy — 633 = y(2a*x> — by?) = 0, 
corresponding to 4,4,, as shown in Fig. 139. 
The curve passes off tooo in the same way as 
does the curve 
oi—— Osea Oy Ole eos 
Fic. 139. _ corresponding to 4,4,, Fig. 140. 


The form of the curve is therefore as in Fig. 141. saad a 
y 
O 
Fic. 141. 
Trace the following curves: 
2. x4 — 2ax*y — axy? + a4? = 0. 3. xt — ax*y + axy? + aty? = o, 
4. ay? — xy? — 2yx*?4+ axt—x*=0 for a=1, a@>1, @a<t. 
5. xt — artxy + 54? = o, Cry = aa — 1). 
7. «4 — 3axy? + 2ay3 = o. 8. x5— 2a8x? 4+ 5aixy — 2a5y2+ y5 =o. 
9. at + xy — yt =0. 10. a2"? — v7?) + att yt = 0. 
WW. a(x? +y?)—2a(a—yP+ottyt=o. 12. a(y? — x2) y — 2x) = 4, 
13. a(y — x) y + x) = y* + ot 14, «+ — axy’? + yt = 0, 
15. ax(y — x)? = y'4, 16. x4 — a®xy + 52? — o, 
17, Trace x’ — ax’y — axy® + a*y’ = 0, near the origin. 
18. x* — axy? = ay’, 19. xt — axy = ay. 
20. x4 + axty = ay’, 21. x(y — x? = dy, 
22. x + yd = saxdy, 23. (x — 38 = (y — 1). 
24. (x — 2)y? = 4x. 25. (« — Ix — 2)y? = 22 


26. (y—x)(y — 4x\(y 4-2x)=8ex% 27. (vy — x) y + xy + 2x) = 1604, 
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IV. ENVELOPES. 


227. Differentiation of functions of several variables affords a 
method of treating the envelopes of curves, which in general simplifies 
that problem considerably and gives a new geometrical interpretation 
of the envelope. 

For example, we can supply the missing proof, in § 104, that the 
envelope is tangent to each member of the curve family. When x, y 
moves along a curve of the family 


L(G, V, a) 0, (1) 
@ is constant, and we have on differentiation 
oF oF 
—— fd: =— J) — 0; 
"eae Tiacgae (2) 


But if x, y moves along the envelope, a is variable, and on dif- 
ferentiation of (1) 


OF oF or 
Geer a rt a Oe 10 (3) 
or dy 
Also, on the envelope ano Therefore Tn from (2) and (3), 


are the same at a point x, y common to the curve and its envelope. 


228. Again, let a, @, y be variable parameters in the equation 


I(x, 9, a B, v) = 0, (1) 
where a, f, y are connected by the two relations 


(a, B, vy) =0, (2) p(a, B, vy) =0. (3) 


We require the envelope of the family of curves (1) when a, f, v 
vary. Obviously, if we could solve equations (2), (3) with respect to 
two of the parameters and substitute in (1), or, what is the same thing, 
eliminate two of the parameters between equations (1), (2), (3), we 
could reduce the equation to the family of a single parameter and pro- 
ceed as in Book.I. This is not in general possible, and it is generally 
simpler to follow the process below. 

Differentiating (1), (2), (3), the parameters being the variables, 


OF Or or 

Bane TO es Sel a 
Tey dp Ogi Fi7 
Gal og ay ON > 
Bp ap aoe 
a oe + ag 7h Snag dy = 0. 


Multiply the second of these by A, the third by y, and add. Deter- 
‘mine A and yw so that the coefficients of da and df are zero. Then 
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if we take dv as the independent variable parameter, the differentials 
df, dy are arbitrary and we can assign them so that the remainder of 
the equation shall ne Zero... Then 





ee ae eee, (4) 
a 12% db 
oF a 
i tae Pa ee (6) 


The envelope is the result obtained by eliminating a, £, y, A, 
between the six numbered equations. 

If we have only two parameters and one equation of condition, the 
particular treatment is obvious; as is also the treatment of the gen- 
eral case when we have z variable parameters connected by 7 — 1 
equations of condition. 


229. We can get a concrete geometrical intuition of the relation 
of curves of a family and their envelope, by letting z be a variable 
parameter and considering 

E(x, ¥, 2) =0 
as the equation of a surface in space. Then the curves of the family 
are the projections on the horizontal plane «Oy of horizontal plane 
sections of the surface, obtained by varying z= a. 


EXAMPLES. 


1. Find the envelope of a line of given length, 7, whose ends move on two fixed 
rectangular axes. 


We have to find the envelope of 
afa-y/6=1 when a+ = 7, 
4/2 = Nay ao /e— sles 


Hence =a, and @= (/%x)3, b= (y)t, 
and the envelope is xi+t yi = 78, 
' -2. Find the envelope of concentric and coaxial ellipses of constant area. 
Here x?fa* + y?/O> = 1 and ab=e. 
a= NO Pf Om Nae ae Sth = Te 
The required envelope is the equilateral hyperbola 2xv = c. 


3. Find the envelope of the normals to the ellipse. 
Here @x/a— by/B =a — and a®/a? + 62/s = 1. 


ax/oe = adAa/a, by/f? = —AB/E ..) A= a — BR, 
a ax $ p by 3 
Hence 7= ( = =) , P= (0: = 5) : 


give the required envelope 
(ax)i + (y)3 = (@ — 828, 
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4. Show that the envelope of «/a + y/ = 1, where a and 6 are connected by 


m m m 
am 1 bm — em, is gmti 4 ymrt = cmt, 





5. Show that the envelope of x// + y/m = 1, where the variable parameters 
2, m are connected by the linear relation 7/2 + m/d = 1, is the parabola 


6)" =» 


6. Show that if a straight line always cuts off a constant area from two fixed 
intersecting straight lines, it envelops an hyperbola. 


7. Show that the envelope of a line which moves in such a manner that the sum 


of the squares of its distances from # fixed points x,, y, is a constant #%, is the 
locus 


Sie ey Ve ps AO 
Zx,Ir ’ ZY; a By Zr wy: 
ZX » Yr 1 I 
x ’ Be LE ees ho) 
Let the line be Ze + my+ f= 0. Then 
B= 23x21 nPSy}? + np? + 2mp Sy, + 2 Sx, 4 2lm Sry; 
= a? + bm + cp? + 2fmp + 2glp + 2hlm. 


Also, 2 + m? = 1, Zand m being direction cosines of the line. 
Hence we have 
atim+gptdAl + tux =0, 


hl + bm + fp + Am + 4uy =o, 
glint pt o + te =o. 


Multiply by 4, m, f in order andadd. ... A= — #. 
Eliminating 7, m, 2, ye between the equations 
(2 — R)0 + hm + gp + 4x = 0, 


hi + (6 — B)n + fp + tuy = 9, 
gl + jn+p+te =09, 
ae ym+ p+0 = 0, 


we have the result. 


8. Show that the envelope of a straight line which moves in such a manner that 
the sum of its distances from points x,, y, is equal to a constant &, is a circle 
whose center is the centroid of the fixed points and whose radius is one wth: the 
distance 2. 


Let e+ m+p=0 betheline. Then ? + m =1, and 
k= 13x, + may, + 1, 
=al+t bm-+ op. 


atdxc+ 2ul =0, 
b+ ay + 2um = 0, 
c+tHX +o 20); 


.. A=—c=a—n. Multiply these three equations by 4, , p in order and 
add. Hence 4 + 2u= 0. 


Here we have 
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The equations a — mx = kl, b — ny = km, squared and added, give the 


envelope 
Sx,\2 Sy he\* 
ene eo cae a n et Ns he 
9. Find the envelope of a right line when the sum of the squares of its distances 


from two fixed points is constant, and also when the product of these distances is 
constant. 





10. A point ona right line moves uniformly along a fixed right line, while the 
moving line revolves with a uniform angular velocity. Show that the envelope is 
a cycloid. 


11. Show that the envelope of the ellipses x?/a? + y?/22 =1, when a + 2? = #’, 
is a square whose side is & 4/2. 


12. Show that the envelope of line xa” + yom = cmt, when a*-+ 4 = d%, is 


n 
a id CM+I\ u—m 
— mM nu-m — 

Sat is ra i be : 


13. Find the envelope of the family of parabole which pass through the origin, 
have their axes parallel to Oy and their vertices on the ellipse x?/a? + y?/s? = x. 
[A parabola. | 
14. The ends ofa straight line of constant length a describe respectively the 
circles (x + c)? + y? = a. Show that the envelope of the curve described by the 
mid-point of the line, ¢ being a variable parameter, is 
a(x? + 9? — ga%)a® 4 ady? = 0. 
15, Find the envelope of a family of circles having as diameters the chords of a 
given circle drawn through a fixed point on its circumference. [A cardioid. | 








16. In Ex. 14 show that the area of each curve of the family is $7a? when 
¢ > 4a. Also, show that the entire area of the envelope is 3a*[4x — 31 


PART VI. 
APPLICATION TO SURFACES. 


CHAPTER XXXII. 
STUDY OF THE FORM OF A SURFACE AT A POINT. 


230. We shall in the present chapter use /(x, y) and /(x, y, 2), 
when abbreviated into fand /, to mean a function of “wo and /hree vari- 
ables respectively. 

The functions immediately under consideration are 

=a v7) and £49, 2) .= 0. 

The first expresses 2 explicitly as a function of x and y, and is to 
be regarded as the solution of the implicit function #’"= o with respect 
to 2. 

It is to be observed generally that since 


See =f— By 
results obtained from the investigation of # = o are translated into 
those for z = / by 
Oe Or ar oF ort 
Ox? yt Ax dy? dz pera 
231. In the present article we recall a few fundamental principles 
of solid analytical geometry which will be needed subsequently.* 


I. Zhe Plane. The equation of the first degree in x, y, z can 
always be represented by a plane. 

We repeat the proof of this from geometry as follows: 

Let Axt+By+Cz:+ D=o0, (1) 
A, B, C, D being any constants. Assign to x and y any values 1, , y, 
whatever, and compute z,, so that x,, y,, 2, satisfy (1). In like man- 
ner assign arbitrarily x,, y,, and compute 2, so that.x,, y,, 2, also 
satisfy (1). 

Represent, as previously, x, y, 2 by a point in space with respect to 











* For a more detailed discussion, see any solid analytical geometry. 
347 


348 APPLICATION TO SURFACES. [CH. XXXII. 


coordinate axes Ox, Oy, Oz. Then, whatever be the numbers m and 2, 
the point whose coordinates are 
a + nx, ys _ 1; + ny, f= MA + 72, 
tn’ m+n ’ Tt Aa 
is a point on the straight line through the points x,, y,, 2, and %,, y,, 2,, 
which divides the segment between these points in the ratio of m to 2. 

By varying m and # we can make x’, y’, 2’ the coordinates of any 
point whatever on this straight line. But the point x’, y’, 2’ must 
be on the surface (1), since, on substitution, these values satisfy (1). 
Therefore, whatever be the two points whose coordinates satisfy (1), 
the straight line through these points must lie wholly in the locus 
representing (1). This is Euclid’s definition ofa plane surface. 

The intercept of the plane on the axis Oz is —D/C. Therefore, 
when C'= 0, the intercept iso, or the plane is parallel to Oz. 
Hence (1) becomes 

Ax = By + D= oO; 7 
the equation of a plane parallel to Oz, cutting the plane xOy in the 
straight line whose equations are z= 0, Ax + By+ D=o. 

We use orthogonal coordinates unless otherwise specially men- 
tioned. If 7/, m, m are the direction cosines of the perpendicular from 
the origin on the plane and # is the length of that perpendicular, the 
equation of the plane can be written in the useful form 


lx + my +nz—p=o, (2) 

where PA mt n= 1, 
Il. Zhe Straight Line. Since the intersection of any two planes is 
a straight line, the eguations of a straight line are the s7mudltaneous 

equations 

Ax+By+Cz+ D,=0, isi 
Ax+B,y+C2z+ D,=0. = 
The equations (3) of a straight line can always be transformed 
into the symmetrical form 


4-0 YO BHC G 
Ses a =i (4) 


where a, 6, c¢ is a point on the line; 7, m, m, the direction cosines of 
the line; and A is the distance between the points x, y, 2 and a, 4, c. 


III. Zhe Cylinder. A cylinder is any surface which is generated 
by a straight line moving always parallel to a fixed straight line and 
intersecting a given curve. The moving straight line is called the 
element or generator, and the fixed curve the direcirix of the cylinder. 

With reference to space of three dimensions and rectangular coor- 
dinates, any equation 





J(%, #) = 0 (5) 


is the equation of a cylinder generated by a straight line moving 
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parallel to Oz and intersecting the plane «Oy in the curve /(x, vy) = o. 
For /(x, v) = o is nothing more than the equation 


Ie; WY) 2) =O 
in three variables, in which the coefficients of z are zero, and which is 
therefore satisfied by any x, y on the curve /((x, vy) =o in xOy and 
any finite value of z whatever. 
In like manner /(y, 2) = 0, f(x, 2) = o are cylinders parallel to 
the Ox, Oy axes respectively. 


IV. Zhe Cone. A cone is a surface generated by a straight line 
passing through a fixed point, called the ver/ex, and moving according 
to any given law, such as intersecting a given curve called the directrix 
or dase of the cone. 

Any homogeneous equation of the mth degree in x, y, z, such as 


M(x, I, 2) = 0, (6) 
is the equation of a cone having the orzgin as vertex. 
Let a, 8, y be any values of x, y, z satisfying (6). Then, since 
(6) is homogeneous, ka, kG, ky will also satisfy (6), and we shall have 
LUGS BY cRE) ROL GY, 8) == 0 
whatever be the assigned number &. The coordinates of any point 
whatever on the straight line through the origin and a, 6, y can be 
represented by ka, £6, ky. Therefore all points of this straight line 
satisfy (6). When the point a, 8, y describes any curve, the straight 
line through O and a, #, y generates a surface whose equation is (6), 
and this is by definition a cone. 


If we translate the axes to the new origin — a, — 4, — ¢, by writ- 
ing « — a, y — 6, 2 — c, for x, y, z in (6), we have 
(x —4,y —b,z2—c)=o0, (7) 


a homogeneous equation in « — a, y — 6b, z — c, which is the equa- 
tion of a cone whose vertex is a, 4, ¢. 





232. General Definition of a Surface.—lIf /(x, y, z) is a continu- 
ous function of the independent variables x, y, z, and is partially dif- 
ferentiable with respect to these variables, we shall define the assemblage 
of points whose coordinates x, y, 2 satisfy 

LNA, Nee) 0 (2) 
as a surface, and call (1) the equation of the surface. 


233. The General Equation of a Surface.—Let 7(x, y,z) = 0 
be the equation of any surface. 
Then, by the law of the mean, we can write 


EX), 2) SCE 2’) 
I Oo per) ees 0 on 
a AO SEW I 5 + at os 
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in which the summation can be stopped at any term we choose, provided 
we write &, 7, C instead of x’, y’, 2’ in the last term, where &, 7, € 
is a point on the straight line between x, y, zand x’, y’,2’. We can 
therefore always write the equation to any surface in the standard 
form 


DE sv 2’) 
0 0 0 af 
+ 5 (4 eH) a7 +O Oa ai (@— 2) 5, ' F=0. (1) 


This enables us to study the function asa rational integral function 
Om yee. 

If the equation of the surface be given in the explicit form 
z = /(x, y), then in like manner, by the law of the mean, we have 
for the equation tothe surface 


in which the summation stops at any term we choose, provided in the 
last term we write & for x’ and 7 for_y’; §, 7 being a point on the line 
joining x, vy to x’, y’. Z 


234. Tangent Line to a Surface.—A tangent straight line to a 
surface at a point A on the surface is defined to be the limiting posi- 
tion of a secant straight line AZ passing through a second point 2 
on the surface, when B converges to A as a limit along a curve on 
the surface passing through A in a definite way. 

To find the condition that the straight line 

/ / / 
ai al ieee Fad (x) 


Me oe! 73) n 





shall be tangent to the surface F(x, y, z) = o. 
The equation of a surface in implicit form is, § 233, (1), 
oF oF oF 
Wilinete Weng estas ANe meas eet ere ee pit 
(I) + (@—2) 55+ go 4-2) 5 +R=0. (2) 


Substitute 7A, mA, wd for x — x’, y —y", 2 — 2’, from (1) in (2). 
We have the equation in A, 





ays, ar oF oF 
oS Mea 2) + (055 tm ae bMS ALR, (3) 


for determining distances from x’, y’, 2’ to the points in which (r) 
intersects the surface (2). lf Fey; 2’) = 0, or x’,.9”, sis on the 
surface, one root of (3) iso. If in addition 


OF og 00 ee 
dat 1 ™ ayr TO Gyr = Pr (4) 
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two values of A are o, or two points in which the secant (1) cuts the 
surface (2) coincide in x’, y’, 2’, and the line will: be tangent to the 
surface at x’, y’, 2’, and have the direction determined by J, m, n. 
Observe that in conditions (4) and /-+ m? +n? =1 we have 
only two relations to be satisfied by the three numbers /, m, 2, and 
therefore there are an indefinite number of tangent lines to a surface 
aha pomtia’, 9", 2. 
If the equation to the surface be in the explicit form z = /(x,.y), 
or 
af ar 
ek RSH") —y)=+R 
+G—)+U— ats, (5) 
then, as before, the straight line (1) meets the surface (5) in x’, y’, 2’ 
when zg = 2’ and other points whose distances from x’, y’, 2’ are the 
roots of the equation in A, 
af oY 
=(/— tm —n)jAt RR. 
( ax!” By an 
The condition of tangency is that a second point of intersection 
shall coincide with x’, y’, 2’, or 
C) ) 
aime 
Ox oy 


—nz2nz— dO. 





235. Tangent Plane to a Surface.—When the locus of the tan- 
gent lines at a point on a surface is a plane, that plane is called the 
tangent plane to the surface at that point. The point is called the 
point of contact. 

Tangent plane to /(x, y, 2) = 0 at x’, y’, 2’. 

The straight line 





IS pied tert ere io 

is tangent to the surface = 0 at x’, 9’, 2’ when F(x’, y’, 2’) = o and 
or or or 

cass | es a (2) 


If now at x’, y’, 2’ the derivatives 
OF OF, OF 
ax?» Oy”? - da" 
are not allo, we obtain the locus of the tangent lines to #’=o at 
x’, y’, 2’ by eliminating 7, m, 2 between (1) and (2). Therefore this 
locus is 





ar non 
(ee) + (9 2 55 + 2) gy =O (3) 


Equation (3) is of the first degree in x, y, 2,and therefore is a 
plane tangent to / = o at x’, y’, 2’. 
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Tangent plane to z= /(x,y). 
Eliminating /, m, 2 between (1) and 


Lm 2 —n=0, (4) 
we have 
0 0 
g—2 = (xe — wy Pay —i)e, (5) 


as the tangent plane to z = fat x’, y’. 


236. Definition of an Ordinary Point on a Surface.—We have 
just seen that when at any point on a surface / =o the first partial 
derivatives, 

OF OF OF 

OLS OV? = Bae, 
are not all zero, the surface has at that point a unique determinate 
tangent plane. Such a point is called a point of ordinary postition, or 
simply an ordinary point. 

On the contrary, ifat x, y, z we have 


OF "0, OFF =O, SOLE am, 





the point is called a s¢mgular point on the surface. We shall see 
presently that the surface does not have a unique determinate tangent 
plane at a singular point. 


EXAMPLES. 


1. Find the conditions that the tangent plane to z = f(x, y) shall be parallel to 
xOY. Ans. 3,f = 0,f = 0. 
2. Find the conditions that the tangent plane to F(x, y, z) = o shall be hori- 
zontal. Ans. 0;f = 0,F = 0, 0,6 = 0. 
3. Show that the tangent plane at x’, y’, s/ to the sphere x? + y? 4 2? — g2is 
xx’ + yy 1+ gs! = @, 
2 o2 


2 
4. Find the tangent plane to the central conicoid ~ + a =I. 


gz! 
2 eae 





Bx yt 
Ans. 
a Rs b = 3 


5. Show that the tangent plane to the paraboloid ax? +- by? =22 at 2’, y', 2 


is axa! + byy’ = z+ 2, 
6. Show that the tangent plane to the cone Ax, y, 2) = 0, having the origin as 
a Ss 
vertex, is XOxF + 8 y F + 205: F = o. 


This follows directly from the fact that Fis h 


i omogeneous, and therefore the 
tangent plane is 


or Or oF port oF OF 
Me =P Oz! ie = Oz! os Ox! Sen ay! oF 2 ae = nF{x’, 9, 2’) >> 


where z is the degree of the cone, 
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7. Find the equation to the tangent plane at any point of the surface 


xt + ye +. ge a, and show that the sum of the squares of the intercepts on the 
axes made by the tangent plane is constant. 


8. Prove that the tetrahedron formed by the coordinate planes and any tan- 
gent plane to the surface xyz = a is of constant volume. 


9. Show that the equation of the tangent plane to the conicoid 
ax? + by + cz? + afyz + 29x24 2hxy + 2ux 4+ 2vy + 2wze+d=0, 
inne s 5 aS 
(ax! + fy! + ga! + wx + (he! 4 by! 4 fl + vy + 
(gx! + fy’ + c2’ + w)z + ux’ + vy + we +d=0. 
10. Show that 


2 0 0 r 
35 [e-agEtI Ms eH, | Fao 


is the general equation of any conicoid, and that 
or Of OF 
Qe oy az 
are the equations of the center of the surface. 
11. Show that the plane 


OF oF OF 
eo ame ag a Ya =0 
cuts the conicoid # = 0 in a conic whose center is a, (, y, and therefore this is 


the tangent plane when a, ,.y is on the surface. 


12. Show that the locus of the points of contact of all tangent planes to the 
surface “= 0, which pass through a fixed point a, (, y, is the intersection of 
# = O with the surface 

oF 


(«= + BNE +( 9 


13. This surface is of degree x — 1 when / = 0 is of degree x. 
For, let F= U, +... + U,+ U,, where U, is the homogeneous part of 
degree x. Then, as in two variables, we have the concomitant 
aU, aU, aU, 
oe: nae oy 3 Oz 


= 0. 





Therefore the tangent plane at x, y, z may be written 


OF OF OF 
Si alae meas ee a ae (Of 
Ox fe ae +2 Oz nUy + (#% — 1) Un + %, or 


oF OF ar 

Xa + ee ae On+1+2U,.2+...+@-—1)U,4+2U,=9, 
since Ont...4+ U=0. 

14. Find the condition that the plane 7x + my -+ mz = 0 shall be tangent to 
the cone 

F = ax? + by? + cz? 4 afy2 + 2ex2 + 2hxy = O 

at egy isn ees 

The equation to the tangent plane at x’, 7’, 2’ is, Ex. 6, 


0h SY et aaa 
oo ee +y ay’ ie Oz! ae 
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In order that this shall be identical with Ze + my + nz = 0, the coefficients 
of x, y, 2 must be proportional. 


ee HW = A, SAYe 
Ox! ay’ dz’ 4 
Hence ax! + hy’ +. gz! = lh, 

hx! + by’ + fz’ = mi, 

gx! + fy’ = cz = ni, 

7x’ + my'+ nz’ = 0. 
In order that these equations shall be consistent we have 


ao Hees ii Aes 
Wot if Ee 
Sa ae tae 
Ue WY ie) 


the required condition. 


15. Generalize Ex. 14 by finding the conditions that the plane may cut, be tan- 
gent to, or not cut the cone except in the vertex. 

Eliminating z, the horizontal projection of the intersection of the plane and cone 
is two straight lines : 


(an? + cl? — 29ln)x? 4- 2(hn? + clm — gmn — fin)xy + (bn? + cm? — 2fmn)y? = o. 
These will be real and different, coincident or imaginary, according as 

(an? + cl? — 2eln)(bn? + cm — 2fmn) — (hn® + cla — gmn — fin)?, 
which can be written as the determinant 








Altes a ok) ie 0 
Te Oe fe ae 
a eee 


n 
LO | 
is negative, zero, or positive, respectively. 


16. Show that the projections of the two lines in 15 can be written 
a4 aA 


2 


aA 
s 5 
ap ee ae 





with similar equations for the projections on the other two coordinate planes. 


17. Show that 4 in Ex. 15 can be written 


aD aD aD aD aD aD 
Peet pga py ees ee see 
Z G | me a +n ae + ln ag + mn a + im AY are Ay 
where D=l|a hk gi. 
PTO ie 
a a te 








237. Conventional Abbreviations for the Partial Derivatives. 
The elementary study of a surface is usually confined to those properties 
which depend only on the first and second derivatives, that is, on the 
quadratic part of the equation to the surface when the equation is 
expressed by the law of the mean. 

This being the case, it is of great convenience in printing and 
writing to have compact symbols for the first and second partial deriv- 
atives. These derivatives being the coefficients of the first and second 
powers of v, y, 2 in the equation, it is customary to represent them by 
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the same letters as are conventionally employed as the coefficients of 


the terms in the general equation of the second degree in three vari-, 
ables. 


We shall hereafter frequently write: 


» 











When Fi Hy) B05 

Le M= aan N= ue 

A= aS B= 3 C= = 

2 2 2 

Fate CRs = ing 

When z=/\x,¥), 
2 2 2 
eZ, eZ, re, ee 13 


238. Inflexional Tangents at an Ordinary Point.—We have seen, 
S$ 234, 235, that there are an indefinite number of tangent lines to a 
surface at an ordinary point, lying in the tangent plane and passing 
through the point of contact. If the second partial derivatives of 
/ =o are not allo, there are two of these tangent lines that are of 
particular interest. 

(1). Let z= /(x, y) be the equation of a surface. 

The straight line 

x we AE SE eae ey (1) 
l m n 

cuts the surface = fin points whose distances from the point x, y, z 
on the surface are the roots of the equation in A 


=((2+ ma *)tGllagt may) SHAH ©} 


Joe 
If ge a (3) 
we have seen that (1) is tangent to z = fat x, y, 2. 
If in addition we have /, m, satisfying the condition 


GG ON op Sara ae 
ee == 72 2 
(Cae tmg) = ae t  aeay + aye =O | 4) 
two roots of (2) are o, and He line (1) cuts the surface in three coin- 
cident points at x, y, 2. 
The conditions 














him a i= 1, 
pl tqm —n =o, 
rl? + 2slm + tm? =o, 
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determine two straight lines, in the tangent plane, tangent to the 
surface = fat the point of contact. Each cuts the surface in three 
coincident points there. 

These are called the inflexional tangents at x, y, z. They are real 
and distinct, coincident, or imaginary, according as the quadratic 
condition 

rl? + 2slm + tm* =o, 


in 7/m, has real and different, double, or imaginary roots, or accord- 


ing as ae es ; 
rt — 


e = 32d? Ox Oy 





(5) 


is negative, zero, or positive. 

Since any straight line, such as (1), cuts any surface of the th 
degree in # points, the straight lines in any plane cut the curve of sec- 
tion of a surface of degree 7 in # points. ‘Therefore a plane cuts a sur- 
face of the mth degree in a plane curve of degree 7. 

The tangent plane to a surface of degree cuts the feats ina 
curve of degree 2 passing through the point of contact. But each of 
the inflexional tangents to the surface cuts this curve in three coincident 
points at the point of contact. Each istherefore tangent to the curve 
of section at the point of contact of the tangent plane, which is there- 
fore a singular point on the curve of section. ‘This point is a node, 
conjugate point, or cusp according to the value of condition (5). Com- 
pare singular points, plane curves. 

Eliminating /, m, between (1), (3), (4), we have for the equa- 
tions of the inflexional tangents at x, y, 2 


Z—2=(X— x)p+ (¥—y)9, 
(X — x)?r 4+ 2(X — x)(F—y)s4+ (P—y)Pt=0. 


The second is the equation of two vertical planes cutting the first, 
the tangent plane, in the inflexional tangents. 

(2). If the equation of the surface is /’= 0, then the straight line 
(1) cuts the surface in points whose distances from x, y, z are the roots 
of the equation in A, 


oF or, Ae 

Peart mS — a) + 5 (15 4m - +25 sg) P+R =o. 
If x, y, 2 is on the surface, or /(x, y, 2) = 0, and 

Li+ Mm+Nn=o, 


the line (1) is tangent at x, y, z. If in addition /, m, 2 satisfy the 
condition 


0 0 a\e 
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the line (1) cuts the surface in three coincident points at x, y, z. The 
conditions 


Po ne <1 nt a= 7, (6) 
Li+ Mm + Nn = 0, (7) 
AP + Bm? + Cr? + 2Fmn + 2Gin + 2Him = o, (8) 


determine the directions of the two inflexional tangents. 


Eliminating /, m, m between (1), (7), (8), we have the equations of 
the inflexional tangents at x, y, 2, 


|X +(P-Net 2-)zl Po, (9) 


|X) e+e +2) gb Fao. (0) 


The first is the tangent plane, which cuts the second, a cone of the 
second degree with vertex x, y, 2, in the two inflexional tangents. 

These tangents will be real and different, coincident, or imaginary, 
according as the plane (9) cwés the cone (10), is tangent to it, or 
passes through the vertex without cutting it elsewhere. That is, ac- 
cording as the determinant (see Ex. 15, § 236) 


Ae aAG EL 
Vo kev eda pis & (11) 
GF NV 
LIM NO 
is negative, zero, or positive. 
239. Should the second partial derivatives also be separately o at 
x, V, 8, and r the order of the first partial derivatives thereafter which 
do not all vanish at x, y, 2, then there will be at x, y, zg on the sur- 


face r inflexional tangents, which are the ¢ straight lines in which the 
tangent plane at x, y, z cuts the 7 planes 


0 OK 
{\X-HNe+P-Dzpfae 
or the cone of the rth degree, 
Cc) 0 Co) 9) 4 
\(X-) etn zp +(2-9 5, | Fao 


These 7 inflexional tangents to the surface are the ry tangents to 
the curve cut out of the surface by the tangent plane at the point of 
contact, which point is an 7-ple singular point on the curve of 
section. 


qQyy 


EXAMPLES. 


1. Show that the inflexional tangents at any point x’, y’, 2’ on the hyperboloid 
x?/a? + y?/8 — 2*/c = 1, lie wholly on the surface and are therefore the two 
right-line generators passing through the point. Show that their equations are 

eke el i= y! a aol 
Ie, => 
bx'2' + acy’ ay'2!  bcx a+ 2” 
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2. Show that the inflexional tangents at a point x, y, zon the hyperbolic parab- 
oloid «?/a? — y?/é2 = 22 lie wholly on the surface, and that their equations 


are 
A OT ae 
a ea ey Meera 2 y 
ae 
the upper signs going together and the lower together. 
3. Show that the inflexional tangents to the cone 
ax? + by? + cz? + afyz + 2guz 4+ 2hxy = O 
are coincident with the generator through the point of contact. 
4. Show that at a point on a surface at which any one of the coordinates is a 
maximum or a minimum the inflexional tangents are imaginary. 

240. The Normal to a Surface at an Ordinary Point.—The 
straight line perpendicular to the tangent plane at the point of contact 
is called the zorma/ to the surface at that point. 

Since the equation to the tangent plane at x, y, 2 is 

oF or oF 
(X — 2) 5 ee °, 











0 
or Z-s=(K- 4 (VW, 


the coefficients of X, Y, Z are proportional to the direction cosines 
of the normal, and we have for the equation to the normal at x, y, z 


Dena ee ome Mee ee 





OF er. eee 
Ox Oy Oz 
or oe eee 
ee ae 
Ox oy 
EXAMPLES. 


1. Show that the normal at x, y, 2 to xyz = ais 
Ax — x? = Yy —y® = Zz — 23, 
2. Find the equations of the normal to the central conicoid ax? + dy? 4 cz? = 1. 
H—* Y-y Z-2% 





. ax by cz 
3. Show that-the normal to the paraboloid ax? + dy? = 2 has for its equations 
X—x YV-y 
CE LS 








ss A 


241. Study of the Form of a Surface at an Ordinary Point. 
—We may study the form of a surface at an ordinary point by 
examining it (1) with respect to the /angent plane, (2) with respect to 
the conicord of curvature, (3) with respect to the plane sections parallel 
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to the tangent plane, (4) with respect to the plane sections through the 
normal, 


242. With respect to the tangent plane: 
(1). Let 2=/(%, y). Then the equation of the surface is 
ar OF ae C) a)2 
Pan ( D, Cee) ee TY) oar Xa ry) 
EEE gy = | (Xmas HE ge | 


Let X, FY, Z, be a point in the tangent plane in the neighborhood 
of the point of contact x, y, z. Then the difference between the 
ordinate to the surface and the ordinate to the tangent plane is 


Z— 2,57} (=a) 2.4 (V—9) af 


This difference is positive for all values of X, VY in the neighbor- 
hood of x, y when 


Ee ae 





Ox? dy® dx dy ax? 


are positive (Ex. 19, $25). Then inthe neighborhood of the point 
of contact the surface lies wholly above the tangent plane, and is said 
to be convex there. 

In like manner Z — Z, is negative throughout the neighborhood 
when 7/ — s* is positive and, is negative at the point of contact. 
Then the surface in the neighborhood of the point of contact lies 
wholly below the tangent plane and is said to be concave there. 

(2)aet 2 2,y, 2) <=--0, Inthe same way we have the equa- 
tion of the surface, 


(X—2x)F i+ (Py) P+ (Z-2)F, =. 
I 0 Ce) 0)? 
AS ee a ee 
| (xx) StF + 2-9) ge b 
and for that of the tangent plane at x, y, 2, 
(X —x)Fi+ (FP —y)Ps+ (Z, — 2)F, = 0. 
On subtraction, 
a a a are 
(2-2) Fiat | (Xa) jt Pg, + 2g | 


Therefore, at x, y, 2, by Ex. 20, § 25, when 


A H\ wand AlA 7G 
oe Jak IR TE 
Gala GC 


are positive, the surface is convex when A and /” are unlike signed, 
concave when A and /’/are like signed. 
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Observe that a surface is concave or convex at a point when the 
inflexional tangents there are imaginary, and conversely. Whena 
surface is either concave or convex at a point, its form is said to be 
synclastic there. When the inflexional tangents are real and different 
the surface does not lie wholly on one side of the tangent plane in the 
neighborhood of the point of contact, but cuts the tangent plane ina 
curve having a node at the point of contact and tangent to the inflex- 
ional tangents. At such a point the form of the surface is said to be 
anticlastic, and the surface lies partly on one side and partly on the 
other side of the tangent plane in the neighborhood of the contact. 

The conditions that a surface may be synclastic or anticlastic at a 
point are, (11), § 238, 


AH-Gel 


HBFM\= + synclastc, 
GLC Ly, : : 
WS ATINS | = — anticlaste. 


The hyperboloid of one sheet and the hyperbolic paraboloid are the 
simplest examples of anticlastic surfaces, these being anticlastic at 
every point of the surfaces. The surface generated by the revolution 
ofa circle about an external axis in its plane generates a /orus. This 
surface is anticlastic or synclastic at a point according as the point is 
nearer or further from the axis of revolution than the center of the 
circle. 


243. With Respect to the Conicoid of Curvature. 
(1). The explicit equation z = /(x, v), or 


0 2 
Z=s4(X—a) HP) 4] ade Py) 21, 


shows that in the neighborhood of x, y, z the surface differs arbitra- 
rily little from the paraboloid 


0 2 
Z=24(X—2) FP 4(Poy 4 of (kaa) 4 (ry) 2 Vp 


This is called the paraboloid of curvature of the surface at HIG. AC 
has the same first and second derivatives at x, V, 2 as has the surface 
z=/, and therefore, at that point, has, in common with the surface 
all those properties which are dependent on these derivatives, 

Obviously, the surface is synclastic or anticlastic according as the 
paraboloid is elliptic or hyperbolic. 

From analytical geometry, the discriminating quadratic of the 
paraboloid 


rx? t+ py + asxy + 2px + 2qy—22 +k =0 
is M— (r+AA+ (ri — 8) = 0. 
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‘This gives the elliptic or hyperbolic form according as r/ — s? is 
positive or negative. 
(2). In the same way, the implicit equation LHW) =O, OF 


or = OF 
(Ka) +P 4 (zy 


I 


AL CE KG D2 
+7 {AD Rt P5795 Fae, 


shows that in the neighborhood of x, y, z the surface differs arbitrarily 
little from the conicoid of curvature whose equation is the same as the 
left member of the equation above when equated to o. The form 
of the surface at x, y, z is the same as that of the conicoid of curvature 
there, and they have the same properties there as far as these proper- 
ties are dependent on the first and second derivatives of /. 

The discrimination of the conicoid can be made through the 
discriminating cubic (see Ex. 17, p. 30) 


AAA aN > bie 
7 Gils : tes OY 
Gene can eit! Ghern 


and the four determinants 


= 0, 




















as in analytical geometry.* 


244. The Indicatrix of a Surface.—At an ordinary point x, y, z 
on a surface, at which the second derivatives are not all o, a section 
of the surface by a plane parallel to and arbitrarily near the tangent 
plane differs arbitrarily little from the section of the conicoid of 
curvature made by this plane. Such a plane section of the conicoid 
of curvature is called the zmdicair7x of the surface at x, y, 2. 

Points on a surface are said to be cercular (umbilic), ed/iptic, para- 
bolic, or hyperbohc according as the indicatrix is a circle, ellipse, 
parabola (two parallel lines), or hyperbola (two cutting lines), 


245. Equation to Surface when the Tangent Plane and Normal 
are the z-plane and z-axis.—If the equation is z = /(x, y), then since 
7=0,pP = 0,7 = © at the origin, the eqnation is 


aga rx? t asxyt “4+ 2R. 
The equation of the indicatrix at the origin is 


gorse? t esxy + hy", 





* See Frost’s, Charles Smith’s, or Salmon’s Analytical Geometry. 
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z being an arbitrarily small constant. This is an ellipse or hyperbola 
according as r/ — sis positive or negative, giving the synclastic or 
anticlastic form of the surface there accordingly. 





246. Singular Points on Surfaces.—lIf, at a point x, y,z ona 


surface /’ = 0, we have independently 
ip shee Oe we Crees % Ge 
ax mo ay "05 az aaa | 
the point is said to be a simgular point. 
If the second derivatives are not all zero, then all the straight lines 
whose direction cosines /, m, n satisfy the relation 


a 0 i 
(etme tng) P= (2) 


will cut the surface in three coincident points at x, y, 2, and are called 
tangent lines. Eliminating /, m, 2 by means of the equation to the 
line and (2), we obtain the locus of the tangent lines at x, y, 2, 


{(x-y Pte +E-Igl Fa0 6) 


This is the equation of a cone of the second degree, with vertex 
x, ¥, 2; which is tangent to the surface “=o at the point x, y, 2. 
The form of the surface at x, y, z is therefore the same as that of this 
cone. Such a point is called a conical point on the surface. 

When this cone degenerates into two planes, then all the tangent 
lines to the surface at x, y, 2 lie in one or the other of two planes. 
The point is then called a xodal point. The condition for a nodal 
point is that equation (3) shall break up into two linear factors, or 


A Lf Gk oO. (4) 
iB. ele 
Gee G 


A line on the surface /"= 0 at all points of which (4) is satisfied 
is called a modal dime on the surface. Such a line is geometrically 
defined by the surface folding over and cutting itself in a nodal line, 
in the same way that a curve cuts itself ina nodal point. 

If r is the order of the first partial derivatives which are not 
all zero, then the surface has a conical point at +, y, s of order 7, and 
a tangent cone there of the 7th degree whose equation is 


0 0 0 Ns 
XxX — x) — a gh ae oe 
}(X—a) e+ CN e+ -H gel Fao. (5) 
247. A singular tangent plane is a plane which is tangent to a 


surface all along a line on the surface. For example, a torus laid on 
a plane is tangent to it all along a circle. ‘The torus has two singular 
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tangent planes. All planes tangent to a cylinder or cone are 
singular. 


EXERCISES. 


1. The tangent plane to ya? = az at 4x,,47,, 2, is 
2XL I, + YX, — az = 2072,, 
Find the equation to the normal there. 
2. The tangent plane to 2(x” ++ y*) = 2kxy at 4, 94, %, is 
2x(0,2, — Ry) + 2y(y2, — 2x.) + 2(et + 77) — 2kx,y, =O. 


The tangent plane meets the surface in a straight line, and an ellipse whose 
projection on the «Oy plane is the circle 


(0? + Wer — 91) + I + 37)(1 — 4%) = ©. 
Show that the z-axis is a nodal line. 
3. The tangent plane to ay? = x7(c? — 27) ‘at #4, 91, 2, is 
xx (c — 22) — ayy, — 22,x3 + xj2i = 0. 


At any point on Oz, 7, = # = #,/ = 0, show that at any such point there 


are two tangent planes 
Cis AN 18 anette 
6 in 


4. Show that the tangent plane at x,, y,, 2, to 
a 78 123 = aay2 = a> 
is #(4T — 4%) HWY — 44%) + 227 — 4I;) = @. 


5. The tangent plane at x,, 7,, 2, to «my%zb=a is 


m n VEN 
Pa + ae + ee aes 








6. Show that (2a, 2a, 2a) is a conical point on 
aya — ala? + 7? + 22) + 4a = 0, 
and find the tangent cone at the point. 
Ans. x® + y? + 2% — 2ayz — 22x — 2xy = O 
7. Show that the surface 
me? yg 2 poe pees ia 
Pe) se) at =" 

has two conical points. 

The tangent cone at 0, 0, 0 is 347/a? + 3y?/2 + CuO; 

8. Determine the nature of the surface 


ay? +b + x(x? + y? + 22) = 0 
at the origin. 
The origin is a singular point, the tangent cone there is ay? + $2 — 0, If a 
and 6 are like signed, the origin is a cuspal point around the x-axis. 
9. A surface is generated by the revolution of a parabola 2? = 4mx about an 
ordinate through the focus; find the nature of the points where it meets the axis of 
revolution. 
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Hint. The equation of the surface can be written 
1670?(x? + y?) = (2 — 4m’). 

The two right-angled circular cones a? + y? = (z + 2m)? are tangent to 
the surface at the singular points. 

10. If tangent planes are drawn at every point of the surface 

ay2z + 24+ xy) = xyz, 

where it is cut by a sphere whose center is the origin, show that the sum of the 
intercepts on the axes will be constant. 


11. Show that the general equation of surfaces of revolution having Oz for axis 


a+ y” = fiz). 

Thence show that the normal to the surface at any point intersects the axis of 
revolution. 

12. Show that at all points of the line which separates the synclastic from the 
anticlastic parts of a surface the inflexional tangents must coincide. 

13. The equation of an anchor-ring or torus is 

(@ +t Ate — AP = 4A(x? +9). 
Show that the tangent plane at x’, y’, 2’, is 
(r — e)(xx’ + yy’) + r2e’ = r+ cr — Oj], 

where #2 = x’? + 9/2, 

The tangent plane at any point on the circle x? + y? = (c — a)? cuts the surface 
in a figure 8 curve whose form is given by the equation 

(77 + 2)? — gacy? + Ac(e — a)z? = O. 

14, When the tangent plane passes through the origin it cuts two circles out of 

the torus which intersect in the two points of contact. 


_, 15. Show that the cylinder x? + y? = ¢ cuts the torus in two parts, one of which 
is synclastic, the other is anticlastic. 


is 


CHAPTER XXXIII. 
CURVATURE OF SURFACES, 


248. Normal Sections. Radius of Curvature.—The normal 
section of a surface at a point is the curve cut on the surface by a 
plane passing through the normal to the surface at the point. 

To find the radius of curvature of a normal section. 

Let the tangent plane and normal at 
an ordinary point on the surface be taken 
as the g-plane and g-axis respectively. 
Then the equation to the surface can be 
written 

=4(rx? + asxy + by”) + R, (z) 
SMce atthe OL1gin 2 == 6, P= 0,.9 = 0. 

Cut the surface by a plane passing 
through Oz and making an angle #@ with 
Ox. At every point of this plane let 


a =P: cos,0, 29 =p. sin 6. Fic. 142. 
z = 40*(r cos*6 + 25cos 6 sin A +¢ sin?6) + 7, 
where 7’ contains as a factor a higher power of ¢ than p?, 


The radius of curvature # of this normal section PO is, by New- 
ton’s method, § ror, Ex. 4, given by 





I ae 
Fie (2) 
x p(=)o R 
= rcos’6 + 2scos Osind + # sin?d, 
=4(r+/) +477 —/)cos26+ssin26. (3) 
The directions of the normal sections in which the radius of cur- 
vature is a maximum or a minimum are given by the equation 


2S 





tan 20 = (4) 

If a is the least positive value of @ satisfying (4), the general solu- 
tion is 4z7 + a, showing that the normal sections of maximum and 
minimum curvature are at right angles. These sections are called the 
principal sections of the surface at the point considered. Their radii 
of curvature at the point are called the principal radu of curvature. 


365 


ee 
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If the principal sections be taken for the planes xOz, yOz, the ex- 
pression for the radius of curvature of any section will be 


+ = 7 cos’ + / sin’, (5) 


since then s = 0, by (4). 
Let &, and 2, be the radii of the principal sections. 
Then when 0 = 0, 2 =75 =e ey 1) 
I cos*0  sin?@ 
= (6) 
R R, x 
Also, if &’ is the radius of curvature of a normal section perpen- 
dicular to that of #, then 


1 











I sin*@ cos?4 
= - 6 
ppt Brg K, ( ) 
I I I I 
R + kK! ; ae de oe R, _ (7) 


The sum of the reciprocals of the radii of curvature of normal 
sections at right angles is constant. This is Euler’s Theorem. 


249. Meunier’s Theorem. — To find the relation between the 
radii of curvature of a normal section 
and an oblique section passing through 
the same tangent line. 

Take «Oz as the normal plane, and 
let the oblique plane xPO@ make the 
angle @ with «Oz. 

Then the equation of the surface is 
2g = 12x + asxy + hy 

of I 0 ks 0 ie 
—( x i i 
SN 0g te 

At any point P in the oblique sec- 

Fic. 143. tion y = g tan @. 





2) pe eee tan* se fe a Y 
ae a5 oe ee ag ae 


a 
But since Ox is tangent to the curve OP at o, 


z sec D z 
=O) =, 
] x ] Ms 
x(=)o 
eo a) 
Ce Cot eee 


as P converges to O along PO. Also, in the «Oz section, if 
MR = x,, we have y = 0, and 


2 (dF 
Re _ dx? pias 
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Let ,, & be the radii of the normal and oblique sections. Then, 
for 2(=)o, 


Hence R=, cos . 
This is Meunier’s theorem. 


250. Observe, in the equation to the surface (1), § 248, the equa- 
tion of the indicatrix is 


2g = re? + asxy t+ hy’. (1) 
The principal sections of the surface at O pass through the axes 
of the indicatrix conic, whose equation is 


eee iy? (2) 
when «Oz and yQz are the principal planes. 

Equation (1) shows that the radius of curvature of anormal section 
varies as the square of the corresponding central radius vector of the 
indicatrix. All the theorems in central conics which can be expressed 
by homogeneous equations in terms of the radii and axes furnish 
corresponding theorems in curvature of surfaces. 

We shall adopt the convention that the radius of curvature ofa 
normal section of a surface is positive or negative according as the 
center of curvature of the section is above or below the tangent 
plane. 

When the indicatrix is an eilipse the principal radii have like 
signs, and have opposite signs when the indicatrix is the hyperbola. 
The inflexional tangents are the asymptotes of the indicatrix. 


251. At any point of a surface to find the radius of curvature of a 
normal section passing through a given tangent line at the point. 

Let “= o be the equation of the surface. Let P be the given 
point x, y, z, and /, m, m the direction cosines of the tangent line 
there. Let Q be another point X, VY, Z on the surface and in the 
normal section. 

Let QR be the perpendicular from Q on the tan- 
gent line PR. 

Then for #, the radius of curvature of the sec- Ue 
tion, we have 


P Re POY (Le TEN ES PC? 
k= f oem f ie (P0) = £ sae’ 
The tangent plane at P is 
an yi (ZS e)N 0. oR g 
The distance of Q from this plane is Fic. 144. 


OR =~ {(X—a)L+ (¥—y)M+ (Z — N}, 
where here aa (VIR, 
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Also, Q being a point on the surface, 
(X— 2)L 4(F — ya + (Z— 2) 


( 0 0 0 2 
tifa F+V IE + -95 | FET =o. 





2 
pk) get One + eae h Pyar 
R =f (A= a) hE pop (4 zy? ‘ 
= AP 4+ Bm? + Cr? + 2hmn + 2G + 2Hin, (1) 
since =f 7’ = 0 ‘for 20(=) 7, ava 
AOL Ae ae 


Z m n 





is the equation of the tangent PA. The derivatives Z, 4, etc., of 
course being taken at P, 


252. If the equation of the surface be /(x,y) tg ce pe °, 
then ‘smce.L =p, UAL" 7,. WV Sa Ce oy A), ss eae 
becomes 


1 rl + 2slm + tm? 
Bat a . 
253. To Find the Principal Radii at Any Point on a Surface. 
—We have only to find the maximum and minimum values of & in 
(i) S251, S252. 
I. In (1), § 251, let 7, m, m vary subject to the two conditions 
LtimMtnuN=o0 P+w@t+n=t. 
Then, by the method of § 217, 
Al+ Hm+ Gn+ aL 4+ wl =o, 
Hl +- Bm + fn +1AM+ um = o, 
Gi+ Fm + Cn +AN + yn = 





=; 
Multiply by Z, m, , respectively and add. ... w= — «/R. 
(A — K/R)I+ Him +- Gnun+AL=o, 
Hl +- (B — k/R)m + fn +AM= 0, 
Gl + Fm + (C—k/R)n+ AN = 0, 
TLL — Mm aa Nn =o. 
Eliminating /, m, , A, we get the quadratic 
A —k/R, H ee et == Oh 
if, , B—k/R, F , M 
G Soy », C— K/R, N 
Ly eed NG ane ©. 
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the roots of which are the principal radii of curvature at the point at 
which the derivatives are taken. 


Il. Ifz = /(x, y) be the equation to the surface, then in (2), 
$252, we have /, m, m subject to the two conditions 
Bit+qm—n=o0, and #?+ mt 2”? = 1, 
which reduce to the single condition 
(r+ PE + 2pgim + (1 + @2)m? = 1. 
Applying the general method for finding the maximum and 
minimum values to (1), § 252, 


ri + sm + A[(x + f°)l + pom] = 0, 
sl + im + A[pge+ (1+ ¢)m] = 0. 
Multiply respectively by Zand mandadd. WhenceA = — k/R. 
Eliminating 7 and m from ; 


[7>R— (r+ Pp)Kl + (Sk — pox)m = 0, 
(sR — pox) +R — (x + @*)K]m = 0, 
there results the quadratic 


[rR — (+ /)K] UR — (2+ 9°)«] — (CR — pox)? = 0, 
or 
(4 — 2) RE — [r(r +9) + Ax +p?) — apes] KR + «4 = 0, 


for finding the radii of principal curvature. In this equation 
Part P+ 4. 

The problem of finding the directions of the principal sections and 
the magnitude of the principal radii of curvature is the same as that of 
finding the direction and magnitude of the principal axes of a section 
of the conicoid 

Ag? + BP + CP + 2hy2 + 2Gx2 4+ 2Hxy = 1, 
made by the plane Zx + My + Nz = 0. 


254. To Determine the Umbilics on a Surface.—At an umbilic 
the radius of normal curvature is the same for all normal sections. 
Consequently equation (1), § 251, for any three particular tangent 
lines will furnish the conditions which must exist at an umbilic. 

Through any umbilic pass three planes parallel to the coordinate 
planes cutting the tangent plane there in three tangent lines whose 
direction cosines are /,, m,, 0; /,, 0, 2,; 0, M3, #,, respectively. Then 
equating the corresponding values of «/Z in (1), § 251, 

Al?+ Bm? + 2Him, = Al? + Cn, + 2Gln, = Bm,’ + Cn? 2F nny. 

Also, since these three tangent lines are parallel to the tangent 
plane, the equations 

Li, + Mm, = Li, + Nn, = Mm, + Na, = 0 





give 
m.? 


ie te 
1 P+ mM” 


ue ee Ye 
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and /,, m, have opposite signs. The same equations give like values 
for 7,, 2,, etc. On substitution we obtain the conditions which must 
exist at an umbilic, 
AM’ 4+ BL? —2HZLM _AN*4 CL*?—2GLN 
L’ 4 M2 re L? + V2 
BN? 4+ CM? — 2FMN 
— - Wr? ue W2 ° (1) 
These two equations in x, y, z, together with the equation to the 
surface, give the points at which umbilics occur. 
If the equation of the surface is /(x, v) — z = 0, results are cor- 
respondingly simplified and the conditions which must exist at an 


umbilic are immediately obtained from the fact that «/# is constant 
for all values of 2, m, m, satisfying the identical equations 








5 =r? + 28lm + tn’, 


r= (1+ f")l? + 2pglm + (1 + 9°)m’. 
Whence results, from proportionality of the constants, 
Sieh ee SSSI R SL t (2) 
RUdP te 
255. Equations (2), § 254, are very simply obtained by seeking 
the point on the surface z = /(x, y) at which the sphere 
P(*, 9,2) = (x —aP + (y— BP + @—yvyP—pP=o 
osculates the surface z= /. The first and second partial derivatives 


of z in @ are the same as those for f at the point of osculation. Dif- 
ferentiating @ = o partially with respect to « and _y, we get 


x*—a+(e—y)p=o, 
y—B+E@-y)I=9 
1+7?+(¢—y)r=o, 
r+¢+(s—y)ti=o, 
Py+e—y)s=o. 
oe ae 


rs ‘@ " 





<Seskuare @ ag) =e 


Also, R= — (2 — y)f/1 +p? + @, since the direction secant of 
the normal with the z-axis is — (x + p?+ g?)'- 


256. Measure of Curvature of a Surface.—The measure of cur- 
vature of a surface is an extension of the measure of curvature of a 
curve in a plane, as follows: 
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The measure of entire curvature of a curve ina plane is the amount 
of bending. Let P, and P, be two points on a Pp! 
curve whose distances, measured along the curve, ot 
from a fixed point are s, and s,, Let @, and @, be 
the angles which the tangents at P,, P, make with 
a fixed line in the plane of the curve. Then the 
whole change of direction of the curve between P, 
and P, is the angle @, — @,. This angle is also 
the angle through which the normal has turned as a Fic. 145. 
point P passes from P, to P, along the curve. 

This ahgle between the normals is called the entire curvature of 
the curve for the portion P,P,. It can also be measured ona standard 
circle of radius 7, as the angle between two radii parallel to the nor- 
mals to the curve at P,, P,. If P,’P,/ be the subtended arc in the 
standard circle (Fig. 145), the whole curvature of P,P, is proportional 
tO. PP.) Or 





Bi Bag 


S 
ea aan 
~, Pp, al r 
If the standard circle be taken with unit radius, the entire curvature 
of P,P, is measured by the arc s,’ — s,’ on the unit circle. 
The mean curvature, or average curvature, of P,P, is the entire cur- 
vature divided by the length of the curve P, P,, 


P, Oe! p, = ae mar ae 

Se cf eer ; 
or, is the quotient of the corresponding arc on the unit circle divided 
by the length of curve P,P,. 

The specific curvature of a curve, or the measure of curvature of a 
curve at a point /, is the limit of the mean curvature, as the length 
of the arc converges to zero. It is therefore the derivative of @ with 
respect tos. But since ds = Rd, where # is the radius of cur- 
vature of the curve at a point, we have for the specific curvature 

dpi 
eR. 

The curvature of a curve at a point is therefore properly measured 
by the reciprocal of the radius of curvature. 

To extend this to surfaces, we measure a solid or conical angle by 
describing a sphere with the vertex of a cone as center and radius 7. 
Then the measure of the solid angle @ is defined to be the area of the 
surface cut out of the sphere by the cone, divided by the sguare on 
the radius, or 
The unit solid angle, called the s/eradian, is that solid angle which 
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cuts out an area A equal to the square on the radius. In particular, 
if we take as astandard sphere one of unit radius, then 
or, the area subtended is the measure of the solid angle. 

Definition. —The entire curvature of any given portion of a curved 
surface is measured by the area enclosed on a sphere surface, of unit 
radius, by a cone whose vertex is the center of the sphere and whose 
generating lines are parallel to the normals to the surface at every 
point of the boundary of the given portion of the surface. 

Horograph.—TVhe curve traced on the surface of a sphere of unit 
radius by a line through the center moving so as to be always parallel 
to a normal to a surface at the boundary of a given portion of the sur- 
face is called the Aorograph of the given portion of the surface. 

Mean or average curvature of any surface. ‘The mean or average 
curvature of any portion of a surface is the entire curvature (area of the 
horograph), divided by the area of the given portion of the surface. 
If S be the area of the given portion and @ the entire curvature, the 


mean curvature is pe 


Ss: 

Specific Curvature of a surface, or curvature of a surface at a point. 
The specific curvature of a surface at any point, or, as we briefly say, 
the curvature of a surface at a point on the surface, is the limit of the 
average curvature of a portion of the surface containing the point, as 
the area of that portion converges to o. In symbols, the curvature at 
a point is dep 

dS ° 

Gauss’ Theorem. The curvature of a surface at any point is equal 
to the reciprocal of the product of the principal radii of curvature of 
the surface at the point, or 

doo r 


as Ae 

Let S be any portion of a sur- 
face containing a point P. 

Draw the principal normal sec- 
tions PAD Ss PINS As,. 
.4S=As,:4s,= RiA¢,-RL4¢, 

A@= Ao,-Ao, = 4¢,-A¢,. 
Ao,, do, being the arcs of the 


horograph corresponding to Js,, 
As,, on the surface. 


yAKe%) Ce 
25 = BIR? 
In the limit 
do I 
dS RR: 


1 ete. 
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EXERCISES. 


1. Find the principal radii of curvature at the origin for the surface 
22 = 6x? — 5xy — 6y?. Ans. $5, — fr: 
2. A surface is formed by the revolution of a parabola aboutiits directrix; show 
that the principal radii of curvature at any point are in the constant ratio 1; 2. 
3. Find the principal radii of curvature, at x, y, 2, of the surface 


2 2 2 
yee w sib Ho Ans. aoa sae * 
a a a 
a—b 
2ab 

the hyperbolic’ paraboloid 2z = ax? — dy? the radii of principal curvature of the 
latter surface are equal and opposite. This curve is also the locus of points at 
which the right-line generators are at right angles. 


5. Show from (6), § 248, that the mean curvature of oe the normal sections of 
a surface at a point is 
fat I 
3 (a + 7): 


6. Show that at every point on the revolute generated by a catenary revolving 
about its axis, the principal radii of curvature are equal and opposite. 


7. Show that at every point on a sphere the specific curvature is constant 
and positive. 


4. Show that at all points on the curve in which the planes z = + cut 





8. Show that at every point of a plore ie specific curvature is constant and o. 


9. Show that at every point on the revolute generated by the tractrix revolving 
about its asymptote, the specific curvature is constant and negative. This surface 
1s called the pseudo-sphere. 


10. If the plane curve given by the equations 
x/a = cos6 + log tan}6, \y/@= sin 6, 
revolves about Ox, the surface generated has its specific curvature constant. 
li. If &,, #, are the principal radii of curvature at any point of the ellipsoid 
on the line of intersection with a given concentric sphere, LEME that 
(R, 2.) 
Rk, + 2, 
12. Prove that the specific curvature at any point of the elliptic or hyperbolic 
paraboloid w/b + #/¢ = « varies as ( Lie p being the perpendicular from the 
origin on the tangent plane. 
13. In the helicoid y = x tan (z/a) show that the principal radii of curvature, 


at every point at the intersection of the helicoid with a coaxial cylinder, are con- 
stant and equal in magnitude, opposite in sign. 


14. Prove that the specific curvature at every point of the elliptic paraboloid 
22 = x*/a + .y*/b, where it is cut by the cylinder x?/a? + y?/d? = 1, 1s (4ab)—. 


15. Prove that the principal curvatures are equal and opposite in the surface 
xy — 2) + ayz = Oo where it is met by the cone (x? + 6yz)yz = (y — 2)A. 
16. The principal radii of curvature at the points of the surface 


= const. 


ax? = 23 xt -y*),, ‘where x =y'= 2, 
“are given by 2R* +2 3aR — ga? = 0. 
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17. Prove that the radius ot curvature of the surface «+ y” + 2% = am at 
m—2 


an umbilic is 3 2” a/(m — 1). 


18. Show that - = : = = is an umbilic on the surface 


Bla + y3/b + 2/e = kh, 
19. Show that x = y = z = (adc) is an umbilic on the surface xyz = abc and 
the curvature there is (adc). Z ‘ ; 
ee a 
20. Find the umbilici on the ellipsoid 5 +5+ a=l 


a*(a? — 6?) cca (i es) 
PE 


) = 


Ans. The four real umbilics are x? = 





ae Pe Sa 


21, At an ordinary point ona surface the locus of the centers of curvature of all 
plane section§"is‘a°fixed surface, whose equation referred to the tangent plane as 
z-plane and the principal planes as the x- and y-planes, is 


(+e 4+2)(F+R) 208 +99. 


22. Show that an umbilicus on the surface 


(x/ayt + (y /d)t + (2 Jot = 


Gen et i fxe\~? 2 y af 1 /z\—# 
is given by ate a oe Sie - 


23. If “ = 0 is the equation of a conicoid, show that the tangent cone to the 
surface drawn from the vertex a, 8, y touches a surface along a plane curve which 
is the intersection of # = 0 and the plane 


Vin OF ia 
(§- + - D5 + ENS + ha hy =0. 


24. Find the quadratic equation for determining the principal radii of curva- 
ture at any point of the surface 


P(x) + Wy) + x2) = 9, 


and find the condition that the principal curvatures may be equal and opposite. 
25. Show that the cylinder 
(a? 4 c*)b%x2 + (6? + c*)a2y? = (a? 4 82)a20? 
cuts the hyperboloid «?/a? + y?/? — 2?/c? = 1 ina curve at each point of which 
the principal curvatures of the hyperboloid are equal and opposite. 


26. Show that the principal radii of curvature are equal and opposite at every 
point in which the plane x = a cuts the surface 


x(a? fy? 4 22) = 2a(a? + 9), 
27. In the surface in Ex. 24 show that the point which satisfies 


P(x) = W'"(y) = x'"(2) 


is an umbilic. 
28. Find the umbilici on the surface 27 = x? /a + y2/b, : 
Ans, x=0,y=— ¥(ab—B), z= }(a—d), if ads, 
29. Show that = _/(x, 7) is generated by a straight line if at all points 
a ay ay \2 
at 38= (Ge ay) - 


This is also the condition that the inflexional tangents at each point of the sur- 
face shall be coincident. Such a surface is called a ¢orse or developable surface. 
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CURVES IN SPACE. 


257. General Equations.—A curve in space is generally defined as 
the intersection of two surfaces. A curve will in general have for its 
equations 

P(x, J, 2) ——nOs OAx, J; 2) =O; (1) 

If between these two equations we eliminate successively x, y, 2, we 
obtain the projecting cylinders of the curve on the coordinate planes, 
respectively, 


#,(y, 2) = 0, (4, 2) = 0, ¥,(%,¥) = 0. 
Any two of these can be taken as the equations of the curve. 


258. Acurve in space is also determined when the coordinates of 
any point on the curve are given as functions of some fourth variable, 


such as /, 
= $4, y=, 2 =x. (2) 
The elimination of ¢ between these equations two and two give the 
projecting cylinders of the curve. 


259. Equations of the Tangent to a Curve at a Point.—If the 
equations of the line are (1), the equations of the tangent line to (1) at 
Xx, y, 2 are the equations to the tangent planes to d, = 0, ¢, = 0, 
taken ae or 

) 
(X=2)5 a f+ (v9) 24 (2-9 =o, | 
(1) 
(X= x) (Poy) Seg (2) =. | 


Since the tangent line is perpendicular to the normals to these 
planes, the direction cosines /, m, n of the tangent line are given by 


Z m n I 


MN,— UN, ~ NL,—NL,~ LM,— LM «’ 





where 
Ke = (IAN, — ,N,)?4+ (MLZ, — NL)? + + (Z,M, — LM). 
BM NG being the first partial derivatives of @, at x, y, 2, and 
similarly £,, M,, N, are those of ¢,. 
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260. If sis the length of a curve measured from a fixed point 
to x, y, 2, then the direction cosines of the tangent to the curve at 


X, , 2 are 
ax dy dz 


—_- = = a= 
deta) oo eae ds’ 
and the equations of the tangent are 





Mk Sy Le (2) 
Ok, Satay area 
ds ds ds 
If the equations to the curve be given by (2), $258, then 
ax at ‘ 
a P' (4) mm ets and the equations (2) become 


Aa Vy 2-8 
dG aaa 20. Bae Oe 
In general the equations to the tangent are 
A= =f LZ 
dx ay ade? 
without specifying the independent variable. 





(3) 


(4) 





261, The Equation to the Normal Plane to a Curve at Xx, ¥, £18 
ax ay dz 
Se) kd ae ee (1) 


the normal plane being defined as the plane which is perpendicular 
to the tangent at the point of contact. 
Regardless of the independent variable, (1) becomes 


(X — x)dx + (F — y)dy + (Z— 2)dz = 0. (2) 


EXAMPLES. 


1, Find the tangent line to the central plane section of an ellipsoid. 
The equations of the curve are 
xe y2 gk 
2+ ata= 1, 4x+ By + Cz =0, 


The equations of the tangent at x, y, z are 





ee ee _ (2s 
y a eee eve Mec y° 
Cp Oe Aa ee oe 


2. Trace the curve (the helix) 
x= acot, y=asint, z= dt. 


Show that the tangent makes a constant angle with the x, y plane, and that the 
curve is a line drawn on a circular cylinder of revolution cutting all the elements 
at a constant angle. at : 
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3. Find the highest and lowest points on the curve of intersection of the 
surfaces 


22 = ax* + by, Ax + By + Cz + D=0, 
from the fact that at these points the tangent to the curve must be horizontal. 


4. Show that at every point of a line of steepest slope on any surface “ = 0 
we must have 


oF OF 
Sethe 


5. Show that the lines of steepest slope on the right conoid x = y /(z) are cut 
out by the cylinders «? + y? = 7’, y being an arbitrary radius. 

262. Osculating Plane.—If P, Q, R be three points on a curve, 
these three points determine a plane. The limiting position of this 
plane when ?, Q, R converge to one point as a limit is called the 
osculating plane of the curve at that point. 

The coordinates x, y, g of any point on a curve are functions of the 
length, s, of the curve measured from some fixed point to +, y, 2. 
Therefore, if s, be the length to x,, y,, 2,, 





ax Cx Bx 
4=e+ (5, - NEE 4 Oe ar fe (5, —=8)* ae 


where o is the length to some point between x, y, 2 and x,, ¥,, 2, 
Bay O Steet eee WX! es Dix, tes, then 
x, = x + 05-x! 4 168?” 4 168 xg", 
Let lige Q, R bez, VF 5 Xyy Vio Fy 5 Foy Vq Fo Then 
Hax+ osx, y= yp osy,, 2, = 2+ 0s-%. (1) 
x, = x 4 Osx! 4 URIS? xy, 
Jy = IY + ROS 9 + ZROS*: Ye, 
2, z+ kos. 2’ + TRS. zy). 
The equation to the plane through P can be written 
A(X — x) 4+ BL -y)+CZ—-—z)=0. . (3) 
If this passes through Q@ and A, then 
A(x, — x) + By, —»”) + Ca, — 2) = 9,) (4) 
A(x, — x) + BU, —”) + Ce, — 2) = 0.8 
Substitute the values of the coordinates from (1) and (2) in (4). 
Divide by ds, ds*, and let &s(=)o. 
Ax’ + By’ + C2?’ =0, (s) 
Ax’ + By” +.Ce” =o. 
Eliminating A, B, C between (3) and (5), we have the equation to 
the osculating plane at x, y, 2, 
X—x, VY—-y, 2-8 
x’ y Ce 


/t // 
x 


By Zz 


(2) 


Hey (6) 
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Or, regardless of the independent variable, 


= i, Maye 7 a 0, (7) 
ax dy dz 
ax d*y a2 


263. To Find the Condition that a Curve may be a Plane 
Curve.—lIf acurve is a plane curve, the coordinates of any point must 
satisfy a linear relation 


Ax+By+Cz:+ D=0, 
where A, B, C, Dare constants. Differentiating, 
Adx + Bay + Caz = 0, 
Ad*x + Ba’y + Caz = 0, 
Ad*x + Bd*y + Ca®z = o. 

Eliminating A, B, C, we have the condition 
hoe Ohi 3 Tike 
d*x, dy, d% 
Bx, dy, dz 
which must be satisfied at all points on the-curve. 





=o, 








264. Equations of the Principal Normal.—The principal normal 
to a curve at a point is the intersection of the osculating plane and the 
normal plane at the point. 

Let /, m, m be the direction cosines of the principal normal at 
x,y, 2 Then, since this line lies in the normal and osculating planes, 


paeen ee a 
z a Xt: oo 
Z oy 7 es +n 
yl" 2 gee pas age? 


lx’ + my’ + nz’ =o. 
These conditions are satisfied by 7= x”, m= y” 


/ 
=o, 














» #= 2”, —since 


PP IT bP 


\ 


xv 
x’ 
a! 


/ / 
oy wt 
Also differentiating x’? + y’* + 2/? = 1, 

x! oo! ty’ y"” +2'2"=0., 
Therefore the equations of the principal normal are 
XA—x V-y of 


Bl eee 
all xl! 


J} 


oa 4 


yt 


TAP 
+ y” + a | = t 


Se 




















3 
z 
gl’ 


as 




















x! a y” we 2” ? (1) 
a X—x F-y Z-—8 
xe eye pas 2) 


265. The Binormal.—The binormal to a curve at a point is the 
straight line perpendicular to the osculating plane at the point. 
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Its equations are therefore, from (6), § 262, 
a ale Gl peep = — 28 
y’ inte ee yl!’ 2! bag all! oo 3! ’ x! me Ba ie ae (4) 





Dividing through by ds°, the equations can be written without 
specifying the independent variable. 


266. The Circle of Curvature.—The circle of curvature at a given 
point of a space curve is the limiting position of the circle passing 
through three points on the curve when the three points converge to 
the given point. 

Clearly, the circle of curvature lies in the osculating plane and is 
the osculating circle of the curve. 

To find the radius of curvature. Let a, @, y be the coordinates 
of the center, and ¢ the radius of the circle of curvature at x, y, 2 


Then 
ara Or Be a 7h = 
Let x,y, z vary on the circle. Differentiate twice with respect to s. 
‘Then 


ee) (PB Ae aig) eae? ey Pe 8? SO. 
But x’? + y’* + 2’2=1.. Also, the line through x, y, z and 
a, 8, y is the principal normal, whose direction cosines, by (1), 
§ 264, are 


xl! 


~ x yt 4 37 2 
with similar values for m and. Since 
x—ax=lp, v—B=m, z—y=np, 
ane Hy! * 4 2/72, 
The center of the circle is a = x — Jp, etc. 
267. The direction cosines of the binormal are 
1 — p(y’2”” at aly”), m= p(2'x x! es wee}, n= p(x’y” — y'x"’). 
For, by (4), § 265, 


4 m n 
v2" — aly” A PY oa xy" — yx (z) 
Also differentiating x’? + y/% + 2’? = 1, 
x! x A ly!’ + 22 z’ = o. 
The sum of the squares of the denominators in (1) is 
(a7? fy! Pap a! (a Pp yl! Bh Bl (xx xe yy! +32”) = 1/p*. 


Hence the results stated. 
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268. Tortuosity. Measure of Twist. 

Definition. —The measure of torsion or twist of a space curve is the 
rate per unit length of curve at which the osculating plane turns 
around the tangent to the curve, as the point of contact moves along 
the curve. 

If the osculating platie turns through the angle 47 as the point of 
contact P moves to.Q through the are 4s, the measure of torsion at P is 

CANON 66h 3 
a ea) dex 
when 4s(=)o. The number o = D,s is sometimes called the radius 
of torsion. 

Let /,, m,, ,; 7, m,, ,, be the direction cosines of two planes 

including an angle 6.. Then 
sin?d = (mn, — n,m,)? + (2,2, — 1n,)? + (4m, — m,/,)?. 

Let /, m, ” be the direction cosines of the osculating plane at P, 
and 7 + ‘Al, m+ Am, n +. Jn those at Q. 

Let 4r be the angle between these planes. Then 

sit dr = (m4n — ndm)* + (nAdl — [An)? + (4m — m4). 
Divide by As* and write 
sin?4r __ sin’ 4Ar (5) 





42 Jr \aAs 
Let 4s(=) 0. Then, in the limit, 


dt\2__ dn dm\? al. _,da\* dm dl\2 
Since Pw? wt 1, o* ome ne = 
S 


Square this last equation and subtract from : ry. 


ae \" fal dm\?. /(dn\? 
Paes net ye es (2) 
269. The measure of torsion can be expressed in another form, as 
follows. 


ASE YG 1s & be the direction cosines of the binormal, and 
£=y'2" —3'y", etc., as in § 267. Then 


PP CRE ae 
LM a eee () 
Whence IP? 4+ M*4+ N= 1/p (2) 


Since the binormal is perpendicular to the tangent and principal 
normat, 


ix’ + my’ + nz’ = 0, (3) 
dx!’ + my” + ng’ = °. (4) 
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Differentiating (3) and using (4), 


x! + m'y' + 2's' =o. (5) 
Differentiating, Pa mt n=. (6) 
il’ +. mm' + nn’ = 0. (7) 
From (5) and (7) we get 
Us m! n! 
Shays a SP Ep et (8) 


and each of these is equal to 
Ux! my" n lal? 
max" — ny'x"  nx'y” — laly"” — Ty'e” — mx'e” 
Ux ‘1 et my" + n'3!! 
TE + mM nN (9) 








Differentiating (4), 
/ Voc!" 4 my" + n'z eae Ja a my!" 4 nz!!! 
Therefore (8) is equal to 
Ss Vie oe + my" + nz!” ae COL +9" M + BING 
IL mM + nN P+ M*+N 
Remembering that /, m, x; x’, y’, 2’ are the direction cosines of two 
lines at right angles, | 
(mz! — ny’)? + (nx! — iz’)? + (bh! — mx')* = sin? in = 1. 
Therefore, by (2), § 268, and (8), 
dr) 2 (aL + y'M + 2!" N\F 
Beaten, 








I Cee es 
al niga ? (10) 
/1/ 


AE PUPA 





Bo 3! 
ae 3! 
x 2 





a 
oe 
wy 
by (2), and the determinant form of 
x”L + "MM + ALONE 

270. Spherical Curvature.—Through any four points on a space 
curve can be passed one determinate sphere. The limit to which 
converges this sphere when the four points converge to one as a limit 


is called the osculating sphere, or sphere of curvature. 
Differentiating the equation of the sphere, 


(x—a? +(y—fP +0-y)? =F. 
(x— ale’ +(y— fy" +(@-—y)2? =9, 
(x — a)x” + (y— By” + -—y)2e" =-L 
(x — ae” + (vy — Py” 4+ (2 — yy)” = 0. 
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Eliminating between the last three equations, 











Been, Baten sel rene 
(4°— a) = a ” : m7 An a = = of*( 2 tien 2 fel) 
| op!”! yl! git? 
y— B= opr(a'x” — His x); @—-y= op(x'y" — x'"'y'), 
Squaring and ie 
R? = o*! f(xy’ — lal! A (y'2!” a gly" 4 (2'x Pe la x/2!")), 


Clearly the circle "ot curvature lies on the sphere of curvature. 
Let P, Q, &, / be four points on a curve and in the same neighbor- 
hood, R and p the radii of spherical and circular curvature. 

Then, C being the center of the circle through P, Q, R, and S 

S that of the sphere through 
P, Q, R, J, we have directly 
from the figure, 
oe 4p\2 
SC= me Ra pt4( FP) : 


ra o+(t) 


aay 
= me 7-4 a a 
=e + 0(Z), 
ap dp 
eae sa oe 





Fic. 147. 

271. The expressions for the value of the radius of curvature and 
measure of torsion in § 266, and (10), § 269, have been worked out 
with respect to s, the curve length, as the independent variable. These 
can be written in differentials, regardless of whatever variable be 
taken as the independent variable. 


Represent by 
dx dy de 
| ax dy dz 
the sum of the squares of the three determinants 
(yy @z — dzd’y)* + (de@x — dx @2) 4 (dx dy — dy &x)*, 
Then, regardless of the independent variable employed, 
ee (2) 
4 dx dy dz 
|e ax dy dz 
dx dy dz 
&x dy sz 
_  |dx dy as 
- is dy dz ||* ‘ 
Px Py Pe; 

















I 
oO 
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(1) comes immediately from § 267, and (2) from putting the value 
of p* from (1), $271 in (10), § 269. 


EXERCISES. 
1. Show that in a plane curve the torsion is o. 


2. The equations of the tangent at x, y, z to the curve whose equations are 
ax* +. by? 4 cz* = 1, ba? 4 cy? + az? = 1, are 
AA IY = 9), AZ = 2) 
a2 be — a? = ah 





3. The equations of a line are 
a ye? = 4a and x? + 2? = 2am: 
Show that the equations of the tangent line and normal plane are 


Rae aca > 72) (5) 


* w 
4. The equation of the normal plane to the intersection of 
wfa- y2/b+ 2/e=1 and x24 774 2 = d? 
: Xx MY LZ 
is Pele nay eee) eg ie De 


& J 


5. Show that the curve 2(x + z)(4 —a) = 4, a y+ 2)(y —a) =, isa 
plane curve. 


6. If the osculating plane at every point of a curve pass through a fixed point, 
prove that the curve will be plane. 


7. Prove that the surface «* + y* + zt — 4a‘ cuts the sphere 
att y? + 22 — qi 


in great circles. 
8. Show that the equations of the tangent to the curve 


ig = an — i x, 2? = |G? — 0K; 





are X-x=— (yyy = - 2 (2-4), 


a— 2x 
9. Find the osculating plane at any point of the curve ° 
GSS th, GPS VINA, Baas 
Ans. (Xy — Yx) + ab(Z — z) = 0. 
10. Find the radius of circular curvature at any point of 
a/h-+y/kR=% x22+ 2 = a2. 
(F2a? + R222)! 
: oe (PRE 
11. Show that the curves of greatest slope to xOy on the surfaces xyz = a and 
cz = xy are the lines in which these surfaces are cut by the cylinder x? — y? = const. 


Ans 





12. Find the osculating plane at any point of the curve 
x=aco@+ésiné, y=asin@+4cos#, z=c sin 26. 
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13. Find the principal normal at any point of 
et yt = a, a= xt — 7, 
Hint. Express x, y in terms of z as the independent variable. 
14. Given the helix «x = acos6, y=asin§, z= 46, show that 
(1). The tangent makes a constant angle with the xy plane. 
(2). Find the normal and osculating planes, principal normal. 
(3). Locus of principal normals. 
(4). Coordinates of center and radius of curvature. 
(5). Radius of torsion. 
Ans. (2). aX sin @ —aY cos § — (z — 48) = 9, 
6X sin @ —6Y cos 6+ a(z — 66) = ©. 


6 
(4). p = a(1 + 2/2’). 
(5). o = (a? 4 84/2. 

15. Show that 7 = 0, Fj == o are the equations of the line of contact of the 
vertical enveloping cylinder of / = 0, and that the horizontal projection of this 
line is the envelope of the horizontal projections of parallel plane sections of #= 0. 

16. Show that the equations of the level lines and lines of steepest slope on the 
surface / = oO are 

Ei= 0, fds fidy =o and F= 0, fyay— fy ax — 0 
respectively, and that they cross each other at right angles. 

17. Find the lines of steepest slope on the surfaces 

ax? + by® + cz®#= 1 and z= ax? by, 

18. A line of constant slope on a surface is called a Loxodrone. Find the loxo- 
drone on the cone x? + y? = &(z — ¢)*. Show that its horizontal projection is a 
logarithmic spiral. 

19. Find the loxodrone on the sphere x? + y? + 2? = a’. 

20. A dine of curvature on a surface is a line at every point of which the tangent 
to the line lies in a principal plane of the surface. Show that through every 
ordinary point on a surface pass two lines of curvature at right angles. 

21. A geodesic line on a surface is a line whose osculating plane at any point 
contains the normal to the surface at that point. Use Meunier’s Theorem to show 
that between two arbitrarily near points on the surface the geodesic is the shortest 
line that can be drawn on the surface. Show that at every point on a geodesic on 
the surface / = 0, we have 


Fii/d%x = Fi/ay = Fi/d*s. 


ape Re 
(3)- “a an 


CHAPTER XXXV. 


ENVELOPES OF SURFACES. 


272. Envelope of a Surface-Family having One Variable 
Parameter.—When (x, y, 2) = 0 is the equation of a surface con- 
taining an arbitrary parameter a@, we can indicate the presence of this 
arbitrary parameter a@ by writing the equation 





MP Sa) =e. (1) 
The position of the surface (1) depends on the value assigned to a. 
By assigning a continuous series of values to a we have asingly infinite 
family of surfaces whose equation is (1), 
If we assign to @ a particular value a@,, we have another position of 
the surface (1) whose equation is 
PATI, 2, A.) =O. (2) 
The two surfaces (1) and (2) will in general intersect in a curve. 
When a@,(=)a@ the surface (2) converges to coincidence with the sur- 
face (1), and their line of intersection may converge to a definite posi- 
tion on (1). At any point on the intersection of (1) and (2) the 
values of x, y, gare the same in both equations. By the law of the 
mean, 


F(x, Y, 2, @,) = F(x, y, 2, a) + (a, — a) Fu (x,y, 8, a’), 
a’ being a number between @ and a,. 
At any point of intersection of (1) and (2) 
PRA, D2, ON LA Ky WN, 2, A) SO, 
Therefore at any such point we have 
FAA, I) 2; ) =O. (3) 
If, when a,(=)a, the line of intersection of (1) and (2) converges 


to a definite position on (1), then the coordinates of all points on this 
line must satisfy, by (3), the equation 


0 
ae LG, 2, &) ='9, (4) 


and the surface (4) passes through the limiting position of (1) and (2). 
If from equations (1) and (4), i.e., 
LN, cia =O, LAX, 9,2, A): 0, (5) 
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a be eliminated, the result is an equation $(%, y, 2) = 0, which 
is the surface generated by the line whose equations are (5), or @=o0 
is the locus of the ultimate intersections of consecutive surfaces of the 
family (z). This locus is called the envelope of the family (1). The 
line whose equations are (5) is called the characteristic of the envelope. 


273. Each Member of a Family of One Parameter is Tangent 
to the Envelope at all Points of the Characteristic.—The parameter 
a being assigned any constant value, the tangent plane to 


Pd, Py 85 A) = Op at ee as 

or 

Ox 

But in 7(x, y, 2, @) = 0, as x, y, 2 vary along the envelope, a also 
varies, and the equation to the tangent to the envelope is 


or i or or 

a —— @ —— d: ~— da = = 

is ax + By qy +- Be zt AG da = 0. (2) 
Since at any point x, y, z common to the surface / = 0 and the 

envelope, that is all along the characteristic, we have 7{= 0, the 

planes (1) and (2) coincide. 


or oF 
peace ae he fosislar eo (1) 


EXAMPLES. 


1. Show that the envelope of a family of planes having a single parameter is a 
torse (developable surface). 


Rae 5: 2 = x(a) + ¥(@) + x(a. 


dz Oz 


eH, g- = Was xO, +b tad =o. 
Also, 
O2z ae 0a 02z Be YF 0a O22 P 0a : da 
gd aaa Pa) a> ay? = Vays Ox oy = a S (a) ax” 
Hence rt — 52? = 0. See Ex. 29, § 256. 


2. Envelop = nee 





a = 2@ = 2. 

Ans. Hyperbolic cylinder, xz ye = x5 
3. Envelop x+y — 2a@z = a. 
Ans. Parabolic cylinder, x + y +2=0. 


4. Generally if , ~, x are linear functions of x, J, %, then the envelope of the 


plane 
Pre’ + 2pa + x=0 
is y” = @y, a cone or cylinder having @ = 0, y =Oas tangent planes, and 
yw = Oisa plane through the lines of contact. 
5. Find the envelope of the family of spheres whose centers lie on the parabola 
x? + day =0, 2=0, and which pass through the origin. 
Ans. x? +524 2 = 2ax?/y, 
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6. Find the envelope of a plane which forms with the coordinate planes a 
tetrahedron of constant volume. 


Ans. xyz = const. 


__ 1. Find the envelope of a plane such that the sum of the squares of its 
intercepts on the axes is constant. 


Ans. xt + yt 4. 2t = const. 


274. Envelope of a Surface-Family with Two Variable Param- 
eters. 


if Cee) = 24, 2, a8). 6 (x) 
is a surface of the family, then 
Fa, B,) = L(x, y, %, a, 6.) =O) (2) 


is a second surface of the family. 
At any point +, y, z where (1) and (2) meet, 


Flay, 8) = Fla, B) + (a = a) 55+ (Bi — Bza, (3) 


where a’ is between a, and a, fi’ between f, and f. 
In virtue of (1) and (2), (3) gives 


= 8) 5 + (B-Day =o. (4) 


This is the equation of a surface passing through the intersection 
of (1) and (2). But for any fixed values x, y, 2, a, @ satisfying (1) 
and (2) there are an indefinite number of surfaces (4) obtained by 
varying a,, (,, all of which cut (1) in lines passing through -, y, z, 
Consequently there are of these surfaces (4) two particular surfaces, 
oF oF . 


= O,7 


(@ 





pa ——— oO 
Oa’ Of’ i 
which cut (1) in lines passing through x, y, 2. 

If now the point x, y, z has a determinate limit when a,(=)a, 
f,(=), then the three surfaces 

F(a, 8) =0, Fila, f) =0, Fa(a, 8) = 09, 

pass through and determine that point. 

These surfaces (5) intersect, in general, in a discrete set of points. 
If, however, we eliminate between them @ and f, we obtain the equa- 
tion to the locus of intersections. This locus is a surface called the 
envelope of the family, (1). 


275. The Envelope of the Family 7(x, y,z, a, 6) = o is Tan- 
gent to Each Member of the Family.—The tangent plane to any 
member of the family is 

or 
Ox 


ar or 
ee 0200. 
dx + ay dy + Wea eae (1) 
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As the point +, y, 2 moves on the envelope, a and # vary. The 
plane tangent to the envelope is 


oF 

Ox 

At a point x, y, z common to the envelope and one of the surfaces, 

we have /, = 0, 7, =o, and therefore the planes (x) and (2) 

coincide, Since this point is the intersection of the line whose 

equations are /, = 0, #g = o with the surface /’ = o, the envelope 
is tangent to the surface at a point, and not along a line. 


276. Use of Arbitrary Multipliers.—If 7(x, y, z, a, 8) = 0, 
where a, f are two arbitrary parameters connected by the relation 
~(a, 6) = o, then /” = 0 is a family of surfaces depending on a 
single variable parameter. The equation of the envelope is found by 
the elimination of a, 6, da, dB between 


Peis o Sea Fs Fi, da + F, dp =o, G, da + ggdP = o. 


This is best effected, as in the corresponding problems of maximum 
and minimum, by the use of arbitrary multipliers. Thus the equation 
of the envelope is the result obtained by eliminating a, #6, A from 


_F=0, P=0, M+AgG=o, fp + Ads = 0. 


The family of surfaces, represented by #’= 0, containing 
parameters which are connected by  — I or ” — 2 equations is 
equivalent to a family containing one or two independent parameters 
respectively. Such a family, in general, has an envelope. The 
problem of finding the envelope is generally best solved by intro- 
ducing arbitrary multipliers to assist the eliminations. 

If more than two independent variable parameters are involved, 
there can be no envelope. For in this case we obtain more than 
three equations for determining the limiting position of the intersec- 
tion of one surface with a neizhborirg surface. From these three 
equations x, y, 2 could be eliminated, and a relation between the 
parameters obtained, which is contrary to the hypothesis that they 
are independent. 

In general, if /’= 0 contains arbitrary parameters a,, .. . , Qn 
connected by the ~ — 1 equations of condition @,=0,..., 
Pn = ©, the equation of the envelope is found by eliminating the 
2% — 1 numbers @,, .-- 5 G@y,Ay +--+ 5 Ay_,, between the 27 
equations 


or or or Sy es 
ax +- oe + 5g + aa 2 a ap eC: (2) 





F=o0, Pi =F. ey Pur = 9, 
F(a) of A, 9,'(4) eh ORES: Ay 1 Pies () a2) 


(ay) + AyD, (a) “PaaS oane M1 Prag (Xn) "Os 
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EXERCISES. 


1. Find the envelope of (6 being the variable parameter) 
x sind —ycos@ = a@ — cz. 


62 + ¥x? + 7? — @? SWE a 
Ans. x sin es Vx2 Ly? =a. 


2. Find the envelope of a sphere of constant radius whose center lies on a circle 
in the xy-plane. 

Ans. fx? + y? = is the circle, and the sphere has radius @, the envelope is 
the torus + y = [e+ (a — 2p 
y? 


22 
ptea=h wherea+61¢=&, 


2 
3. Find the envelope of the ellipsoids 5 + 


Ans, xt + y+ aA =a, 
4. Find the envelope of the ellipsoids in Ex. 3 when they have a constant 
volume. 


5. Find the envelope of the spheres whose centers are on the x-axis and whose 
radii are proportional to the distance of the center from the origin. 


Ans, gy? + 2% = mx? + y? + 22), 
6. Find the envelope of the plane ax + fy + yz = 1 when the rectangle 
under the perpendiculars from the points (a, 0, 0) and (— a, 0, 0) on the plane is 
equal to £2. 
oie 2 yet 
Ans. a, f positive. aay ain asy 7 =oliy 


7. Find the envelope of the planes — +f +2 = 1 when a* + Ont cn = en, 


n” n n n 


Ans, x%tt fLiyttt 4 gtr — Zett, 


8. Spheres are described having their centers on 5 = * = - , and their radii 





proportional to the square root of the distance of the centers from the origin ; show 
that the equation of the envelope is (/, m, ~ being direction cosines) 
at ty? + 2? = (lx + my + nz + 0). C="const, 

9. Envelop the family of spheres having for diameters a series of parallel chords 
of an ellipsoid. 

10. If “(a~) = 0 is the equation of a family of surfaces containing a single 
arbitrary parameter a, then the equations of the characteristic line on the envelope 
are a) = 0, #’(~) = 0. As @& varies this line moves on the envelope; it will in 
general have an enveloping line onthat surface. The envelope of the characteristic 
is called the edge of the envelope. Show that the equations of the edge of the enve- 
lope are obtained by eliminating a between 

(a) = 0, F(a) =O; F(x) == 05 

11. Find the equations of the edge of the envelope of the plane 

xsin§ — ycos@ = a6 — cz. 


cz 
Ans. x +y%=a?, y= xtan—. 
@ 


12. Envelop a series of planes passing through the center of an ellipsoid and 
cutting it in sections of constant area. 


39° APPLICATION TO SURFACES. (Cu. XXXV. 


Let 2x + my +nz=0 be the plane; the parameters are connected by 
Ott nAai1, Pat WP 4+ ne = a. 
i yp a 
Ans. hs pt pow +2 ep == 20, 





13. Spheres are described on chords of the circle x? + y? = 2ax, 2=0 which 
pass through the origin, as diameters, show that they are enveloped by 


(a? + y?-F 2? — ax = a%(a2 + 7%), 


14. Show that the envelope of planes cutting off a constant volume from the 
cone ax? + dy? + cz? = o is a hyperboloid of which the cone is the asymptote. 


15. Find the envelope ofthe plane Zx + my +nz = d, when 2+ 7? +7 =1, 








Ie mm ne 
Pie yt =e si Fee 
Ans. Fresnel’s Wave-surface, 
a2x2 by? c2g2 
x? ey? 1g? — Zs etyt es — 3B = i Pe ae ie a Se 


16. Find the envelope of a plane passing through the origin, having its direc- 
tion cosines proportional to the coordinates of a point on the line in which intersect 
the sphere and cone 

wet pPteor, x?/a24+ 77/6 4+ 2/e =o. 

17. Find the envelope of a plane which moves in such a manner that the sum of 
the squares of its distances from the corners of a tetrahedron is constant. 

18. Show that the envelope of a plane, the sum of whose distances from z fixed 
points in space is equal to the constant £, is a sphere whose center is the centroid 
of the fixed points and whose radius is one wth of &. 

19. Show that the envelope of a plane, the sum of the squares of whose distances 
from z fixed points in space is constant, is a conicoid, Find the equation of the 
envelope. 

20. If right lines radiating from a point be reflected from a given surface, the 
envelope of the reflected rays is called the caustic by reflexion, 

Show that the caustic by reflexion of the sphere «? + y? + 2? = 7, the radiant 
point being %, 0, 0, is 

[422 0? — 72(p? + 2ha + A?) = 274°(y? + 22)(0? — 2), 
in which p? = x? + y? + 27, 


PART: VAL. 


INTEGRATION FOR MORE THAN ONE VARIABLE. 
MULTIPLE INTEGRALS. 


CHAPTER XXXVI. 
DIFFERENTIATION AND INTEGRATION OF INTEGRALS. 


277. Differentiation under the Integral Sign. Indefinite In- 
tegral.—Let _/(x, y) be a function of two independent variables x, y. 
Let 





E(x, y= ie y) ax, 


the integration being performed for y constant. This integral is a 
function of y as well as of x. On differentiating with respect to x, 


or 





ax =S(%, y): 
Again, differentiating this with respect to_y, 
PL” SOK xy y) 
Wie - | Oye 
But 
ie TE ta) 
Ox dy dydx ay’ 
Z Or of 
eee ae oy ax. 
Consequently 
ee, 
Oy ay’ 
or 





) _ faftx,y) 
yf Ae nde = f Apa. 


Therefore, to differentiate with respect to y the integral taken with 
respect to x of a function of two independent variables x, y, differ- 
entiate the function under the integral sign. 

39! 
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In like manner we have 


a” O*7 
apf fe gtx = [ee 


This process is useful in finding new integrals, from a known inte- 
gral, of a function containing an arbitrary parameter. 


EXAMPLES. 
1. We have the known integral 


eax 
fessdx ie 
a 


Differentiating with respect to a, we find 


xeoxdx =%(+-)- 
a a 


And generally, differentiating times, 


ff xreande = e4x (« a x) : (=) . 


; ‘ cos ax 
2. Since ffsin OBE ms) 
a 


x sinax . cosax 
x COS ax dx = ————_ 4+ ° 
a @ 


(@ + bx) 








3. From i; (a + bx)"dx = aay show that 
= _ (wbx — alat bx) 
UE Gee geeg sr 
4; From f Baxi a show that 


ky xett I 
fr toerde= = (log + - 5 :): 


278. Differentiation of Definite Integrals when the Limits are 
Constants. 


Let 4 f "Ax, y)dx, 
where a and 4 are independent of x. Then the result of § 277 holds 


as before, and 
Ou af 
ay =f ape 


On account of the importance of this an independent proof is 
added. Let Ju denote the change in w due to the change Jy in y. 
Then, the limits remaining the same, 


Mu ={' Vest Ay) — f(x, 9)] dx. 


= ten do Ne A%,9 + 4) — (Fe, 9), 
Ay a Ay if 
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Hence, when 4y(=)o, we have 
Ou OF 
ee 
au anf 
oye =f{ ay” an 


EXAMPLES. 


and, generally, 


1. If e-axdx = Be 
0 a 
be differentiated 7 times with respect to a, we get 


) ! 
n! 
xne—exdx = ——_, 
0 qnti 











2. From boa arta eae ; 
0 (x? +2) 2at 
A eEBisbie (277 el) 7. 
i Cpe ree 2-4-0... 2% 2qttt 
The value of a definite integral can frequently be found by this method. Thus: 
3. Let ow = 
log x 
Then =f bee eae si, xadx = 
da log x st I 


w= fA. = log (2 + 0) 


no constant being added since # = 0 when a = o. 
4, Find f “log (1 + @ cos 6)d0. 
0 
Ans. m log (1+ Wt — 2°). 


279. Integration under the Integral Sign. 
I, Indefinite Integral. 


Let F(x,9) = f Ax sax. 
Then will 
I Ae, s)ax | y= f | f Ae a) lax 
Let v= f (x, )dy. 
Then = fir). 


Also, mak aa f® dx = | Ax, 9)dx = F(x,y). 
fodx = f F(x, 9)a, 


or Sif oe Lax=f} f Hasdx\ y 


y 
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Hence the order in which the integration is performed is indif- 
ferent, This shows that in indefinite integration when we integrate 
a function of two independent variables, first with respect to one vari- 
able and then with respect to the other, the result is the same when 
the order of integration is reversed. This being the case, we can 
represent the result of the two integrations by either of the compact 


symbols 
[fsfews= ff fod. 


As in differentiation, the operation is to be performed first with 
respect to the variable whose differential is written nearest the func- 
tion, or integral sign. 


II. The same theorem is true for the definite double integral of a 
function of two independent variables when the limits are constants. 
Let 


[Ae dx = X(x,9), [Na vay = Me r)5 
Jf [Ae rax ay = f [Ae »)\dy dx = F(x,9). 
Then 
[vex = X(x,, 7) — X(x,,), 


I'9, 
[rey = V(x, Vz) > FAa, ¥-); 


les i fac dy = F(x, %,) — Fl%,,9,) — Flas 4,) + Fle, 9), 


as 


Lrg b dav = LAK 9.) cote ke re | =i I) + Pd Cae A © 


x 


The last two values are the same. Hence 
V9 29 Xq V9 

dc ! Ne :: tax 

He fs t = de i “i : 


f oa “Se Jd dy = pe f 3 f(x, dy dee, 


The integral sign with its appropriate limits and the corresponding 
differential are written in the same relative position with respect to 
the function. 


or 


EXAMPLES. 
1 
if ff xtrtae Sone Hence 
0 @ 


1 
if [ox tde dx ={"S = log a 
0 ao p a % 


a 


[aS pe tes oe 
0 


log ms a 
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Put. a= 6: 


2 e—%)2__ p— 2 eg 
f Se as OS hoe 
0 & % 





ee) - ; b 
—2a. 1 i 
Oe f é sin ig aera e 
aft [> foreres sin dx dadx = i 
0 ao a a + o 
co p — wal 
or f polady ied sin 6x dx = tan—1 0323 tan—! fo, 
0 x b é 
Ie @,= 0, a=, then 
© sin bx 
, 7 ax = $2. 
te 4-5} 
3. Evaluate f TEN GL 
0 
Put k= se oe * dx. 
0 
BAS i e—UxXadx =k, . 
0 
eye 
and f en PUT ) a dy = pe~@. 
0 
o%e vi) fa da dx = af Pda = 
0 do 0 
Also, 1 peste), 
0 ~21+x 
co 86x o 
is —1 a pas oee 
and +f" a= ttn +[aarae 


[leas =4/7r, 


0 


oo) 
ax? eae f 
and i) é x= V1. 
This gives the area of the probability curve. 
280. If F(x, y, 2) is a function of three independent variables, the 
same rules as for a function of two independent variables govern the 


triple integral 
f if Pp F dx dy dz. 


Examples of double and triple integrals will be given in the next 
chapter. 


CHAPTER XXXVII. 


APPLICATIONS OF DOUBLE AND TRIPLE INTEGRALS. 


PLANE AREAS. 


DousBLEe INTEGRATION. 


281. Rectangular Formule.—lIf x, y are the rectangular coor- 
dinates of a point in a plane xOy, then 


do = Ax Ay = dx dy 


is an element of area, being the area of the rectangle whose sides are 
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be shown to be less than the length of the boundary multiplied by the 
diagonal of the greatest elementary rectangle, and therefore has the 


limit.zero. Hence 





4x and Jy. 

Let the entire plane xOy be 
divided into rectangular spaces 
by parallels to Ox and Oy, of 
which Jx Ay is a type. The 
area of any closed boundary 
drawn in the plane is the limit 
of the sum ofall the ex#re rectan- 
gular elements of type Jy 4x 
included in the boundary, when 
for each rectangle J4x(=)o, 
4y(=)o. For the area within 
the closed boundary J is equal to 

A= Ay Ax 
plus the sum of the fractional 
rectangles which are cut by the 
boundary. This latter sum can 


A= f= Ay Ax, 


taken throughout the enclosed region, when 4Ax(=)4y(=)o. 

The summation is effected by summing first the rectangles in a 
vertical strip PQ and then summing all the vertical strips from 2 to of fe 
or, first sum the elements in a horizontal strip PZ, then sum all the 
horizontal strips in the boundary from Sto UY. These summations are 
clearly represented by the double integrals 


(Ne) 


=r Jy=$(x) 


dy dx, f ory era dy. 


=s 


x= y) 
396 
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In the first integration in either case the limits of the integration 
are, in general, functions of the other variable which are to be deter- 
mined from the given boundary. 


EXAMPLES. 


1. Required the area between the parabola y? = ax and the circle y? = 2ax — x?, 
in the first quadrant. 
The curves meet at the origin and at x = a. 


5 A Uy ei eee =a i DE 2 1 
(1) ie dy dx if [ Y2ax — x? — 20x] dx 


mat 2a? 


4 3 
= =y? 
(2). a=[’ ey ax dy 
y=o Jx=a— Var-x? 
a 2 Spare ey 
=}. jp -a+ erly 
_ te 20 
ar ae 
: 2 ee tie area outside the parabola y? = 4a(a@ — x) and inside the circle 
ye = 4a° — x’. 





3. Find the area common to the parabola 3y? = 25 and 5x? = gy. Aus. 5. 


282. Polar Coordinates.—The surface of the plane is divided into 
checks bounded by rays drawn 
from the pole and concentric 
circles drawn with center at the 
pole. 

The exact area of any check 
PQ bounded by arcs with radii p, 
p + 4p, and these radii includ- 
ing the angle JJ, is 
t1(p + 4p)? — p*} 40 

=p4p4d+i dp 46. 

The entire area in any closed 
boundary is the limit of the sum 
of the entire checks in the 0° 
boundary. ‘Thesum of the par- 
tial checks on the boundary being o when 4e(=)46(=)o, as in § 281. — 


But, since 
pip 46+4Ap40_ , (4p 
pAp 46 eel anae 
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=i 
when 4p(=)46(=)o, the area within any closed boundary is equal to 
A= {sp dpe 
when Ap(=)44(=)o. 
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This summation can be effected in two ways: : 

(1). We can sum the checks along a radius vector &S, keeping 
46 constant, then sum the tier of checks thus obtained from one value 
of @ to another. 

(2). We can sum the checks along the ring UV, keeping p and 
4p constant, then sum the rings from one value of p to another. 

These operations clearly give the double integrals 


9 pp= (0) Po 79=K(p) 
dp do dé p dp. 
ay Vise eg £ se, 


EXAMPLES. 


1, Find the area between the two circles p = a cos, p=46cos#, b> a. 
us 
i) 6 
Lege cos Bp db, 
0 va cos @ 
us 
2 ™ ga 2 
= i 4(8% — a2) cost do = 7 (2 — A), 
0 


p 

p —7t 

& pcos ~ => @ pcos 3 

(Ay is fo ? do padp+ f if p Mpdp, 
avo 0 cos~* 


a 


(1). 4 


which gives the same result as (1). 


The double integration is not necessary for finding the areas of 
curves; it is given here as an illustration of a process which admits of 
generalization, 


VOLUMES OF SOLIDS. DOUBLE AND TRIPLE INTEGRATION. 


283. Rectangular Coordinates.— 
Let x,y, 2 be the coordinates of a 
point in space referred to orthogonal 
coordinate axes. 

Divide space into a system of rectan- 
gular parallelopipeds by planes parallel 
to the coordinate planes. Let 4x, Ay, Az 
be the edges of a typical elementary 
parallelopiped. Then the volume 

x Ax Ay Az 
is the elementary space volume. 
The volume of any closed surface is 
the limit of the sum of the entire elemen- 
Fic. 150. tary parallelopipeds included by the 
surface when Ax(=) 4y(=)42(=)o. 
V= £2 Ax Ay ds, 
taken throughout the enclosed space. 
(1). Let x, ¥, 4y, dx be constant. Sum the elementary volumes 





Art. 283.] APPLICATION OF DOUBLE AND TRIPLE INTEGRALS. 399 


between the two values of z, obtaining the volume of a column J/S of 
the solid. The result expresses z as a function of x and _y given by 
the equation or equations of the boundary. 


(2). Let x, 4x be constant. Sum the columns between two 
values of y for 4y(=)o. The result is the slice of the solid on the 
cross-section « = constant, having thickness 4.x, 


(3). Sum the slices between two values of x for Jx(=)o. The 
result is the total sum of the elements, expressed by the integral 


pe ene eqns) 5, dy dé, 
x dJy=b(*%) Jz=XAx, 9) 


xq [v2 
— 2 dy dx 
i: ie A é 


== [PAs aX. 


Clearly, if more convenient we may change the order of integra- 
tion, making the proper changes in the limits ot integration, 


EXAMPLES, 


1. Find the volume of one eighth the ellipsoid 
2 


of a yp é 
@ 3 Ce ate 


eis leek f "dz dy dx, 
0 Jo 0 


2, 

a W = x pp 
eth c Lao A 
2 
== Jo («- 3) ae = ace 

0 


2. Find the volume bounded by the hyperbolic paraboloid xy = az, the xOy 
plane, and the four planes x = 4, *¥ = %,Y=N,) = Jo. 








ees 
V= 8? [ae ay ae, 
%1 ¥¥1 YO 
i ees dy dx, 
x dy, % 


= ieee: Mess an, 
a x4 2a 

si 
= Lot sed - ad 
a ie (%_ — *4)(Y2 — Vy (Hy Hog + HH + X2I1)y 
= F(%, — *1)( *2 — 9)(% + 4, + 23 + 44) 
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The volume is therefore equal to the area of the rectangular base multiplied by 
the average of the elevations of the corners. This is the engineer’s rule for calcu- 
lating earthwork volumes. 


284. Polar Coordinates.—The polar coordinates of a point P in 
space are 9, the distance of the point from 
the origin; @, the angle which this radius 
vector OP makes with the vertical Oz; and ¢, 
the angle which the vertical plane POz makes 
with the fixed plane «Oz. 

Through P draw a vertical circle PJ 
with radius p. Prolong OP to R, PR = Jp. 
Draw the circle RQ in the plane PO with 
radius p+ 4p. If JA is the area PROS, 


then 
4A oem 
Ay peo 


We may therefore take 7A = pdod@. This area revolving around 

Oz generates a ring of volume 
2a psin 6dA. 

Therefore the volume generated by @4 revolving through the arc 
ds = psin 6 d@ is in the same proportion to the volume of the ring as 
is the arc to the whole circumference, or the element of volume is 

p*sin 6 dd dp de. 

We divide space into elementary volumes by a series of concen- 
tric spheres having the origin as center, and a series of cones of 
revolution having Oz for axis, and a series of planes through Oz 

The volume of any closed surface is the limit of the sum of the 
entire elementary solids included in the surface when 


Or, the volume is equal to the triple integral 
V =f f frrsin A dpdp db, 


taken with the proper limits as determined by the boundaries of the 
surface. 








EXAMPLES. 
1. Find the volume of one eighth the sphere p = a. 


V et => PSE . 
= “if if p?dp-sin6 d-dqg, 
od=0 0=0 p=o 


a anesess nome 
ari 2 f,_ 7 sin 8 db.de 


g=o0 


a3 
cies 


a 
iis dp =1na 
re} 
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. The first integration gives a pyramid with vertex O and spherical base 
asin 6 di dp. The next integration gives the volume of a wedge-shaped element 
of a solid between two vertical planes determined by @ and @+ 4qg. The last 
integration sums up these wedges, 


2. A right cone has its vertex on the surface of a sphere, and its axis coincident 
with the diameter of the sphere passing through the vertex; find the volume 
common to the sphere and cone. 

Let @ be the radius of the sphere, @ the semi-vertical angle of the cone. The 
polar equation of the sphere with the vertex of the cone as origin is @ = 2a cos 6. 


2m Pa f2acos 8d : 
esd) f qi p? dy-sin§ d0.d. 
Oo vo ce] 


3. The curve p = a(1-+ cos 9) revolves about the initial line; find the volume 
of the solid generated. 


mw fan (a(x + cos 6) 4 
et | a af p? dp-dp-sin@ d, 
o do ° 


eee 
reys 
285. Mixed Coordinates.—Instead 
of dividing a solid into columns stand- 


ing on a rectangular elementary basis, 
as in the method 


Vez f fede a, 


it is sometimes advantageous to divide 
it into columns standing on the polar 
element of area. Thus the elementary 
column volume is 


2p dé dp. 
Therefore for the volume of a solid y 


we have 
= | [ [@-p20dp, 


= f fz pdp ao, 


taken between the proper limits. 


as "(1 + cos 6)* sin 6 a9 = $a, 








EXAMPLES. 
1. Find the volume bounded by the surfaces z = 0, 
x2 t y® — gaz and y*? = 2cx — x, 


Here z = p?/4a and the limits of p and 6 must be such as to extend the inte- 
gration over the whole area of the circle y? = 2cr — x, Let p, = 2¢ cos 0; 


then ; eee 
us 

ya fr [PS dpas =o f cost 0, 
-indo 4a a J—40 
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2. Find the volume of the solid bounded by the plane z = o and the surface 


x47? 
Zia 0e (Gin 





Bes 
Here pP=xvty% .- Ada be [i 9 dp do. 
i e “pdp=— fee = $e. 
°o ° 


2m 
f dQ = 27. 
°o 


ee acerac. See Todhunter, Int. Cal. p. 181. 
P 


SURFACES OF SOLIDS. 


286. When the plane through any three points on a surface (the 
points arbitrarily chosen) converges to a tangent plane asa limit when 
the three points converge to a fixed point as a limit, then a definite 
idea of the area of the surface can be had, as follows: 

Inscribe in a given bounded portion of the surface a polyhedral 
surface with triangular plane faces. The area of the given portion of 
the surface is the limit to which converges the area of the polyhedral 
surface when the area of each triangular face converges to zero. 

To evaluate the limit of the sum of the triangular areas inscribed in 
the surface we proceed as follows: 

Let P bea point x, y, z on a surface, 
and Q a pointy + Jx,y+ dy,z+ Az. 

The prism J/7NUV on the rectangle 
whose sides are 4x, Ay cuts the surface 
in an element of surface PROS. Draw 
the diagonal JZ and the two inscribed 
triangles PRQand PSQ. Let perpendic- 
ulars to the planes of the triangles PRQ, 
PSQ at the point P make angles y,, y, 
with Qz respectively. The angles y,, vy, 
are then the angles which these planes make with the horizontal plane 
xOy. Since the area of the orthogonal projection of a plane triangle is 
equal to the area of the triangle into the cosine of the angle between 
the plane of the triangle and the plane of projection, we have the areas 


PRQ= MTN sec y,, PSQ= MUN sec y,. 
Also, MTN = MUN. 
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PRO+PSO= ac A Ay Ax. 
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__ By hypothesis, if 4*S is the area of the element of surface PRQS, 
then 


f AS 
ee oe Ly 
sec ¥, + sec ¥, tare 

eee en Se 


But when Q(=)f the perpendiculars to the planes PRO, PSQ 
have the normal to the surface at P as a limit, since the planes PRQ, 
PSQ converge to the tangent plane at P as a limit. 

If y is the angle which the tangent plane at P makes with the 
plane «Oy, then 


SEC y, See yy» a 
2 “a Ys 
dz \? dz \? 
=4:+ (3) + (5): 
ds 


Ons @ ax = sec VY; 


S= ff seo y wax, 


——— 


fe 8z\2  /dz\? 

= ff i+) + G) 9 

taken between the limits determined by the boundary of the portion 
of the surface whose area is required. 





and 


EXAMPLES. 
1, Find the area of the sphere-surface x7 + y? + #2 = @. 
; dz O27 y 


z’ ay z 


ae 
ay oe ars 
45S = «ff af a 
x=0 y=0 Va ey ae 


=a ae 
= ¢ | se = ingens 
x=O Va — #7 Jo 
Ta fe 
= =i dx = 470". 
2 Jo 


2: The center of a sphere whose radius is @ is 
on the surface of a cylinder of revolution whose 
radius is}.@. Find the surface of the cylinder 
intercepted by the sphere. 

(1). Let the equations of the sphere and 
cylinder be 


et yt esa, 
wt y? = ax, 
as in the figure. 
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x=a4 z= Va2—ax Oy\2?  fay\ 2... 
ay a aa 
x=0 Z=0 
a Va?—ax i = 2)" 
— I dz dx. 
ff VAS 
af Var—ax dz dx 
2a ee es 
0 0 Yax — x? 
a ie Bas a i 
=) Ve — ax = nf eae 
0 Yax— x? 0 x 


- (2). Let s be the length of the arc of the base of the cylinder measured from 


the origin. Then 
sS= 4 fz ds, 


taken over the semi-circumference. Let y be the angle which the sphere radius to 
P makes with Oz, and 6 the angle which OA7 = p makes with Ox. Then 


2=acosy=asin§. s= 4), ds =a dg. 











ll 


0=}0 
Sew ) silG 50 = 4a® 
0=0 


(3). Otherwise, immediately from the geometry of the figure, 


x=a =A ee fa @ ia 
Ses ao ff as hes phe De = 20 \z dx = 40°, 
x=0 Zz=0 WV ax — x ° # 


as in (1). 





3. Find the surface of the sphere intercepted by the cylinder in Ex. 2. 
From the figure, ; 


a 





(1) Sec Sarees 
; Dalat eae ear 


iS =a eat Teh re ere 
*x=0 yo at — x2 — y2” 


=a 
x oa 


sin—1 
=o a ae x 


Integrate directly, or put sin’?@ = x/(@-+ x) and integrate 
Hence S = 2a7(r — 2). 





ax. 


=2@ 
x 


(2). Again, 
LPS 
1s =f pb sec y dp. 
0 = -a'COs Osa Sin gen y=ir—6 
1S = — a [0086 dy = — a? [6 sin# + cos 6)" = — a(n — 1) 


LENGTHS OF CURVES IN SPACE. 


287, As in plane curves, the length of a curve in space is defined 
to be the limit to which converges the sum of the lengths of the sides 
of a polygonal line inscribed in the curve. 


« 
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Since (=) 4 = 4x + dy + Az’, 
ae i + dz 
\dx 
with similar values for the derivatives be oa 
dy a 





a feel Ele 


with corresponding values for s when y or z is taken as the indepen- 
dent variable, 


If the coordinates of a point on the curve are given in terms of a 


variable /, then 
ds\2__ (dx\2 dy\* dz\? 
(a)'= (G+ @) + GP 


= LONG) + (Ga) + Ga) 


EXAMPLES. 
1. Find the length of the helix 


ee 
x= acess, y=asine, 


an 


measured from z = 0. 
Take z as the independent variable. Then 


oo 





wee 2 GB: 


Pape ean aac 
La ff 
w= fit ebay ay Mey: at ce 


2. Find the length, measured from the origin, of the curve 











2ay = x", 6a?2 = x. 


caf (-S4+i)'a=f(4+gg)eart Gaets 


3. Show that the length, measured from the origin, of 
yaasing, 42 = A(x + cosx sin %), 
is x+2. 
4. Find the length of i 
= oa NSS 
y=2VWax— x, rari le 
measured from the origin. Ans. sa=ax+y—2% 
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5. Find the length, measured from the horizontal plane, of the curve 


2 2 ae Ee 
see =I, wale +. *). 


@ b? 


7 ae 
PAM SS eae Vx? — a. 
288. Observations on Multiple Integrals. — The problem of 
integration always reduces ultimately to the irreducible integral 


(; dE, 


dE being the element of the subject to be integrated. Or this may 
be taken as the starting-point and considered as the simplest element- 
ary statement of the problem for solution. ‘This, in simple cases, may 
be evaluated directly, otherwise it may be necessary to integrate par- 
tially two or more times with respect to the different variables which 
enter the.problem. There may be several different ways in which the 
elements can be summed. A careful study of the problem in each 
particular case should be made in order to determine the best way of 
effecting the partial.summations, with respect to the limits at each 
stage of the process. 

One ‘is at perfect liberty to take the elements of integration in 
geometrical problems in any way and of any shape one chooses, as the 
limit of the sum is independent of the manner in which the subdivision 
is made (see Appendix). This should be verified by working the 
same problem in several different ways. 

The applications of multiple integration in mechanics are numerous 
andextensive. Further application beyond the elementary geometrical 
ones given here is outside the scope of the present work. 


EXERCISES. 


In these exercises the results should be obtained by double and triple integra- 
tion, and also by single integration whenever it is possible. 


1. Find the volume bounded by the surfaces 


ety, z=0, e=xtana. 


a Vat—x? Pxtana 
Ans. 2 af f f dz dy dx = ja° tan a. 
° ° ° 


2. Find the volume bounded by the plane s = 0, the cylinder 
(x — a + (y = 0)? = 
and the hyperbolic paraboloid xy = cz. Ans. = Tek 
3. Find the volume bounded by the sphere and cylinders 


ePVt+y+ 2 =a, 2+ 72 = 6, 2 = a cos + 2 sin’. 
Ans, 4(16 — 32)(a? — 6)3. 
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4. A sphere is cut by a right cylinder whose surface passes through the center 
of the sphere; the radius of the cylinder is one half that of the sphere a. Find the 
volume common to both surfaces. Ans. 3x — $)a’. 


5. Show that the volume included within the surface 


ees ae 
Hoag —-})/=0. 
a 52) 


is adc times the volume of the surface 
F(x, y, 2) = 9. 
6. Show that the volume of the solid bounded by the surfaces 
C—O az a ae ex, IS Sarct a. 
7. Find the entire volume bounded by the positive sides of the three coordinate 


planes and the surface 
ah y\4 a\t abe 


8. Find the volume bounded by the surface 
at + yt + 2t = af, Ans. 370°. 


9. Find the volume of the surface 


(=) we (5) a (2) a I. Ans. s mabe. 


10. Show that the volume included between the surface of the hyperboloid of 
one sheet, its asymptotic cone, and two planes parallel to that of the real axes is 
proportional to the distance between those planes. 


11. Find the whole volume of the solid 





| 


x2 a + y2/b% + zt/ct = 1. Ans. 8mabe. 
12. Find the whole volume of the solid bounded by 
(x? + y? + 27)8 = 270% xyz. Ans. 30°. 


13. Use § 285 to show that the volume of the torus 
(2 +? + 2 4 2 — a? = 4ceX(x* + 7’) is 277ca’. 
14. Find the volume of the solid bounded by the planes x = 0, y = 0, the sur- 


face (x + 7)? = 4a2, and the tangent plane to the surface at any point 4, g, 4. 
Ans. tah’. 


15. Show that the surfaces y? + 2? = 4ax, and x — z= 4, include a volume 
872°. : 

16. Show that the volume included between the plane z — 0, the cylinder 
wy? = 2cx — x’, and a paraboloid ax? + by? = 22 is 4ac#(§a—1 + 5-1). : 

17. Show that the whole volume of the surface whose equation is 

(x? + y? + 27)? = cxyz is equal to 2/360. 
18. Show that the volume included between the planes y = + & and the surface 
ax? + 5% = 2(ax + b2)y? is 4k? /5ab. 
19. Find the form of the surface whose equation is 
(x2/a? + 72/8 4+ 2/2)? = x?/a? 4 2/8 — 22/e%, 

and show that the volume is 2?abc/4 #/2. 
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29. Find the entire surface of the groin, the solid common to two equal cylin- 


ders of revolution whose axes intersect at right angles. 
Ans. 16K. & being the radius of the cylinders. 


21. Find the area of the surface 
2+ (xcosa+ysin a)? = a 


in the first octant. Ans. 2a* csc 2a. 
22. Find the volume of the solid in the first octant bounded by zy = az and 
xety+tz2=a. Ans. (43 — log 4)a’. 


23. Find the surface of the sphere x? + y? + 2? = a? in the first octant inter- 
cepted between the planes x = 0, y = 0, x =b,y = 4. 








2 
Ans. a(26 oe ry —@ Sins : 
Gu i q* — § 


24. A curve is traced on a sphere so that its tangent makes always a constant 
angle with a fixed plane. Find its length from cusp to cusp. 


CHAPTER XXXVIII. 
INTEGRATION OF ORDINARY DIFFERENTIAL EQUATIONS. 


289. Classification.—A differential equation is an equation which 
involves derivatives or differentials. 

An ordinary differential equation is one in which the derivatives 
are taken with respect to ome independent variable. These are the 
only kind that we shall consider. 

Differential equations are classified according to the order and 
degree of the equation. The order of a differential equation is the 
order of the highest derivative contained in the equation. The degree 
of the equation is the highest power of the highest derivative involved. 


290. We shall consider in this text only examples of ordinary dif- 
ferential equations of the first and second degree in the first order, 
and a few particular cases of the first degree in the second order. 


291. Examples of Equations of the First Order and First 





Degree.—The derivative equations of the first order and first degree 
ay dy _ og BY y 
Ta mga *) oe re By — ie ee: es sie) 


when multiplied by dx, are equivalent to the differential equations of 
the first order and first degree . 
dy=cosxdx, 2xdy=(3v— xy)dx, ax*Pdy = 2x dy —y dx. 


: d 
In general, any linear function of - ‘ 


dq 
PF +$ =o, 


in which ¢ and y are constants, or functions of x or _y, or of x and y, 
is a derivative equation of the first degree and order. When multi- 
plied by dx it becomes the general differential equation of the first 
degree arid order ee 
pat dx=o. 
292. Examples of Equations of the First Order and Second 
Degree.—The equations 


DUN tinal he DN Pia pela. a 
(3) =a +(% Ns asa alia 


are of the second degree and first order. Written differentially, 
dy? = axtdx*, x dp — 2y dy dx + ax dx*=0. 
409 
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In genéral, the type of an equation of the first order and second 


degree is 
dy \? d 
o(%) 1 w(S)+x == 0, 


where ¢, 7:, y are functions of x, y or x and _y, or constants. 


293. Equations of the Second Order and First Degree.—Such 
equations as 


Ue Peet re dy dy oe ade 
yn on ane i eae ’ 
dy (dw? , aay, dy are 
tea — (3) =" log y, rE i Ogle =0, 


are of the second order and first degree. 


294. Solution of a Differential Equation.—To solve a given 

differential equation ; 
Pa, 9; x’) =o, 
ay ar ’ f 
wherey’” = Ba , is to find the values x and y which satisfy the equa- 
ye 
tion. Thus, if the values of x and_y which satisfy the equation 
P(x, Y) = 0 

satisfy a differential equation /”= o, then @ = 0 is a solution of 
Dako 

The solution of a given differential equation may be a particular 
solution or it may be tHe gevera/ solution. The general solution in- 
cludes all the particular solutions. Or the solution may be a semgudar 
solution, which is not included in the general solution. The complete 
solution of a differential equation includes the general solution and the 
singular solution. ‘The meaning of these solutions will be developed 
in what follows. 

The solution of a differential equation is considered as having 
been effected when it has been reduced to an equation in integrals, 
whether the actual integrations can be effected in finite terms or not. 


EQUATIONS OF THE First DEGREE AND First ORDER. 


295. The simplest type of an ordinary differential equation of the 
first order and degree is 


dy = fix)dx. (1) 
Integrating, we obtain the solution 
J = Ix) + ¢, (2) 


where /(x) is a primitive of /(x) and c is an arbitrary.constant. For 
a particular assigned value of c¢, (2) is a particular solution of (r), 
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and is the equation of a particular curve in a definite position. At 
each point of the curve (2), 


=f) 


is the slope, or direction of the curve (2). For different. values of 
c we have different curves. The ordinates of any two such curves 
differ by a constant. Equation (2) is then the equation of a family 
of curves having the arbitrary parameter c. This singly infinite sys- 
tem of curves, or family of curves with a single parameter, is the 
general solution of the differential equation (1). 


_ 296.. Every equation of the first order and first degree can be 
written 

Mdax+ Nd=o, (1) 
where, as has been said before, J7and JV are either constants, functions 
of x or y, or functions of x and y. 





297. Solution by Separation of the Variables.—This solution 


consists in arranging the equation 
Mdx+ Ndy=o0, (1) 
so that it takes the form 
P(x)dx + $y) = o. (2) 
The process by which this is effected is called separation of the 


variables, When the variables have been thus separated the solution 
is obtained by direct integration. Thus, integrating (2), 


foe) dx + fp) w =o, 
where c is an arbitrary constant, and is the parameter of the family 
of curves representing the solution. 

I. Variables Separated by Inspection.—A considerable number of 
simple equations can be solved directly by an obvious separation of 
the variables. The process is best illustrated by examples which 
follow. 


EXAMPLES. 


1. Find the curve whose slope to the x-axis is — «/y, and which passes through 


the point 2, 3. ; : : ‘ 
The geometrical conditions give rise to the differential equation 


aye ee or ydyt+xdx=0. 
ax J 
The solution of which, obtained by integration, is the family of circles 


EN emer 
The particular curve of the family through 2, 3 is 
x? + y? = 13. 
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2. Find the line whose slope is constant. 


i = m gives the family of parallel straight lines y = mx + ¢. ; 
bs 
3. Find the curves whose differential equation is 

xd +ydx=0. 


The variables when separated give 


as 
* logx +logy=c, or sy =. 
Otherwise we may write the solution xy = e. This is a family of hyperbolz 
having for asymptotes the coordinate axes. 
If we observe that x dy + y dx is nothing more than d(xy), the solution xy = ¢ 
is obvious. 


dx , ay Bar 


4, Find the curve whose slope at any point is equal to the ordinate at the point. 


q q 
Here ; -e aya o"e See. 
Hence — logy=a+to or y= ete = ee® = aeX, 
which is the exponential family of curves. 
5. Find the curve whose slope is proportional to the abscissa. 
Ans. The family of parabole y = ax? + c, in which ¢, the constant of integra- 
tion, is the parameter. 
6. Find the curve whose slope at x, y is equal to xy. Ans. y = cet”. 
7. Find the curve whose subtangent is proportional to the abscissa of the point 
of contact. ; 
ax ax dy 
Here I dpe a chee: ee 
log x =alogy+tc, or y*= kx. 
8. Find the curve whose subnormal is constant. 


ay. : 
y < =a gives y*? = 2ax +c, the parabola, 


gives 


x 
9. Find the curve whose subtangent is constant. Ans. y = ce. 


10. Find the curve whose subnormal is proportional to the mth power of the 
ordinate. What is the curve when 7 is 2? 


11. Find the curve whose normal-length is constant. 
Here the geometrical conditions give the differential equation 


fap 2 ‘ 
rt (Z) ae ae 28, 
ay 


Integrating, «2 — c= — (a? — y®)#, or the family of circles 
(x — c)? +7? = a, 
with radius a, having their centers on the x-axis. 


12. Find the curve in which the perpendicular on the tangent drawn from the 
foot of the ordinate of the point of contact is constant and equal to a. 
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The differential equation of condition is 


y e f a dy 


erie ee 


The solution is therefore the family of curves 


cx =alog (y+ 7 — a*), 
When ¢ = 0 this is the catenary with Oy as axis. 


Xe 


13. Find the curve in which the subtangent is proportional to the subnormal. 


14. Determine the curve in which the length of the arc measured from a fixed 
point to any point Pis proportional to (1) the abscissa, (2) the square of the 
abscissa, (3) the square root of the abscissa of the point P. 

(1). A straight line. 

: : nvr. 6, - 

(2). The condition is sai, 

2a 
2 2 x 
o. as? = dx? 1 dy? = ial 


or Ain ee a dy = Vx? — a? dx. 
The solution of this is 


ct av =the Wx? — a? — fa? log [oe + Veal, 


(3). The geometrical condition can be written s = 2 ax, 





is OS = Neto dx? +. dy? = ds? — o dee gives 
% 


dy =; —* de. 


Put x = z? and integrate. The result is the cycloid 








ety = x(a — x)+asin— Ve 


Ex. 14, really leads to a differential equation of the first order and second 
degree, which furnishes two solutions which are the same. 


15. Find the curve in which the polar subnormal is proportional to (1) the radius 
vector, (2) to the sine of the vectorial angle. (1). p = cea, (2). p=¢—acos6, 
16. Find the curve in which the polar subtangent is proportional to the length 


of the radius vector, and also that curve in which the polar subtangent and polar 
sub-normal are in constant ratio. Ans. p= cee, 


17. Determine the curve in which the angle between the radius vector and the 
tangent is one half the vectorial angle. Ans. p = (I — cos 6). 


18. Determine the curve such that the area bounded by the axes, the curve, and 


any ordinate is proportional to that ordinate. 
x 


Me Omcrinerinead mm Op——nay yao Dima Oe A AY. ote Sim cet, 

19. Determine the curve such that the area bounded by the » axis, the curve, 
and two ordinates is proportional to the arc between two ordinates. 
dy 


Q=as. .. ydx =ads, dx =a——., 
Vy — a? 


414 INTEGRATION FOR MORE THAN ONE VARIABLE. [Cu. XXXVI 


This gives, on integration, the catenary 
cx =alog(y+ V7 — a), 

20. Find the curve in which the square of the slope of the tangent is equal to 
the slope of the radius vector to the point of contact. 

The parabola x#+ yi = ct, or (x —y)— 2x +y7) 4+ 2=0. 

21. Solve Mdx+t NMdy, when Mx + My =0. 

(1) Me«+ My =0- gives M/N= — y/x. 
at Yy 


Substituting in the equation, emit 


J 
(2). Mx — Ny =o gives M/N=y/x. 
a. @ 
Substituting in the equation, + . mK Ot Rue a 


Il. Solution when the Equation is homogeneous in x and y.—When 
the equation 
Mdx+ Nd=o 
is such that W= (x, vy), V = (x,y) are homogeneous functions 
of x and _y and of the same degree, the solution can be obtained by 
the substitution y = 2x. 
We have 
M _ $(%,) 
— = + = F(z). 
Ni (x,y) ©) 
Divide. the numerator and denominator by x”, ” being the degree 
of or #. 
* 


dy dz 
oe 5. 
Hence 
ax dz 


x ~ z+ F(z) is 
and the variables are separated. The integration of this gives an 


equation in «and z. On substituting y/x for z the solution of the 
original equation is obtained. 


EXAMPLES. 
1. Solve the equation (2x? — y®)dy — 2xy dx =0. 
y 
dz 22 x wat 
Pt srr nes ly sll ee or 
a. ee | d 
nd — : 3 s dz. 
He z \y 
Integrating, 


log x = ¢—+, — logan 7 ae mor 
Replacing z by y/x, we have 
w= y2(¢ — log y). 
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2. Determine the curve in which the perpendicular from the origin on the 
tangent is equal to the abscissa of the point of contact. 
Ans. The circles x? + y? = 2cx. 


3. Find the curve in which the intercept of the normal on the x-axis is propor- 
tional to the ordinate of the point of contact. 


x+y or == my. .. (x — my)dx+ydy—a, etc. 
4. Find the curve in which the subnormal is equal to the sum of the abscissa 
and radius vector. 


5. Find the curve whose slope at any point is equal to the ratio of the arith- 
metic to the geometric mean of the coordinates of the point. 


6. Solve y?dx + (xy + x*)dy = 0. Ans. xy® = (x + 2y). 
3 
7. Solve a2y dx = («> + y3)dy. Ans. log = 5s 
298. Solution when J/ and JW are of the First Degree.—The 
equation | 
(a,x + by +¢,)dx = (a,x + by + ,)y (1) 


can always be solved as follows : 
Put x=x’ +h, y=»' +4 where # and & are arbitrary 
constants. Then (1) becomes 
dy ax’ +by +ah+tbkic, 
dx’ a,x’ + by +ah+bk+ 6, 
I. If a, # @,6,, assign to 4, & the values which satisfy 
ah+bk+c,=0, ) (3) 
Ch Be 6 a0, 3 
Then (2) becomes 
ay’ he ax + by’ 
dx! a,x’ + by’ * 
This is homogeneous and can be solved by § 297. 
If /(x’, vy’) = 0 is the solution of (4), then A(* — hk, y — k) = 0 
is the solution of (1). 


(2) 





(4) 





Powe 
Peti oo 1ab, jet = — a == TD: 


1 1 
Then (1) becomes 
WY ae byt, (s) 
dx” max + by) +6, 
Put z =a. +46,y. Then (5) becomes 
dz 2+ 6, ee a 
ee ee eho." Ea TA 


in which the variables can be readily separated. 
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EXAMPLES. 
1. Solve (3y — 7% +7)dx + (7y — 34+ 3)dy = 0. 
Ans. (y—x*+1(y +x4—1f =c. 
2. Solve (2% + y +1)de + (4x + 2y — 1)dy = 0. : 
Ans. x+2y+ log(ax+y—1I1)=4 
3. Solve. (7y + « + 2)dx — (3x + 5y + 6)dy = 0. 
Ans. «+ 5y +2=cx—y + 2), 
299. The Exact Differential Equation.— The differential equation 
Mdx+Nd=o 
is said to be an exact differential equation when it is the zmmedia/e result 
of differentiating an implicit function /(x, vy) = o. 


In fact, if 
it fh, HVS, 
= Far = 
then di ane + ae —i1> 


gives an exact differential equation. 


300. Condition that 1/7 dx + NV dy = o be Exact.—Since WM must 
be the first partial derivative with respect to x, and WV the first partial 
derivative with respect to y of some function /(x, y), then 

Ms ua V= we 


eo ~ ay” 
But since 
OF. OF. 
dy Ox ~ Ax dy 
we must have the relation 
0M AN 
ae > Ga (t) 


existing between JZand Min order that Mdx + Ndy =o shall be 
exact. This condition is also sufficient, and when (1) is satisfied 
Mdx +- Nady is an exact differential. 


For,* let =: if Mdx. 


ae eV am an 
in, dy Ox dy dx? 
aN eV 
te asa 


a /aV OV : 
Hence v= f x (Har = + oD), 


Eee 





* This is due to Professor James McMahon. 
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where the constant of integration ’( y) is some function of y or a 
constant independent of x. Therefore 


OV 
Mate + Ney =o" de 4 Se + Hoo, 


=¢[V+ ()], 


an exact differential. 


301. Solution of the Exact Equation. 


ou aN ; : 
If —— = =, there exists a function w, of x and_y, such that 
Ox é 


y 
du = Mdx + Nay. (1) 
a 
since 17 (= — MM contains the derivatives of only those terms in 


w which contain x. Integrating (1) with respect to x (y being con- 
stant), we have 


u=[Mdx+ o(y), (2) 


where @(y) represents the terms in w which do not contain x. 
To find $(y), differentiate (2) with respect to _y. 


au a ag 
we pS a es MM = 
eel em Hh dx + 5 


0 0 


) 
As was said, @ is independent of x and so also is Goes is verified 


Hence 


by Poy (3) with respect to x; 


_ 9M 
aes MM dx ~——=0. 
a af |= ae oy 3 


Integrate ‘ with respect to_y. 


gig aie 


Therefore the solution of (1) is 


w= [Mat f N- 5 [Marla te=o. (4) 


In like manner, working first with V instead of JZ, 


frost f lug [ral eteno (5) 


is also a solution of (1). 


ns/t 
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302. Rule for Solving the Exact Equation. 


{ Max contains all the terms of the primitive containing. Also, 


. 0 t be Ate 
since V — az f # dx is independent of x, ae if Max must contain 


those terms in VV containing x. Therefore to obtain « 


ee 


integrate only those terms in /V which do not contain x. Hence the 
rule. Integrate J/ dx as ify were constant; integrate those terms in 
JV dy which do not contain x; equate the sum of these integrals to a 
constant. iis 

A like rule follows for effecting (5), § 301. 


EXAMPLES. 
1. Solve (34? — 4xy — 2y*)dx + (3y? — 4xy — 2x°)dy =O. 
Here ie Betas 
ay A a Ae ata 


[Mae = 8 — 2x*%y — 2xy’; fury = 4, 


Therefore the solution is 


: a 2 — 2x4 — ax? + Pome, 
2. Solve (x? + y?)\(« dx + y dy) 4+ x dy —ydx =o. 
~ 3, Solve é (a? + Say ~e ‘2y\dec +4 (2x—y)Pdy = oO. 
sal “Gye. A tle ii dns. ate + yy — aay? + gaty = 
4. Solve (20x + by + gdx + (2cy + dx + e)dv = 0, 
Ans. ax* + bxy + oP + gx tey = &. 
5. Solve : (m dx + ndy) sin (mx + ny) = (n dx + mdy) cos (nx + my). 


va Ans. cos (mx + ny) + sin (wx + my) = c. 
2,8. Solve 2x(x ++ 2y)dx -+ (2x7 — y?)dy = 0, 
we yl M$t~Myy fy -wo Ans, x2 + 32% — 23 =, 


os ts Sele tn 
"303. Non-Exact Equations of the First Order and Degree.— We 
have seen that when a primitive equation /(x, ») = 0 is differentiated 
there results the exact differential equation P(x, Y, ¥’) = 0, writing 
y’ for the derivative of y with respect to x. 

If now between /= 0 and 6 = 0 we eliminate any constant 
occurring in fand ¢, we get another equation, #(x, y, y’) = 0, which 
is a differential equation satisfied at every point on f=o. Therefore 
Ji 0715S 0a primitive of fs ot Bat w~ = o will not be an exact 


aay 
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differential of the primitive / = 0, although f= 0 is a solution of the 
differential equation 7 = 0. 
To fix the ideas, consider the equation 


ax+b+cxytk=o. (1) 
The exact differential equation of (1) is 
(2 + cy)dx + (64 cx)dy =o. (2) 


When (2) is integrated the constant of integration restores the 
parameter & of the family (1) and (1) is the solution of (2). That is 
to say, the family of curves (1) obtained by varying the parameter 4 
gives the solution of the exact differential equation (2). 

The constant & was eliminated from (2) by the operation of differ- 
entiation and restored by the process of integration. 

Eliminate a between (1) and (2) by substituting 


by +k 
“ 
from (1) in (2). ‘There results the differential equation 
es, ax 
by Eh xb + cx)’ (3) 
TdU se oe ax 


AS eat 





or 
b dy ax cdx 
by fh xe cx +O 

Integrating and adding the arbitrary constant — log c’, 

log (vy + &).+ log(cx + 6) — log x — loge’ = 0. 

(y + (cx + 2) = o's, 

or (kc — c')x + By + be xy + kb = 0. 

Putting the arbitrary parameter in the form kc — c’ = ad, this 
equation becomes the original primitive 

ax + by +cxy tk=0. 
This equation with the variable parameter a is the solution ot the 


differential equation (3). 
The differential equation (3), or 





(by + Bdx — x(b + cx)dy = 0 (4) 
is not an exact equation, for 
0 rs ) Sie os 
gt area ea) = b — 2¢x. 


But (1) is the primitive of (3) as wellas of (2). 
Again, if we eliminate first 6 and then c between (1) and (2), we 
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shall get two other differential equations, neither of which is_ exact, 
but each of which has (1) for solution with variable parameters 4 and ¢ 
respectively. 
Observe particularly that if (4) be multiplied by 1/x?, it becomes 
an exact differential, 
Y th te y =o, 5) 
x a 


d/y+k\_ 9 b+ cx\ 6 
OV Nari) oe # Sap a 
Integrating this exact equation (5) under the rule § 302, the 
solution is 





since 





gx + by + cxy +k =0, 
the same equation as (1) with g for parameter. 


304. Integrating Factors.—In the preceding article we have seen 
that the same group of primitives can have a number of different 
differential equations of the first order and degree. ‘The form of any 
particular differential equation depending on the manner in which an 
arbitrary constant has been eliminated between the primitive and its 
exact differential equation. In the example above, when the differential 
equation was not exact, it was made exact by multiplying by 1/.*. 
Such a factor is called an ¢n/egrating factor of the differential equation 
which it renders exact. 

The number of integrating factors for any equation 


Mdax+Nd=o (1) 
is infinite. For, let “ be an integrating factor of (1). Then 
M(M dx + N dy) is an exact differential, say du, and 
pa(M dx +N dy) = du. 
Multiply both sides of this equation by any integrable function of 


u, say flu), 
5 wf) M dx + Nd) = flu), (2) 


The second member of (2) is an exact differential, and therefore 
also is the first. Hence, when wu is an integrating factor of (1), so 


also is u/(u), where /(w) is any arbitrary integrable function of x. 
In illustration consider the equation 


yax —xdy=o. 
This is not exact, but when multiplied by either a Heed or 
‘ eg 
it becomes exact and has for solution 


Be 
— = constant. 
oy 
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The general solution of the differential equation 
Mdx+Nd=o 
consists in finding an integrating factor « such that 
MM dx+ Nad) =0 
is an exact differential, then integrating by the method given as the 
solution of the exact equation. 
The integrating factor always exists, but there is no known method 


by which it can be determined generally. The rules for determining 
au integrating factor for a few important equations will now be given. 


305. Rules for Integrating Factors. 


I. By Lnspection.—While the process of finding an integrating 
factor by inspection does not, strictly speaking, constitute a rule, in the 
absence of a general law for finding the integrating factor it is an 
important method of procedure. An equation should always be ex- 
amined first with the view of being able to recognize a factor of inte- 
gration. The process is best illustrated by examples. 


EXAMPLES. 
1. Solve y dx — x dy + f(x)dx = 0. 


The last term is exact; its product by any function of x is exact, Therefore 
any function of x that will make y dx — x dy exact is an integrating factor, Such 
a factor is obviously 1/x”. 

y dx — x dy 
° B . x 


es d (2) ue LO ie iG 


gives the solution 





+ = di 10, 
x 


y ACOs eee 
Lt [parse 


2. Solve ydx + log x dx = x dy. 
Ans. cx +y-+logx+1=0. 
3. Solve (1 + xy)y dx + (1 — xy)x dy = 0. (Factor 1/x*y*). 
I 


ANS Cia VEN. 
4. Integrate x%y®(ay dx + bx dy)= 0. 


Obviously x«#4-*~4y*4—t B is an integrating factor, where & is any number. 
On multiplying by the factor we get 


axka hb dx 1 bukaykb—x dy = 5 whayt) 6, 
the solution of which is evident. 


5. Integrate 
xayB(ay dx + bx dy) + xayyBs(a,y dx + b,x dy) = 0. 
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The factors x#a—-1—aykb—1-B,  ykyay-1—0,yh5,—1—B, 
make the expressions 
xoyB(ay dx + bx dy) and xayB,(ay dx + b,x dy) 
exact differentials respectively, whatever be the values of the arbitrary numbers 


Rand &,. 
Therefore, if £ and 2, be determined so as to satisfy 


kfa—it—a=kha,—-i1—aQ, 
kb —-1— f= b,—1— fh, 
the factors are identical and these values of £ and 4, furnish the integrating factor 
of the equation proposed. 
6. Solve (y® — 2yx?)dx + (2xy? — x3)dy = o. 
Ans. xy y? — x)=. 
7. Solve the equation 


Ly + af(x? + pdx = [x — f(x? + 9”). (1) 
This is the differential equation of the group or family of rotations. Put 
ee + y? = 7, 


Rearranging (1), 
yax —xdy + f(r’).(xdx+ ydy) =0, 
2(y dx — x dy) + f(7*)dr? = oO. 
This can be written 
(y dx — x dy) — (x dy — y dx) + f(7*)dr? =, 


or ya(=) — x a(2) + fir?)dr? =o. 


I 
integrating factor is obviously —— . 
An integrating factor is obviously ep Whence 
Piet fee 


2 
s = Fa =e 


Oe ROT te’ 
T — es 
TF. So ier: 





Integrating, 
x y f(r?) 
tan“? — — tan-?= + dy? — 
ey s ea a ail sg 


Il. Whenever an integrating factor exisis which 1s a_function of x 
only or of 3' only, tt can be found. 


Making use of the fact that e* is always a factor of its derivative: 
(a). Let 2 be a function of x. 





In e(M dx 4+ Ndy)=0, 
put M' = eM, Wa en. 
ol’ 0M AN’ dz ov 
Th ear Sy — = ‘gaa ee 
ay dy : ay”) as os at Ox" 
The condition that e* shall be an integrating factor is 
OM dz 0 
ee = >= a= 
ay Pe Be tr Ox” 
amr _ an 
or a3 = > a 
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Tie therefore, 


Of -01V 
fay 0x 
ap 8) 
is a function of x only, then 
a= f o(x)ax. 
fewdx , 
Hence e is an integrating factor of M dx+ Nd =o 
whenever 
oi- ION 
ay Ox (1) 
IV 


is a function, (x), of x only. 
(4). In like manner, letting e* be a function of y only, we find 


d. 
that a ay “is an integrating factor of 
Mdx+ Ndy=o 
when 
ov 0M 
ax hy 
Saar aT @) 


is a function, %(_v), of_y only. 
(c). Whenever the expression (1), (2), or A(x), ~(¥) is constant, 
then e* or é, respectively, is the integrating factor. 


EXAMPLES. 


‘1. One of the most important equations under this head is Leibnitz’s linear 
equation, 


dy 
=—+h= 
ao = 2 (2) 
where Pand Q are functions of x or are constants. 
This equation, (Py — Q)dx + dy = 0, is such that 
ae aN 
io Be 
ie (eta 
F F A [Pax 
Therefore it has the integrating factor e 
Pdx 
By Bde) = Ms (2) 
Pa. 
Since oe wee oy + me Pax py (eles) ms eh ( Ged 7) 
on integrating (2), : 
yale) fel? o ax tcl. (3) 


This is the solution of the linear equation (1). 
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2. Bernoulli’s Equation.—The equation known as Bernoulli’s 
dy 
— — n 
| +R =O 
in which P, Q are functions of x or are constants, reduces to Leibnitz’s linear equa- 
tion. For, multiply by (— 2-+ 1)/y%, and put v = y-*+1, Equation (1) becomes 


4a — m= (1 — 2), 


which is linear in v. 
a 
3. Solve /’(y) < +Pf(v) = Q, where P, Q are functions of x. 


Put v=/(y). The equation becomes 


dv 
in + FU = 


which is linear in v. 

III]. When Mx + Ny 40, there are two cases in which the inte- 
grating factor of M dx +. Ndy = 0 can be assigned. _ 

(1). When 47, V are homogeneous and of the same degree, then 


Tee is an integrating factor. 
(2). When 1, JW are such functions as 
M = yh(x xX”), N= x(x x y), 


I 
then —————___ js an integrating factor. 
Mx — Ny Breen 


Proof: We have the identity 
Max + Nad 


i 2 x _ 
540647) ee ee 
= }{ (Ate + Ny)d log (xy) + (Ale — Ny)d log (x/y)}. 

(x). Divide by Ax + Ny. 

M d. Nd Mx — N 

a ya log (xy) as ey 78 (=) 





= jd log +r (= -)@ log (5). 
ie 
if Mf, M are homogeneous functions in x, y and of the same degree. 


Since 4/7 == Poised this can be written 
Madx + Nady x x 
The = 3¢ log (xy) + LF (108 *) dlog (). 
= pdu + LF(v)d, 
where u = log (xy), v = log (x/). 
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This case is otherwise solved by the substitution y = ax, see 
§ 297, Il. 
(2). Divide by Mx — Ny 
Mix+t-Ndy _1 Mx-+ NM 
Wee ei = Ny Zlog (xv) + $d log (x/). 
If M= yo(sxy), N = xy(xy), then 
Mu + Ny _ (oy) + $09) 
Mx — Ny — (xy) — $(2) 
M dx + Nady 
oy A ea 4/(xy)@ log (xy) + 3¢ log (x/y), 
= $F (log xy)d log xy + 3d log (x/y), 
= SF u) du ++ 4dv. 
Writing as before, ay=e%, u=log xy, v=log x/y. 
(3). The cases in which J/x + Ny = 0 were solved in § 297, I, 


Bx. 23: 











EXAMPLES. 

Solve by integrating iactors the following equations: 

1. y dx — x dy + log x dx = 0. (I, Ex. 1.) 
Ans. cx +y + logx+1=0. 
2. a(x dy + 2y dx) = xy dy. Ans. alog #y =y + b. 
3. (x? 4 2xy — y*)de = (x2 — any — dy, Ans. Py = e+y). 
4. 4% =2(2-S). Ans. x2 — y+ sy =. 
5. (x2? + xy) y dx + (xy? — 1) x dy =0, As SS CEE 

6. (xy + le dy +7 ds) + (OY + Wy de — 2) =O. 

Ans, xy — ay = log cy?. 
7. 23 dx +(3x2y + 2y%)dy = 0. Ans. #2 + 27? = 6 x + 
8. (y ty Vay)dx — (x + « ¥xy)dy = 0. Ans. y = Cx. 
9. (0%? + 7? + 2x)dx + 2y dy = 0. Ans. x7 iy? = ce. 
10. (327 — ydy = 2xy dx. Ansa x? — 37 = oy. 
VW. 2xy dy = (x? + y*)dx. Ans. x* — y? oe, 
12. (2°y — 2xy)dx = (x — 3x%y)dy. Ans. we log; =e 
13. (342y* + 2xy)dx = (x? — 2x%y*) dy. Ans. xy3 + «#7 = oy. 


14. (y* + 2y)dx + (xy? + ayt — 4x)dy = 0. Ans. xy ty + 2x/y? = ¢. 
15. (2x2y — aya + (329 + 209")dy = 0. ‘ 
Ans. gar 18 y— 88 — 12e7 28 y- 18 


= C6. 
16. (7? + 2x°y)dx + (2x3 — ay)dy = 0. Ans. 6 xy = x ty + 
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dy x I ! 
7. x7 —-ayaae+t. AMS. J Se Ee 
18. (1 + #)dy = (m + xy)dx. Ans. y = mx +c Yi + x. 
dy tany _ ; _ 8 — 3x4 
et gn a Ans. i aaa oe re 
BOR ey Ans. y= x—1+ ce, 
ax ' 
21 OP yiaaa® Ans ts. =a2+4-+4 cex 
de - rama : : 
22 os Leta exxh, Ans. y = x"ex + c) 
nas. x : 
dy  1—2x y es 
23. ok ae Ans. 3 if ez. 


306. Solution by Differentiation.—A number of equations can 
be solved, by means of differentiation as equations of the first order 
and degree. 





EXAMPLES. 
|. Let ~ = - . Let the differential equation be 
Ai Ofep))s (1) 
Differentiating with respect to 4, 
ax =f (py dp. 


Since dy =pdx, this gives the equation 
ty =f"(p)p wm. 


pa fie)e oe (2) 


The elimination of between (1) and (2) gives the solution. 
2. In like manner, if the differential equation is 


eae Sea P ys (1) 
on-differentiation we have 
dy = f"( p) @. 
pax =f" p) a, 
t'(2) 
ax =— =~ dp. 
or £3 ip 
: _ [7'(2) 
o% raf Parte (2) 


The elimination of between (1) and (2) is the general solution of (1). 

3. x = p+ log p. 
ASS Ou i — 2 C — V 

4, 229? = 1 4 pr, TiS SSE ie 
Ans. ey + 2cxey 1+ 2 = 0, 

5. y = ap + bp’. 
Ans. x+ Ya + 4by = a log (a + Wa + 4by) +c. 
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EXERCISES. 
1. 3e* tan y dx + (1 — e%) sec®’y dy = oO. Ans. tany = ¢(I — e*). 


2. (4y + 3x)dy + (y — 2x)dx = 0. 


Ans. ¢(2y? + 2xy — x?) i ay + (14 V3) 





ay —(1— 3) x 

3. (2% —y + I)de + (x +9 — 2)dy =0. oe 
Ans, log {2(38 — 18 + (gy — 599} = 92 ton V2GF =D 4g 
4. (x8ex — 2mxy?)dx + 2mx*y dy = 0. Ans. x®e* + my® = cx?. 
5. y(2ay + ex)dx — exdy = 0. Ans. xy +ert =e. 
6. dy + (vy — e*)dx = 0. Ans, ye® =x +e. 
7. costx dy + (y — tan x)dx = 0. Ans. y — ce—tanx = tan x — I. 
8. (a + 1)dy = ny dx + eX(x + 1)*+1dx. Ans. y = (e% + c\(x + 1)%. 
F 6 sin « + cos x 
9. dy = (by + a sin x)dx. Ans. y = cl* — a rei ae 
dy ZY 3 ite 4 2 
i eg re Ans. 2y = (x + 1)f + ex 4+ 1). 
HW. xdy = ny dx + exxntidx. Ans. y = x"(e* + ¢). 
12. dy =(y + 1)x dx. Ans. y = ceb*® — 1. 
13. cos « dy + y sin « dx = dx. Ans. y = sin x + ¢ cos &. 
14. «(1 — 2% + (227 — I = as. Ans. y = ax + cx YI — x’, 

x 


15. (x + y)dy = @ ax. 


Ans. ore XB — Ake does 2 
a@ a 


Et BIN es 


16. (x —y)Pay = @ dx. Ans. log a ae. 

17. x? dy + (y — 2xy — x*)dx = 0. Ans. y= a" (, Je ve) : 

18. x we a ag Ur ANS) (CX = oY 
dx 25 


19. (x? + y?|— @)x dx + (x? — 7 — P)y dy = 0. 


Ans. x4 — y* + 2x*y? — 20°x? — 2b4" =. 


20. ay = (x*y? — 1)xy dx. Ans. Xa? +1 + ce’) = 1. 
21. 2xy dx + (7? — x*)dy =0. Ans. yt xt? = ey. 
22. (x + y)dy + (* — y)dx = 0. Ans. log Vx? + 7? + tan 6, 


23. (x3y + x2? + xy + I dx + (x3y8 — x27? — ay 4+ I)x dy = 0. 


Ans. -x*y? — 2xy log cy = 1. 


a 
xn 


SDR Oe Samana Ans, xy = ax +e 
ge Te oe y = 


dy dy ree 
sy 22 as (r+ eZ). Ans. iY sad erate 


a. 


o CHAPTER XXXIX. 


EXAMPLES OF EQUATIONS OF THE FIRST ORDER AND 
SECOND DEGREE. 


307. The equation of the First order and Second degree is a 


d 
quadratic equation in = of the form 


dy\? dy ae | 
(Z) + 4Zt B= : (1) 
where A, Mare, in general, functions of x and y. 
qd) ; : 
We shall represent = by ~. Equation (1) can be written symboli- 
x 


cally 
I(%; Y; p) = 0s (2) 
308. There are three general methods which should be made use 
of in solving (1): 
(1). Solve for y; (2). Solve for x ; (3). Solve for p. 


309. Equations Solvable for y.—If (2) can be solved for y, the 
equation becomes 


yrs Pay p). (2) 
Differentiate with respect to x. 
OF dF dp 
_ . ee = +49 
This equation (2) is of the first order in =e 4p or on 


The elimination of # between (1) and the solution of (2) furnishes 
the solution of (1). The elimination of f is frequently inconvenient 
or impracticable. When this is the case, the expression of x and y in 
terms of the third variable f is regarded as the solution. 


EXAMPLES. 
1, Solve 2 + 2xy = x7 + y, (1) 
— yoe+t 2. 
Differentiating, ve 
ee 
p=t+ or ay 


428 


ART. 309.] EQUATIONS OF FIRST ORDER AND SECOND DEGREE. 429 


dp 
or ax = —— ‘ 
2pi(p — 1) @) 








yeeee aa . 
oe — ] mh 
x os rag 


Tt -|- e2x—2e 
or (aera (3) 


Eliminating 2, we have for the solution 





kA e2% 
Ay aad Beer 
2. Solve x — yp = ap. (1) 
: ; x —.ap* ; 
Differentiate y = ae ae , with respect to x, and put the result in the form 
ax I ap 


ep pi P)” 1 
Solving this linear equation, 


e p 
x = ———— . (¢c + asin-'f). 2 
Tra + 280) (2) 
I 
vi -P 
The values of x, y expressed in terms of the third variable ¢ in (2), (3) furnish 
the solution of (1). 


Substituting in (1), 


yar apt (ea sin), (3) 





3. Clairaut’s Equation.—The important equation, known as Clairaut’s, 


yy =pxe+fb) (1) 
can be solved in this manner. 
Differentiate with respect to x. 


d d, 
parte ts sod, 


a : 
or, e+ 7a = 0. (2) 

The equation (2) is satisfied by either 
a+f"(p) = or 


The solution of (1) is obtained by eliminating # between either of these equa- 
tions and (1). 
ap 


—-|o0 gives = ¢, constant. 
dx g D ? 


Therefore one solution is 


ap a 
ax 


ya=ex + f(C), (3) 
which is the family of straight lines with parameter c. 
The second solution is the result of eliminating p between 


y = px + fir), ! 
and Oo et (PD) 


The second of these equations is the derivative of the first with respect to p; 
a and y being regarded as constants, g as a variable parameter. This result is 


(4) 
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clearly the envelope of the family of straight lines representing the first solution (3). 
This envelope is called the sézgular solution of (1). rele 

Thus the general solution of Clairaut’s equation (1) is effected by substituting an 
arbitrary constant for in the equation. The singular solution is the envelope of 
the family of straight lines representing the general: solution. 


4. Lagrange’s Equation.—To integrate 


Y= xf(b) + MP) (r) 
Differentiating with respect to x and rearranging, 
dx f'(P) F'(p) 


ot Ra —7* +A -3-* a 
This is a linear equation in x and can be solved by § 305, II, Ex. 1. 
Eliminating ~ between (1) and the solution of (2), the solution of (1) is obtained. 
Otherwise x and y are obtained in terms of the third variable . 
5. Solve y=(1+p)x + 2. 4 +b afteh ja téeP | i 
Differentiating, _ +x4= — 2p. ee baa. - 
Solving this linear equation, 
x = 2(1 — p) + ce; 
y= 2— p+ (1+ pyc. 


6. Solve «*(y —px) = yp. 
VOR ah. Ogi a 
ip du\? 
v=u a + (=) 
which is Clairaut’s form. 
vy=cu-+c, Hence y? = cx? + 2. 
310. Equations Solvable for +.—When this is the case 
J(*; I; p) = © 
«x = FY, p). (2) 
Differentiate with respect to y. 
i OF OF dp 


> wt pay 


This is of the first order in 4 . Theelimination of f between (1) 





becomes 


(2) 


and the integral of (2), or the expression of x and y in terms of J, 
furnishes the solution of (1).’ 


EXAMPLES. 
1. Solve” x = y + 22. 
oe 4 es Lee 
? =1-+ 2 7a or a Secs 


y= ¢— [P+ 2p + 2log(p —1)], x = ¢— [26 + 2log(p — 1)}, 
2.x —=y+ log pt. Ans. ¥=c—alog(p—1) x=ec+alog = 


3. Solve py + 2px = y. Ans. y* =acr +. 2. 
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311. Equations Solvable for 4.—The equation /(x, y, ~p) = 0 is 
‘a quadratic in p. 
If this can be solved in a suitable form for integration for f, it 


becomes 
(P — P(x, 9) } 12 — P(e ¥)} = o. 
Each of the equations 


p= P(%,y¥) and p= H(x, ¥) 


is of the first order and degree in ped 


ae and their solutions are solu- 


tions of (1). 
Such solutions have already been discussed. 


EXAMPLES. 
1. Solve #2? — («+ y)p + xy = 0. 
(p —x)(2 —y) = 0 
gives ay —xdx —0, and a _ dii—1O- 
2 et Cand ye—encet. 

2.7? — 56 +6=0. Ans. yo2xto yo=3xete. 

312. In particular, if f(x, vy, ) =o does uot contain x or does 
not contain y, corresponding simplifications of the above processes 
apply, see § 306. 

312. Equations Homogeneous in x and y.—When the equation 
(x, ¥, P) = © is homogeneous in ~ and y, it can be written 


F(Z, 2) =o. (x) 


(1). Solve, if possible, for p and proceed as in § 297, II. 
(2). Solve for y/x. Then the equation becomes 





WHI p): (2) 
Differentiate (2) with respect to x and rearrange. 

dx ses I'(p) @ 

a ep Sf) 

EXAMPLES. 
1. Solve xf? — 2vf + ax = 0. Ans. 2cy = Cx? + a. 
2. Solve y = yp? + 2px. Ans. y? = 2cx + @. 
3. xf? — 2xyp — 37? = O. ALS ECE —tA a Oy es 


ORTHOGONAL TRAJECTORIES. 


313. A curve which cuts a family of curves at a constant angle is 
called a /rajectory of the family. We shall be concerned here only 
with orthogonal trajectories. If each member ofa family of curves 
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cuts each member ofa second family of curves at right angles, then 
each family is said to be the orthogonal trajectories of the other family. 

At any point x, y where two curves cross at right angles, the rela- 
tion pp’ = — 1 exists between their slopes /, 7p’. 


314. To Find the Orthogonal Trajectories of a given Family of 
Curves. 


Let P(x, Y, a2) =0 (1) 
be the equation of a family of curves having for arbitrary parameter a. 
Let NX Is p)=o (2) 


be the differential equation of the family (1), obtained by the elimina- 
tion of the parameter a. 
The differential equation 


ron a aes 
or ate Bf Mer 3)= °, , (3) 


is the differential equation of a family of curves, each member of 
which cuts each member of (1) at right angles. Therefore the general 


integral of (3), 
P(x, ¥, 6) =0, (4) 


is the equation of the family of orthogonal trajectories of (1). 


EXAMPLES. 


1, Find the orthogonal trajectories of the family of parabole y? = 4ax. 
Differentiating and eliminating @, the differential equation of the family is 


ae Se 


dx 2x 
The differential equation of the orthogonal trajectories is 
axe oy 
dy” 2x 
The integral of which is 2? + 1y? = ¢?, a family of ellipses. 
2. Find the orthogonal trajectories of the hyperbole ay = a?. 


The differential equation is y+ xf =o. The differential equation of the 
orthogonal trajectories is 


ax 
ae, dy = 9, 
giving the hyperbole 2? — y? = 2 for trajectories. 
3. Find the orthogonal trajectories of y = mx. bw ye 
4. Show that «? + y? — 2cy = 0 is orthogonal to the family . my ; 
A gets J? = 2ax — x4, een: 
KH 2% Oe a 

; , : #/% ue | 
ee Sg tak ow Hy Arr Aare 
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q x 
5. Find the orthogonal system of = + gpuh in which é is the parameter. 
Ans. x? + y? = @ log x +e. 


6. Find the system of curves cutting 4? + 4%? = 0a at right angles, a 
being the parameter of the family. Ans. yo = x®, 


THE SINGULAR SOLUTION. 


314. We have seen in the case of Clairaut’s equation, § 309, Ex. 3, 
that there may exist a solution of a differential equation which is not 
included in the general solution. Such a solution, called the semgudar 
solution, we now propose to notice more generally. 


315. Singular Solution from the General Solution. 


Let P(X; c) =)0 (x) 
be the general solution of the differential equation 
fie; J; Dp) =o. (2) 


A solution of the differential equation (2) has been defined to be 
an equation (1) in x, y such that at any point x, y satisfying the 


d 
equation (1) the x, y, and p = a derived from this relation satisfies (2). 


The general solution (1) being the integral of (2) satisfies the con- 
dition for a solution. Also, however, the envelope of the system of 
curves (1) is a curve such that at any point on it the x, y, p of the 
envelope is the same as the x, y, p of a point on some one of the sys- 
tem of curves (1), and must therefore satisfy (2), Consequently the 
envelope of the family (1) is a solution of (2). 

This is a sezgular solution. It is not included in the general 
solution, and cannot be derived from it by assigning a particular 
value to the parameter c. 

We may then find the singular solution of a differential equation 
(2) by finding the envelope of the family (1) representing the general 
solution of (2). 

Thus the singular solution of (2) is contained in 

p(x, ¥) =09, 
which results from the elimination of c between 
PH, J, c) =o and (+, y, ¢) =o. 

316. Singular Solution Directly from the Differential Equa- 
tion.—It is not necessary to obtain the general solution of a differen- 
tial equation in order to get the singular solution. The singular solu- 
tion can. be obtained directly from the differential equation without 
any knowledge of the general solution. 

Let the differential equation 


Sip) ae Jt 82) 
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be regarded as a family of curves having the variable parameter /. 
Find the envelope 
X(*, ¥) = 0 (2) 
of (1), as the result of eliminating between 
EAC eh Dp) =o and TK*; J; Pp) == Os 


d; : 
Since at any x, y satisfying (2) the x, y, <_ of (2) is the same as 


d : : ‘ 
the x, y, — of a point on (1), the equation (2) must contain a solu- 


tion of (1). 
EXAMPLES. 


1. Find the general and singular solutions of #? + xp = y. 

This is Clairaut’s form, and the general solution can be written immediately by 
putting = const. 

However, independently, we have on differentiation 


dj 
o = (x +29). 


q, : racks 
—_ = 0 gives f = ¢, and y = cx + @ for the general solution. Differentiating 


with respect to ¢ and eliminating c, we find the singular solution 4vy + x? = o. 
Integrating the other factor, x + 2 = 0, or eliminating ~ between this and the 
differential equation, the same singular solution is found. 
2. Find the general and singular solutions of the equation y = pr La 1+ 7. 
Ans, x? +37 =a’, 
3. Find the singular solution of 22f2 — 3ayf + 27? + 23 = 0. 
Ans. x79? = 4¢)=e. 


317. The Discriminant Equation.—The discriminant of a func- 
tion /(x) is the simplest equation between the coefficients or constants 
in #(x) which expresses the condition that # has a double root. If 
F has two equal roots, equal to a, then 


E(x) = (~ — a)*P(2), 
where ¢ is some function which does not vanish when « = a. Hence, 


differentiating and putting « = a, we have = conditions for a double 
root at a, me stisr at at 


ERGY 65. hee =o, £"(a) 40, 
Eliminating a between /(a) = 0, F’(a) = 0, or, what is the same 
thing, eliminating x between F(x) Sayed! (x) = =o, we obtain the 


discriminant relation between the coefficients, the condition that 
(x) shall have a double root. 


318. c-discriminant and /-discriminant. 


Let (x,y, c) = o be the general solution of the differential 
equation /(x, y, ~p) =o. 
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(1). The equation #(«, 7) = o which results from the elimination 
of c between the equations 


Qs, 7, t) =o and Pix, ,c)=0 
is called the c-discriminant, and expresses the condition that the equa- 
tion ¢@ = o, inc, shall have equal roots. 


(2). The equation y(%, y) =o which results from the elimination 
of p between the equations 


JX, 9; p) =o and 77 (x, 9, p) = 6 


is called the f-discriminant. It expresses the condition that the equa- 
tion f = o, in g, shall have equal roots. 


319. c-discriminant contains Envelope, Node-locus, Cusp- 
locus.—The c-discriminant is the locus of the ultimate intersections 
of consecutive curves of the family @(, y, c) = 0. 

It has been previously shown that the envelope of the family is 
part of this locus, and also that the envelope is tangent to each member 
of the family. 

Suppose the curves of the family have a double point, node, or 
cusp. Then, in case of a node, two neighboring curves of the family 








Fic. 155. 


intersect in two points in the neighborhood of the node, which con- 
verge to the node-locus asthe curves converge together. In the neigh- 
borhood of the envelope two neighboring curves intersect in general 
in but one point. 

In the case of a cusp, two neighboring curves intersect, in general, 
in three points in the neighborhood of the cusp-locus. ‘Two of these 
points may be imaginary. 

We may expect to find the envelope occurring once, the node-locus 
twice, the cusp-locus three times as factors in the c-discriminant. 


320. p-discriminant contains Envelope, Cusp-Locus, Tac-Locus, 
—lIf the curve family /(x, y, ) =: 0 has a cusp, then for points along 
the cusp-locus the equation vanishes for two equal values of f, as it 


: dy 
does also for points along the envelope. But, in general, the a of the 


cusp-locus is not the same as the f of the curve family and therefore 
does not satisfy the differential equation. 
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Again, at a point at which non-consecutive members of the curve 
family ~ = o are tangent the x, y, p of the point satisfies the equa- 
tion f= 0. ‘The locus of such points is called the /ac-/ocus. The 


pA of the tac-locus is not the same as that of the curve family @ = 0, 
b 


and the tac-locus therefore is nota solution of f = o. 


321. It has been shown by Professor Hill (Proc. Lond. Math. Soc., 
Vol. XIX, pp. 561) that, in general, the 


the envelope oxce, 
c-discriminant contains < the node-locus /wice, 
the cusp-locus ¢hree dimes, 


the envelope once, 
p-discriminant contains 4 the cusp-locus once, 
the tac-locus /zwice, 


as a factor. This serves to distinguish these loci. . Of these, in 
general, thesenvelope alone is a solution of the differential equation. 
It may be that the node- or cusp-locus coincides with the envelope, 
and thus appears as a singular solution.* The subject is altogether 
too abstruse for analytical treatment here. 


EXAMPLES. 


1, xp? — (x — a)? = 0 has the general solution 

y+ 6 = gx8 — 2ax4, 
or oy + ¢)? = 4x4(4 — 3a). 

The f-discriminant condition is a(x — a)? = 0, the 
ce-discriminant condition is x(« — 3a)? =0. «=o occurs 
once in each, it also satisfies the differential equation and 
is the singular solution or envelope. 2x = a occurs twice 
in the f-discriminant and does not occur in the ¢ dis- 
criminant. 2 =a is therefore the tac-locus. #« = 3a 
occurs twice in the c- and does not occur in the f-dis- 
criminant. 2 = 3a is therefore a node locus. 

2. Show that (y + c)? = xis the general solution of 

_ 40? = 9x, and x«* =o is a cusp-locus. There is no 
singular solution. 


3. Solve and investigate the discriminants in 
po2p=yp. 
General solution (2x3 +- 3xy + ¢)? = a(x? + y)8. No 
singular solution. Cusp-locus x? + y = 0. 





Fic. 156. 4. In 8af* = 27y, show that the general solution is 
ay” = (« —c)', singular solution y = 0, cusp-locus y3 = o. 
5. Find the general and singular solution of y = xf — p*. 
ARS. PS IO as 








* Proc. Lond. Math. Soc., Vol. XXII, p. 216. Prof. M. J. M. Hill, «* Ox 
node- and cusp-loci which are also envelopes.” 
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EXERCISES. 
Find the general solutions of the following equations. 
hee Sarena Ans. 25(y +c)? = qax'. 
(5 Ge Ans. 343(y + ¢)® = 27ax7. 


3. A(x + 2v) + 36°(« +7) + A(y + 2x”) = 0. Factor and solve. 
Anm.y=tq x«ty=qu wgytretyoe 


4.7? —7p + 12 =0. An. y=4r--a yo3ete, 
5. «pf? — 2vp + ax = 0, Ans. 2cy = x? + a. 
6. vf? + 2x = y. Ans, y? = 20x + 2. 
7. x°f? — 2xyp + 2? — x =0, Ans. sin—1 7 = log cx. 
8. = Ae — 8) +5. Ans. y = dx — 6) +, 
9. xy(p? + 2) = 2py3 + x Ans. (x? — 9? + ec)? — y? 4 crt) =. 
10. vy + pao = x4f. Ans, xy =e cx. 
Ml. ayf? + (2x — bp —y =O. Ans. act 4 (2x — 6) —y* =0, 


12. y — px = Wt + 2? fx? + y”). Change to polar coordinates. 


Jip’ )dp 
Ans. 6+¢= Se .. 
ie Vp? — { fip?y}? 


13. (2p — yP = a(t + PY? +9). 
Ans. tan-" a4 c = vers-t2a x? + y”. 


14. (4p —vVP =p? -2 “9 + 1. Ans, sin-! oa = sectix + ¢, 
15. 3¢°y? — 2xyp + 47? — x? = 0. Put 2? — 37? =v, 
; Ans. 3(x°7 ++ y*) + 4ex + P= 
16. (2? + 9\(t + p)? — 2% + YE + p)(e +90) + (x + IPP =O. 
Ans. e+ y? — 2x +y)+}470=0. 





VW. a + 2s Ans. (y + 6? +(x — a)? = 
Vvi+? 
18. y = px +p — f*. Ans. y= cx +e0— 0. 
19. 7? — 2fay —1 = pr — 2%). Ans. (y — exp =i c%. 
20. y = 2px 4 7p. Put P= 2 Ans, y? = cx +40. 
21. «(y — px) =P’. AUS VF 6x ney 
22, G2 — I) +2) = h’p. Ans, y= — 0x? = — a8 
23. y = xp + P+ ap. Ans, y = ex + VP LAA, 
singular solution x?/a? + y?/? = 1. 
24. y = p(x — 4) + a/A, singular solution, y? = 4a(x — 4). 
25. (y — xp)(mp — n) = mnp. Ans. (y — ¢x)(me — n) = mnc, 
: singular solution, (x/)* + (y/n)? = 1. 
26. 7? — 2ayp + (1 + a \p? = 1. Ans. (y — cx =I — @, 


singular solution, y? — «* = 1. 
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27. 2? — 4xyp + 8y? = 0. Ans. y = cx — 6), 
singular solution, 27y = 42°. 
28. Find the orthogonal trajectories, A being the variable parameter, of the 
following curve families: 


Oi) Gees 2 2 2 2 
(1). Sto Ht Ans, x*° +97 = @ log #2 +c, 
(2). #? + my? = mA, Ans. y = cx’, 
a a ‘ Li Ss 
ie (3). aah qa =I, = Ans. Peay _ az = 
29. Find the orthogonal trajectories of the circles which pass through two fixed 
points. Ans. A system of circles. 


30. Find the orthogonal trajectories of the parabolze of the th degree 


Qty =x, Ans. mPinto=e. 
31. Find the orthogonal trajectories of the confocal and coaxial parabolze 

y? = 4A(x% + QD). Ans. Self-orthogonal. 
32. Find the ortho-trajectories of the ellipses x?/a? + 77/2 = A2, 


Ans. y? = cx®’, 
33. Show that if 


d, “i 
f( , 4, =) =0 
is the differential equation of the family of polar curves (p, 6, ¢) = 0, then 
, 40 
1(P, 6, — 9 Z)= o 


is the differential equation of the orthogonal system. 


34. Find the orthogonal trajectories of g = a(I — cos 6). 
Ans. p= c(1 + cos 6). 
35, Also the ortho-trajectories of— 
(1). p* sin ~§ = a%, Ans. p* cos nf = ct. 
(2). p= log tané+a. Ans. 2/p= sin? +c 


CHAPTER XL. 


EXAMPLES OF EQUATIONS OF THE SECOND ORDER AND 
FIRST DEGREE. 


322. The differential equation of the second order and first degree 
is an equation in x, y, p, 9, 


N*s Ir Ps 2) = : 

Ly ap_ ay 
a ts Casey? 
in the first degree. 

We shall attempt the solution of the equation for only a few of the 
simplest cases. 

We have seen that the general solution of the equation of the first 
order and degree gave rise to a singly infinite number of solutions, 
represented by a family of curves having a single arbitrary parameter, 
this parameter being the constant of integration. 

In like manner, the general solution of the equation of the second 
order and first degree, involving two successive integrations, requires at 
each integration the introduction of an arbitrary constant. The 
general solution, therefore, contains two arbitrary parameters, and is 
correspondingly represented by a doubly infinite system of curves, or 
two families, each having its variable parameter. 

The process by which a differential equation of the second order is 
derived from its primitive is as follows. 


where 7 and in the equation g occurs only 


Let CHWs Cane C, n=O (1) 


be an equation in x, y and two arbitrary constants ¢,, ¢,. Differ- 
entiating (1) twice with respect to x, there results 





Op Op _ 
3 Aes Wier cea (2) 
ap of hy Of (w\?, Of ey _ 
Tan one ap ae Ox? (= es dy dx® ee (3) 


Between these three equations can be eliminated the two arbitrary 
parameters c,,c,. The result is the differential equation of the 
second order, 


I(x) Vs iP 2) == O- 
439 
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EXAMPLE. 
The simplest equation of the second order is 
ary 
aaa 
Here the integrations are immediately effected. 
y 
CB (| re 5 0s 
(e)= 4% 
a 
oe =kx +a, 


¢, being the first constant of integration. Integrating again, the general solution is 
Y = fhe? + gx t &. 
The two arbitrary parameters ¢,, c, giving a doubly infinite system of parabolz. 


323. The Five Degenerate Forms.—The ordinary processes of 
integrating differential equations are of tentative character. We are 
led to the solution of general forms through the consideration of the 
simpler cases. Investigation of the general methods of treating this 
subject is out of place in this text, and we shall consider here only a 
few interesting and important equations of simple form. 

A general method of solution can be proposed for the five degen- 
erate forms of the general equation, 

1. J(%, 9) =0; 2 (2) =93 3 MA = 93 
4. J(%, Pp, 9)=9; 5. MI, P 1) = O- 
324. Form /(x, 7) = o.—This being of the first degree in g, 
dy 
de 

The differentials involved are exact, and it is only a question of 

integrating twice. The solution is 


d 
= e F(x)dx + ¢. 


he y= fax f Px)dx + C,x* + ¢,. 





a F(x). 


ID) ps eee Ans. y = (x — 2)e*% + ox + 6. 
325. Form /(y, 7) = o.—Here 
dy 





dy dy gd wad dp 
Putcr—s: h sa SS ee = p-—. 
Mg PO TREO 


The equation becomes 
pap = Fly) dy. 
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(Z)=2 [Pe +« 


dy 
j2fFo) a +6)" 


The integral of this gives the solution. 


Integrating, 


Ree OX 





EXAMPLES. 
2 
1. Solve oh aay. 


2 f A yydx = CES NRUE Lh ea ORI 


ax = ea Ea 
ayy + 
Hence ax = log(y + fy? +c) + ey 


Show that this can be transformed into 
Y = 6[er% + ¢/e—ax, 
Multiply the given differential equation by 2 os 
ie 
dy dy d (dy\* . by 4d, 
TPE, (Z) ene ogg (er 
Hence the first integral is, as before, 
dy . 242 
AE = Ay + k. 


2 
2. Solve oe 4 ay =o. 


Here 2 f y)dy = — ay, Put « = ar, 
OGG Pekin . 
Ye — # 
H = sin-12 
ence ax + ¢ = sin ae 
or y = csin (ax 4-6), 


= f, sin ax + k, Cos ax. 
Multiply the differential equation by 29 and obtain the first integral directly as 


in Ex. 1. 
Examples 1 and 2 are important in Mechanics. 


3. Solve g Way =I. Ans. 3x = 2a(y* — 207° + 4)? + a, 
326. Form /(/, 7) =o. 

ay _ p(®@ a _ 
Here te ¥(2), 7 F(p). 


Es ap 
a, Fae 


442 INTEGRATION FOR MORE THAN ONE VARIABLE. [Cu. XL. 


This is an equation of the first order, the solution of which is that 


of the required equation. 
EXAMPLES. 


dy dy\? 
1. Solve ai +. «(Z) —o. 
Integrating ~—?dp + adx,- we have for the first integral 
ax 
Mg oe 
¥ = log (ax +0) + ¢, 


a oye aT Coe 


or 
dy _wy = 
2. Solve a ia ee Ans, y = Get +. 
CG) Sj Se Ans. eY = ¢, cos (x + 4). 
4q¢tyf+1=0. Ans. y = log cos (x — 4) + G. 
327. Form /(x, ~, g) =0.—Such equations are reduced to the 


dp 


first order in x and # by the substitution g = rs 


qj 
I; DP; q) = cate DP) 2)= oO. 
EXAMPLES. 
a+ “Ve Za + «@ + ax =O is equivalent to 


* 
as Tee ee Oe 


The first integral is 
p=-a@ 
The second integration gives 
Y = % — ax + ¢, log (x + 71 + x). 
2+ x2)9+p+150. Ans. y = Gxt (q?+ 1) log (x — 4) +e. 
328. Form /(y, 2, 7) = 0. 
. oe _ Wah 
oS 2A de = de ht a 
welt for g, the equation is reduced to the first order in y 
and 2. 


Larrea 


° 


EXAMPLES. 
Lo ty ao Ans, EF = gates, 
ay i . 
2. y ma +(% .) = Ans. P=ae+axt a. 


3. 79 — p? = y? log y. Ans. log y = ce* 4 cye—*, 


ART. 329.] EQUATIONS OF SECOND ORDER AND FIRST DEGREE. 443 
329. Solution of ie Linear oe 
ai nH 2 qa ©) © 
in which A, # are constants. 


The solution of this equation is suggested by the solution of the 
corresponding equation of the first order 





dy 
de +a=o, 
: _ " se 
which gives ei = — adx, the solution of which is y = ce-*, 
if we try y =e jn ae ), we have 
d?e"* 
oT + ASE 4 Bem = (WP Am + Be (2) 


I. Roots of the Auxihary Equation Real and Unequal.—The func- 
tion (2) vanishes if m be one of the roots of the auxiliary equation 


m+ Am+ B=(m—m,)(m—m,) = 0. (3) 
Hence y = e”1*is a solution. Also, y = ¢,e”:* is a solution for 
any arbitrary constant ¢,. In like manner y= c,e”2* is a solution. 
The sum of these two, 
y= cer 4 oem, (4) 
is also a solution, and is the general solution of (1) since it contains 
two independent arbitrary constants, ¢, and ¢,. 


II. Roots of the Auxthary Equation Real and Equal.—lf m, = m,, 
the solution (4) fails to give the general solution, since then 


y= (¢, + Gem, 
and c,-+¢,; =c’ is only one arbitrary parameter. 


The solution in this case is immediately discovered on differentiat- 
ing (2) with respect to m. For then 
2 4+ px axe” 
a ac Aa + Bxem™ = (am-+ Aje™* + (m+ Am B)xem. 


lf = pe is he double root of oS then (3) and its derivative 
vanish when m = ys. Consequently y = xe"* is a solution, and 
also is y = cxe"*, Hence the sum of the two solutions c’en* and oxen 
is the general solution of (1) when y is a double root of (3), or 


y = evx(c’ + cx), (5) 


III. Roots of the Auxthary Equation Imaginary.—When the roots 
of (3) are imaginary and of the forms 


m = a+ ib, m,=a— 0, 
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where 7 = 4/— 1, these roots may be used to find the solution. For 
(4) becomes 
fe Ce aT he Bee, 
= (ce + ce), 
We have by Demoivre’s formula 
e®* = cos bx + “sin bx, 
e—* = cos dx — isin bx, 
Therefore the solution is 
Jy = e*1 (6, + 6) cos dx + (c, —c,) ¢sin dx}, 
. = e*(k, cos bx + &, sin bx), (6) 
where £,=¢,+ ¢,, &, = (¢,—c,)%. If the arbitrary constants 


c, and c, be assumed conjugate imaginaries, the constants k, and &, are 
real, 


By writing tana = 4,/k,, or cot S{=4,/k,, the solution (6) 
may be written respectively 
J = c'e* sin(dx + a), 
= ce* cos(bx — £). (7) 
EXAMPLES. 
1. Solve g —p = 2. 
The auxiliary equation is 
m—m—2 = (m+ 1)(m —2)=0. 
The general solution is therefore y = ce—* + c,e2%, 
2.1f g—2+y=0, (m—1?=0, ». y= e*(¢ + Cox). 
3. Solve g + 34 = say. , 
m + 3m — 54 = (m — 6)(m + 9). 
3 Y= 665%  Ge—9%, 
4. Solve g + 8) + 25y — o. 
m + 8m+25=0 gives m= —-443Y7-1 
» Y = €4(h, cos 3x + &, sin 3x). 
330. Solution of the Equation 
d; 
ee + Ax + By =0, (2) 
A, & being constants, 
Put x= e, then z= log x. Also, : 
dy dds _idy dy 1 (dy & 
be Bee ae Za =a (32 — 3): 
On substitution, equation (1) becomes 
ad 
+4 -1) F4 B=, 
which is the form solved in § 329. 
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Ex. Solve «2g — xp +-y = 0. 
The equation transforms into 
ay wy 
a _ oa + y=oO. 


Y = (6, + 62) = x(q + « log x). 


331. Observations on the Solution of Differential Equations. 
—The remarks made on the integration of functions are equally 
applicable to the integration of differential equations. The process 
is of tentative character, and skill in solving equations comes through 
experience and familiarity with the known methods of solving the 
integrable forms. 

When the equation is not readily recognizable as one of the stand- 
ard forms for solution, it can frequently be transformed into a recog- 
nizable form by substitution of a new variable. 

Most of the processes given in this chapter for the solution of 
certain forms of the equation of the second order and first degree are 
immediately applicable to equations of higher orders. In the exer- 
cises will be found certain simple equations of higher order than the 
second, proposed for solution by the methods exposed in the text. 

General methods of solving differential equations must be reserved 
for monographs on the Theory of Differential Equations. 


EXERCISES. 


1. Zs = ax by. Put atx + dy = 2, etc. 
Ans. ax + By = c,eo* + cee, 


2 
2. = = ax — by. Ans. ax — by = ¢, sin bx + ¢, cos bx. 
Oe rea poe - 
3. q = e”. Ans. C,601*% = V2 + oP ~% By = Mas 


$<. ’ 
Var Hah +e, qa 


oii F : : 5 Fp 
or 2eY = ¢,? sec%(4c,x + ¢?), according as the first constant of integration is 


+67, ©, or ‘—2", 

4. *¢ +p =0. Ans. y=, log x + ¢. 

Oh SS yee PAT Sat a f bax + &. 

6. x?¢ = 2y. Putz = 2y/x% 2. sy = G+ 4. 

7.9 + 12y = 7p. Ans. y = 663" + ced”. 

8. 3(¢ +) = I0p. Ans, y = 40% + cet. 

9.79+4p=y. Ans. yer =ce* V5 + cye-* V5. 
ax bx 

10. ay +7) = (2 + Hp. Ans. y = Ge?4+ gee. 

11. ee ange Ans. y = 662% + 6,e-2* + ¢,. 


axe ~ ‘dx 
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12. 7 — 6 + 13y =0. Ans. y = (cq sin 2x 4+ c, cos 2x)e3*. 
13. ¢ — 2ap + by =o. Ans. According as a > or < 3, 
Y = €0% (cen Vat—F8 4 cee Vai=F), or cax(c, sina 4/P — a+ c, cos x fb — a). 
14. ¢ — 4abp + (2 +4 3) = o. 
Ans. y = eabeSc, sin (a? — B)x + ¢, cos(a? — 3)x}. 


15. ¢ — plog a? + [1 4 (log a)]y =0. Ans. y= a*(c, sin x + ¢, cos x). 


16. ¢ — 2ap + ay = 0. Ans. y = eax, + Gx). 

17. g =0. Ans, y = t, + yx. : 
3 

18. o = 49: Ans. y=oqe® +oa+ Gx. 

19. «*¢ — xp = 3y. Ans, Vay = Cae Ee bs. 


20. (2 + dx)¢ + Wa + dx\p + by — 0, 
Ans. y =, sin log (a2 + dx) + ¢, cos log (2+ 6x). 


21, 4s = 2. Ans. yo=ou+toxn+ ext x log x. 
ay ine 24.7 A Ggs8 
22. 73 = Sind. Aus. y= 4+ Gx + ox? + Zoos x — gi,Ccos® x. 
232 Gy =1a. Ans. (qx 4+ 6) = Gy —a. 
x -# 
(ARG eth ALY Ans, 2/a= ee ee @ + e.. 
29. 277? = (rE p2)3. Ans. («+ aP4+(y+oP =a? 
26. (I — x*)g — xp = 2. Ans. y = ¢ sin—tx 4+ (sin-tx)? + Ces 
_ 2luygtp=t. An. YPoouxetaxt oc. 
~ 28. (1 — log y) yg + (1 + logy)p?= 0. Ans. (e424 ¢)(log y — 1) = 3. 
29. yg — p? =y" log y. Ans. logy = cer + Ce-*. 
30. (2 — x7)? = 1-4 9? Ans. y=hqgetae it epee: 
31. Find the curve in which the normal is equal and opposite to the radius of 
curvature. [Catenary. ] 


32. Find the curve in which the normal is equal to the radius of curvature and 
in the same direction. 


33. Find the curve in which the radius of curvature is twice the normal and 
opposite to it. The parabola, 2? = 4e(y — z). 


34. Determine the curve in which the normal is one half the radius of curva- 
ture, and in the same direction. 


The cycloid w+ ¢sin— = + 2c — 7 =0. 
35. Find the locus of the focus of the parabola y? = 4ax as the parabola rolls 
on a straight line. [Catenary. ] 
36. Find the locus of a point on a circle as it rolls on a straight line. 


37. Express the locus of the center of an ellipse as it rolls on a straight line in 
terms of an elliptic integral. 


38. The problem of curves of pursuit was first presented in the form: To find 
the path described by a dog which runs to overtake its master. 
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The point 4 describes a straight line with uniform velocity; it is required to find 
the curve described by the point 4, the motion of which is always directed toward 


A and the velocity uniform. 
Take the path of A for y-axis. The tangent intercept on the y-axis is y — xp. 
By hypothesis the change of this is proportional to the change of arc-length. 


—xap=—miyt-+ Pp ax, 
log a + log (2 + 4/1 + f*) + log cg =0, 





2p = 1x" — Gxm, 

xm+i X-M+1 

B= 6 —¢. (Bee ° 
ai rane oF pe ag pa 


The curve is algebraic, except when 7 = I, then we have to substitute log x 
for — x—™+1/(m — 1). 
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APPENDIX. 


NOTE: 1. 


Supplementing § 30. 


Weierstrass’s Example of a Continuous Function which has 
nowhere a Determinate Derivative.* 


The function 


ie So COs (a"7rx), 


in which + is real, a an odd positive integer, 4 a positive constant less 
than 1, isa continuous function which has for no value of «a deter- 
minate derivative, if ad > 1 + 37. 

Whatever assigned value « may have, we can always assign an 
integer 4 corresponding to an arbitrarily chosen integer m, for which 
ED ee fhe es 


iH 








Put Kg = AU, and let 
pi eae A MHI 
ati as qv ? ian qv ~ 
I X. — 
ote SEES Ge ate eas) ys ae Ae = 
a” Qe 
/ a 
and BY ERO Rey cee a 


The integer m can be chosen so great that x’ and x” shall differ 
from x by as small a number as we choose. 





We have 
Ie’) — A(x) gn COS (a"*7x') — cos (ax) 
x! ay er, x! any ? 





a(x’ — x) 


foo} 
cos (a”*"7rx') — cos (a”t* nx : 
+) pe eee 
B=o0 , 


es y (ab)" cos (a”7x’) — cos (a*7x) 





Bel ge 





* Taken from Harkness and Morley, Theory of Functions. 
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Since 


cos (a*2x') — cos (a"7x) 
a(x’ — x) 








in (« aoe *7) 
$l a 
VA 
Ke a ae 2 
a 
2 


= —7sin (2" 
iii 


a since, the absolute value of the last factor on the right is less than 
, then the absolute you of the first part of (i) is less than 


and therefore less than ~ al 28 9 if ad > 1. 





Also, since @ is an bs integer, 
cos (a"**2x') = cos [a(t = a1)a] = — (— 2) 
cos (a"t" 7.x) = cos (a" UH + A"Xm 4,7) = ( — 1)" COS (2%, ,,7). 


Therefore 


co 


jotn COS (a”+* 7x") — cos (a"*" 7x) 


x! —- x 
= (— 1)#(ab)™ Fe I + cos (@"Xmts7) 


° =e Vin ty 
uz=O 


All the terms under the = on the right are positive, and the first 
is not less than 8, since cos (%,,,;7) 1s not negative and 1 + ~,,., 
lies between 4 and 3. 

Go nse guedily: 
Ax’) — SJ) 


CG 





n=O 








=(~ ne(ayné (2 +57), (i) 


where & is an absolute number > 1, and 7 lies between — 1 and +- 1. 
In like manner 


LOVETT 


eee 





(— 1)#(ad)™ e(= i. a :); (iii) 


where &’ is a positive number > 1, and 77’ lies between — 1 and + 1. 
If ad be so chosen as to make 





ab> 1+ 3a, 
that is, - > ran . 


the two difference-quotients have always opposite signs, and both are 
infinitely great when m increases without limit. Hence /(x) has 
neither a determinite finite nor determinate infinite derivative. — 
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Every point on such a. line, if line it could be called, is a singular point. 

Some idea of the character of the geometrical assemblage of points representing 
such a function can be obtained by selecting 
two particular fixed points A, B of the as- 
semblage. Between 4 and B, in progressive 


order, select points /,, /,, . . . representing 
the function corresponding to 2, 2%, . . 
Consider the polygonal line AP, P,... B. 


Increase the number of interpolated points in- 
definitely, and at the same time let the dif- 
ference between each consecutive pair con- 
verge to 0. Then, since the function /(x) 
is continuous, each side, 7, P,-+,, of the broken 
line converges to 0, But, instead of each 
angle between consecutive pairs of sides of 
this polygonal line converging to two right 
angles, 7, as their lengths diminish indefi- 
nitely, as was the case when we defined a curve with definite direction at each point; 
let now these angles converge alternately too and 27. The polygonal line folds 
up ina zigzag. The point Pconverging to the neighborhood of a true curve AB. 
But the difference-quotient at any point of the zigzag assemblage has no limit, it 
becomes wholly indeterminate as the two values of the variable converge together. 
It is also possible that the length representing the sum of the sides of the polygonal 
between any two points of the assemblage at a finite distance apart (however small) 
is infinite in the limit. 

Such functions are but little understood and have been but little studied. It is 
possible that they may have in the future far-reaching importance in the study of 
molecular physics, wherein it becomes necessary to study vibrations of great velocity 
and small oscillation. 





Fic, 157. 


NOTE 2. 
Supplementary to § 42." 


Geometrical Picture of a Function of a Function. 


If z= f(y), where y = G(x), we can represent the function z 
geometrically as follows: 

Draw through any fixed point O in space three straight lines Ox, 
Oy, Oz mutually at right angles, so that 
Ox, Oy are horizontal and Oz is vertical. 
These lines fix three planes at right 
angles to each other. «Oy is horizontal, 
xOz and yOz are vertical. 

The relation y = #(x) can be repre- 
sented by a curve /’Q’ in the plane 
xOy, Atany point P’ on this curve we 
can represent z by drawing P’P = /(y), 
up if ((y) is positive, down if /(y) is 
negative. The relation z=/(y) is 
represented by the curve P’’’Q” in yOz. 

z= $(*)}, 
as a function of x, is represented by the 
curve PQ” in «Oz. -In other words, z as a function of x and y is 
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represented by a point in space having the corresponding values 
2, ¥, x as coordinates with respect to the three planes. The assem- 
blage of points representing z, y, x is a space curve PQ. The 
orthogonal projections on the three coordinate planes of PQ represent 
the functional relations 


(P'O), y= (4); (P"O"), 2=NO@)}; (POM), 2=/0)- 


The derivative D,y is represented by the slope of P’Q’ at P’ to 
Ox. The derivative D,z is represented by the slope of the tangent 
to PQ" at P’” to Oy; the derivative Dz by the slope to the 
axis, Ox of the tangent at!” to PO". 


The function of a function is represented by a curve in space. 


NOTE. 3. 
Supplementary to § 56. 


The zth Derivative of the Quotient of Two Functions. 


Let y=ua/v. Then wu=w. Applying Leibnitz’s formula to 
this product, we have 





w= YY, 
nu! if y! " L Be 
1! 1! yi? 
ul! yl! vy! yl rs 

= ae 
2! 21> a, ler ae 

° . e . e e . . . ° e e 

unt yt get yf yt yy” yy 





“A at G@ maya) @ ae ae eae 


n!\ 


To find_y", the mth derivative of «/v, in terms of the derivatives of 
/ 2—1 
pate V 
wandv. El ae peti 
iminate y, ieee ye from the 2 + 1 equa- 


tions. We get 


31 (Z)= Ge RE O° PR 


n!} 


v (v)"* a! of 
=O ee 
adele 
ul’ gy! vy! 
—— =27... 
2! 2t- x! 
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Also, in particular, if « = 1, we have 


I I (— x)"|v’ 
ooh, = i 
n!} (=) (per 1! DO's sae 


De v 





ws 





Hw 


2 
Be aad, BNE Sa 
— are oes ee ve 





| m TOWS 


NOTE 4. 
Supplementary to § 56. 


To Find an Expression for the zth Derivative of a Function 
of a Function. 
Let z = f(y), where y = g(x). To find the wth derivative of 


g with respect to x. 
We have, by actual differentiation, 


(= es 
FZ Hie 
eee = fs is —3 VV + fi" We 
The law of formation of these first three derivatives of / with 
respect to x shows that the wth derivative must be of the form 


ew AIA] yah ae ae A, Sy, (1) 
where the coefficients, A,, contain only derivatives of y with respect to x 
and are therefore ixdependent of the form of the function ~ Conse- 
quently, if we determine A, for any particular function /, we have 
determined the coefficients whatever be the function 7 Let then 


fp. 


Then in (1) we have 
> Ue 
(r — 1)! 

Hence, when 6 = y, we have 
I 
Ss ae NIDA aie 
4,= 5) Diy-syl 
which means that (vy — 4)” is to be differentiated » times with respect 
to x« and in the result y substituted for 0. 


(i) = 3 pro 


—b 
= Diy “be b)” = A, aa Ba OF ID ++ 4, is Ags (2) 
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This gives the th derivative of / with respect to x in terms of the 
derivatives of f with respect to y and those of _y with respect to x, and 
is the generalization of the formula 

ify) w 


d 
tell aye 


We can give another form to (3), as follows. Let_y=4 when 
Aa. > hen 





y-b= P(x) — (2) = (x — a)v, (4) 
where v stands for the difference-quotient 
P(%) — 92) 
Coe oa 


Apply Leibnitz’s Formula to (4), and we have 
Dy — 6)" = Dix — a)'v’," 


= 2 6,01 rs —ey 


np x 

But, Di(x —a@)’ =r(r —1)...¢ —p 1) = a), 
S'6 when p >’, 
=O when: <7 and. == me 
7 when .p=S27 —vand. ae 


Therefore (3) becomes 


n 


(J) 7) ae Curd QO) ( z) (& = PO (s) 


Notes 3 and 4 give some idea of the complicated forms which the 
higher derivatives of functions assume. 





NOTE 5. 
§ 64. Footnote. 


If a function /(v) and its derivatives are continuous for all values 
of x in (a@, ) except for a particular value a of x at which f(a) = ©, 
then all the derivatives of /(x) are infinite at a. 

es Xe, Sa Then 

S\%.) —)(*;) = (x, a x)f'(&), 
where & lies between x, and x, Let a— x, be a small but finite 
number, and let x,(=)a. Then _/(x,) is infinite, and /(x,) is finite. 
(a— x)f"(é) = 0. 
_ Since a — w, isfinite, #’(&) = 0 ; and since /’(&) is finite ifa — = 
is finite, we must have a — &(=)o and 


J'(4) = @. 
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In like manner we show that_/”’(a) = «, and so on. 
Corollary, If /(z) = «, then /’(2) = o, and also 
I(x) 
J\*) 





becomes co when + = a. 

For, considering absolute values, if f (@) = «, then also 
log /(@) =. By the theorem established above, if log /(x) is o 
when «+ = a, then 

f(a) 


also becomes oo when « = a. 





NOTE 6. 
Supplementary to Chapter VI 
On the Expansion of Functions by Taylor’s Series. 


1. This subject cannot be satisfactorily treated except by the 
Theory of Functions of a Complex Variable. The present note is an 
effort to present in an elementary manner by the methods of the 
Differential Calculus a fundamental theorem regarding the elementary 
functions. 

An elementary function may be defined to be one which does 
not become o or oo an infinite number of times in any finite interval, 
however small. Such functions are also called rational. 

A function /(x) is said to be unlimitedly differentiable at + when 
all the derivatives /”(x) of finite order are finite and determinate at 
x, We consider only those functions which are such that neither 
the function nor any of its derivatives become o or oo an unlimited 
number of times in the neighborhood of any value x considered. 


2. In the same way that a function of the real variable 1 may be 
o for an imaginary number ~ + 7g, such a function may be o fora 
complex number p + 7g, where 7 = W—1. For example, the func- 
tion 





becomes oo at p+ zz if p+ 7g is a root of #(x) and not of d(x). A 
value of x at which A(x) is 0 or « is called a root or pole, respectively, 
of the function. It being understood that there are not an indefinite 
number of roots or poles in the same neighborhood. * 





* A point in whose neighborhood there are an infinite number of poles is called 
an essential singularity. An isolated pole is called a non-essential singularity, 


458 APPENDIX. 


The poles of a function, whether imaginary or real, enter into the 
results which we shall obtain. Wherever we use the word function 
in this note we mean a uniform function which has only roots and 
poles, du¢ no essential singularity, and which is unlimitedly differen- 
tiable everywhere except at a pole. 


3. Theorem I.—If_/(x) is a one-valued, determinate, and unlim- 
itedly differentiable function at », then the series 


—— 


is absolutely convergent for all values “ a in absolute value than 


where p + 7g is the nearest aa ne OR or any of its derivatives /”(x), 
to the number x; and the series S is o for any value “~— greater 
than 2. 


4. ee oat x, y by the coordinates of a point in a plane «Oy. 
Then (see § 55, Ex. Os 40): 
(Tap Ht ‘ik points x, y at which 


J *(#) 
ee Miatoy 


S is absolutely convergent, and also 


ZF f(a) =0. 


n=O 


(2). At all points #, y at which 
PON) 
tari Pl 


ee 





|<|1, 


Fi 





e==nco FL ancdualso 


a= 


5. It follows, therefore, si if 


*(2) 


uz=O 





* Remembering that the modulus or absolute value of any number x + wy is 
la y| = + Vx? + 9%, 


then of two numbers /, + 7g, and f, + ég, that one is nearest x for which we have 
the difference 
lp + 7g — *] 


least. 
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has a finite limit different from o, it is necessary that 
ioe = es 
ra) 


6. Since at all points of absolute convergence of 
Do pe 
: 7 f(x) = 0, 
and at all points of infinite divergence of S 


fare =. 


the boundary between absolute convergence and infinite divergence 
of S is marked by the values of x, y which satisfy 


bee Fumie 

al Ce) a7. 
7. The locus 

- On) =e 


for an arbitrary and great value of 7, will be a close approximation to 
the boundary line we seek. Differentiating, this locus has the differ- 
ential equation 











DNL Te) 
Ben ig Fux) 
ie r\ y f(a) 
ete as FG: 
Which for z arbitrarily great gives, in the limit, 
ee 
ae |1, 


in virtue of 





f y ST" («) = I 
ax fn(x) 

8. Therefore the absolute value of y is equal to the absolute value 
of a linear function of x, of the form 

yw — |z 9 x|*, 
for all values of x and_y on the boundary. 

This is the equation of the family of boundary lines having the 
parameter 4, These lines are fixed by the fact that whenever /(x) or 
J’ («), for any finite 7, is « we have y =o. 

9. If, therefore, (x) = «© when x = , the corresponding bound- 
ary lines for a real pole f are the two straight lines 

f= (p= x)", 
or ySaa—p and y= —x*«-+/. 


on the boundary. 
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If /(x) = © when x = p + 7, then the corresponding boundary 
lines for a complex pole p + 7g are the two branches of the rectangu- 
lar hyperbola 


= |p a — *|% 
oS (p ai x)? + 9, 
Lee 2 

or —~ Ga 41, 


having for asymptotes 
yox—p and y= —x+. 

10. Therefore for any function having real and compiex poles 
the boundary lines consist of pairs of straight lines crossing Ox at 45° 
at the real poles and of right hyperbole having as asymptotes similar 
straight lines crossing Ow at the real part of the complex pole. 

The vertices of the hyperbola corresponding to the pon? + 7¢ 
AWS Ji, en VE 


11. The region of absolute convergence of S is that portion of 
the plane (shaded) such that from any point in it a perpendicular 
can be drawn to Ox without crossing a boundary line. The nearest 
boundary lines to Ox make up she boundary of the region of converg- 
ence of S. It consists of straight lines and hyperbolic arcs. 


NE 


Fic. 159. 


The boundary line of the region is symmetrical with respect to 
Ox. The ordinate at any point of this boundary line of converg- 
ence is the radius of convergence for the corresponding abscissa, and 
is equal to the distance of its foot from the nearest pole point. 

For any point on the boundary 


fGen 
it Te nea 


is less than 1 for any point inside, and greater than 1 for any point 
outside, the region. 
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12. Ifa function has two real poles a, £, and no pole between 

a, fs, the region of absolute convergence consists of a square between 
aand £#. If between @ and there Is an imaginary pole p+ 2 
such that ~ lies between a@ and f, the imaginary pole has no influ- 
ence on the region of convergence if 

[P= Hes) +9 > ea - £)?. 
If, however, 

[2 — (a + f)P +7 < da BY, 


the hyperbola y? = (p — x)? + g* cuts off a portion of the square of 
convergence, 


13. Theorem II. If /(x) is a one-valued, determinate, unlim- 
itedly differentiable function (having only a finite number of roots 
or poles in any finite interval), then 


faty= \ 2 7e) (1) 


for all values of « and y for which the series is absolutely convergent. 

That is, for all values of_y less in absolute value than the radius 
R=+V(«—py4+ ?, 

where p + 7g is the nearest pole of /(x) to x. Equation (1) is not 

true for any value of y such that |y| >. 

Proof: The construction of the region of absolute convergence 
shows that from any point P 7 this region can be drawn two straight 
lines making angles of 45° with Ox to meet Ox without crossing or 
touching the boundary of absolute convergence. 

At any point x, y in the region of absolute convergence the 


series 
ad = en 
‘Si a ert Z) 


is absolutely convergent. 


pO 2) OS. 
But iS == FES => ay’ 
Hence 
— oS ax wt 


as 
= (dx 4 = d; 
AB gy 3p (dx +), 
= 0, if x + y is constant. 


Therefore all along the line x + y =, m the region of absolute 
convergence, S must be constant. ‘This line passing through any 
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point P in this region meets Ow without touching the boundary. At 
the point where x + y = c meets Ox we have y = 0, ¥ = ¢, and 
S = fc) =/x +9). ) 
Consequently all along any such line passing through the region 
of absolute convergence, and therefore at any point whatever in this 


region, we have 
a oH 
KE +I) = } a): 


14. What is the same thing, 
eo ae 


for all values of and y which make the series absolutely convergent. * 

If we make the investigation in the form (1), the regions consist 
of parallelograms on the line_y = x as diagonal, and having for sides 
the straight lines 

Kp, = a ep 
corresponding to a real pole Z, and hyperbole 
(«—yP = |p pe —yP = (6 — PP +f, 

or 2 — y+ p= P+, 
corresponding to a complex pole p + 29. 

15. Observations.—In the preceding investigation the object has 
been to point out as briefly as possible the salient points in the 
establishment of the theorems proposed. Details have not been 


entered upon. For example, we might discuss fully the behavior of 
the approximate boundary line 


De gs ise 
i 


at the zeros of /”(x). There the curve has vertical asymptotes, but 
closes up on the asymptote as # increases. Also, /”(x) cannot have 
the same zero point for an indefinite number of consecutive integers 
m unless the function is a polynomial. 

Again, if at any assigned point x the derivatives are alternately 
o, the radius of convergence is fixed by 


fro+n Fela 


since for absolute convergence we must have’ 


ee Die : 
lermne 


* It being understood that y is at a finite distance from any value of the variable 
at which the function is oo. 
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This simply means that there are two poles that are equidistant 
from the value x. If the poles of a function are all real, it is im- 
possible for more than alternate derivatives to be zero continually. 

If there are more than two poles equidistant from x, then at least 
one must be complex. 

If there be three equidistant poles from x, then one must be real 
and two imaginary, # + 7g, and conjugate. Then the derivatives at 
x are O alternately in pairs and the radius of convergence there is 


n(n + (n+ 2) 


Fray 





and so on. 
Points x, equally distant from several poles, are the singular 
points on the boundary. Elsewhere, for three poles, we can always 


write 
iG) wae ) fn) LK) 
n(nt1)(m+ 2) = = dere 2) t- 2) ; 
se ro at ae 
the limit of which is A, and converges to the value #° at the singular 
point as x converges to the x of suchasingular point. ‘lhe generaliza- 
tion of this is obvious. 








EXAMPLES. 


1. The region of absolute convergence and of equivalence of the Taylor’s series 
of the functions tan x, cot x, sec x, csc x, consists of the squares whose diagonals 
are the intervals between the roots of sin «, cos x, respectively. 


2. In particular tan x is equivalent to its Maclaurin’s series for all values of x 
in) — 42, + 32. 

Also for sec x in the same interval. 

cot x, csc x are equal to their Taylor’s series in the interval )o, z(, the base of 
the expansion being 47. 





3. Expand — by Maclaurin’s series. 
2 —_— 


Put y equal to the function. Then 


Wek Y= Xs 
Apply Leibnitz’s formula, and put « = 0 in the result. We have for deter- 
mining the derivatives of y at 0, 








ps n(n — ae) a 
OE erat yD ea ay, Ty, = 
Making z = I, 2, 3, . . - , we find these derivatives in succession, and there- 
fore B, 
x x IEF ho ae Bs 6 ihe 
Tey es hey ee 7a 6! f 
wherein 2,4, 055 — an. Sy ass “ =a 2,= PEC eaten called 


Bernouilli’s numbers. They are ‘of importance in éenneetion with the expansion 
of a number of functions. 

Since e#?™ = — 1, the poles + im are the nearest values of « to 0 at which the 
function becomes 0. The series is therefore convergent and equal to the function 
for xin )— 7, + %- 
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4. Show that for x in) — 4”, + Lee 
B ee Dee 4 Jap reas 


pea I 8 BE era 4! 





ee 
(24 — 1) — ET (28 — 1)-+ 6 » 
either directly or from 
Tie) teres 2x 
Co ee Lae 
5. Show directly from 4 that, for the same values of x, 
ae 3 gt = (ig 
ex pa a STE ig Bd wae teen, 
ex aa I 4! 2 6! 2 


6. Obtain the Maclaurin expansion 











mt? — m2), m1? — m3? 
ate oe 5! 


and find for what values of « the equation is true. 


ae 
sin(m sin 12) ea Lit Bete | 
Put y = sin (m sin—12). 
(1 — #)y" — ay’ 4 my =0. 
Apply Leibnitz’s theorem and deduce 
(1 — 2?) y(mt2) — (2n 4 Ij)ay™tD) + (ni? —n?)y™ =o. 








5 y(ert) : ms y@) 
(1 — x7) = Ee) atea) (z me ='0. 
3 Esai | ifr 
Since ae +4) Fas [=I 
/ ites mt) = ] (@ Set aaa (~ a 2) > | om =| eR, 
we have 
(I — 7) —2r R-~- R= 
or FE =: | aes ES 


Therefore if x is the base of a Taylor’s series for y, the function is equal to the 
series in )x'— 1, x» -|- 1(. If« = 0, the Maclaurin’s series is equal to the function 
in )— 1, + I(. 

When x = 0, the differential equation gives 

yr?) = (2 a m*) y@), 
which gives the coefficients in the series. 

7. Treat in the same way cos (7 sin—1x), 

8. For what values of « is the Maclaurin’s series corresponding to the function 
y in 
(I — x*)y" — xy’ — ay =0 

equal to the function? 

Work as in 6. The function is e# sin“, 

9. In general, any function y satisfying a differential equation 

(tf act) yor) 4 prin 4 5) y+ 4 g(n — cn — d)y¥™ = 0, 
where a, 4, ¢, d, ~, g are any constants, is equal to its Taylor’s series (base x) in 
the interval )x — 2, « + R(, where R is the radius of absolute convergence, and 
Ris se absolute value of the least root of the quadratic 
(1 + ax’) + per R+ qh? =0. 


A large class of functions can be treated in this way. 
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10. If z is a function of x having only a finite number of roots in a finite interval, 
find the region of equivalence of the function 1/z with its Taylor’s series. 
Let y=1/u. Then ye=1, Differentiate 2 times by Leibnitz’s formula. Then 
ru + yyy yt! + Cy yt’ +... tut =o, 
Divide by y”, and make z = 00. Then, p being the radius of convergence, 
we have, if ~ = f(x), 


2 
G2) +" oe) +S oa) t...=0 


But this series is nothing more than @(« + p). 
Therefore x + g must be a root of 


(* + p) = 0 
Consequently 
xtp=, 
or p= k— X, 


where £ is the nearest root of @(x) to x, the base of the expansion. 


NOTE. 7; 
Supplementary to Note 6. 


I. While, in this book, we are not interested in functions of a 
complex variable z = «+ 2, it is instructive and interesting to con- 
sider the treatment of a function /(z) after the method of Note 6 fora 
function of the complex variable z = x + wy. 

We assume that /(z) is one-valued, unlimitedly differentiable with 
respect to z at all values of z in the finite portion of the plane except 
at poles of /(z), which are, we assume, the only singularities the func- 
tion has. 


2, Let s=x+y, C=x’+9’. The series 


foe) 


sa) 570 


re) 


is absolutely convergent (when the series of absolute values of its terms 
is convergent) for all values of zg and € which satisfy 


flarO fal<in or fa Foell<l 


n=O nu=o 
The series .S is co when these limits are greater than 1. 
The boundary conditions are 


ee OS arama 


Therefore for 7 arbitrarily great the boundary is arbitrarily near 


ge n = _ Za z es) ey 
{aro | moe Pe)" 


a and 3 being arbitrary constant real numbers. 





? 
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From the first of these equations, we have 
dp EFAS, 
Bene ae 
= mop”, when 7 = ©. 
zgak— ee 5 
k being an arbitrary constant. But if f is a pole of (2), then z = o 
when € = #. 
Hence o=h—e*s, or k= es. 
Therefore, corresponding to any assigned €, the boundary corre- 
sponding to the pole p is fixed by 


z= e"(p—6), 
which is a circle about the origin in the z-plane with radius 
nat emt 


since fj is arbitrary. 
3. If pis the nearest pole of f(z) to €, then for all values of z for 
which 
ee =) 2 — 6) 
the series is absolutely convergent, and is infinite for any value of z 
if |z|>2 
A. Put $= 2--¢.. ‘Then z=.6 — 


The series 


et ees 8 


is absolutely convergent at all points 
& inside the circle Cdescribed about 
«© € asa center with radius 
R=|C—p. 
Fic. 160. p being the nearest pole of /(z) to €. 
For any assigned ee of & in this circle the series S$ is con- 
stant with respect to €, since 


Lk -), oO pos ene, 


and this iso when 2 = oo. ; 
Now we can always move € up to & along the straight line join- 
ing them, the series § remaining constant in value. But when 


€ = &, we have 
DS (6 6)" HO) = 2). 
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Therefore * this equality is true for all values of &, € which make 
the series absolutely convergent, i.e., at any point inside the cir- 
cular boundary corresponding to any assigned € and the nearest pole 
p of f(z); described about € as center with radius of absolute con- 
vergence, 


kR=|p-—¢|. 


NOTE 8. 


Supplementary to Note 6, 


Pringsheim’s Example of a Function for which the Maclaurin’s 
Series is absolutely Convergent and yet the Function and 
Series are different. 
et 


feo} 


A” —_ r 


A and a being positive constants, @ > 1. ‘This function is one- 
valued, finite, continuous, and unlimitedly differentiable for all finite 
values of the real variable x. It has, however, infinitely many com- 
plex poles 


aes 


a’ 





a 


an infinite number of which are in the neighborhood of « = 0, which 
is therefore an essentially singular point. 


aight 


: 





For the ath derivative of /(x) we find (¢ = + V— 1) 
pee Nt aye z Anat)" I I 
srs) = ant ) (=) r! \GEliye - @eye |} 


teva —Oe 
woe * 
fin +*(0) = 0, 
f2m(o) = (= 1)"(2m)! e-™, 


Therefore the Maclaurin’s series is 


ey xr 
aS) = (— Dhgearr ; (2) 
é a 


= @-* — @-Aaig? 1 e-Aatat — , 


This series is absolutely convergent for all finite real values of x. 





* This problem was first solved by Cauchy, by means of singular integrals. 
See any text on the theory of functions of a complex variable. 
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Now let’ A <7 cc ie 


i i 





I A I 
Ae Ue ape” rel aa tide er ee 
and See: 


In particular, let « = a-#. 
: ay I Se a 
“wane aye r+a~ ati 
os fats es SS when 2 Seq 
a—I e+ 1 
when aks > et or a> — 
The function /(x) and the series $ 
are different. 
In the figure the solid line is the 
curve y = /(x), the dotted line the curve 
= S§, constructed with exaggerated 


ordinates, for the values A = log 2, 
Fic. 161. a—2.* 








NOTE 9. 
Supplementary to § 118. 


Riemann’s Existence Theorem. 


Any function /(x) that is one-valued and continuous throughout 
an interval (a, 4) is integrable for that interval. 

Let the numbers x,, x,,... , v,-, be interpolated in the inter- 
val (a, 4) taken in order from a = x, to 6 = x,,. 

We have to prove that the sum of the elements 


Sie ENeNe aes (x) 


converges to a unique determinate limit, when each subinterval con- 
verges to zero, whatever be the manner in which the numbers .v, are 
interpolated in (a, 6). 


I. The sum S, must remain finite for all values of % For /(x) 
is finite, and if 17 and m are the greatest and least values of /(x) in 


(a, 6), 
m(b —a)<S, < M(b—a). 


Also, since /(x) is continuous, there exists a value & in (a, 4) at 


which 
Sy = (6 — a) /(8), (2) 
/(&) being a value of /(x) between m and J 





* For further information on this subject, see papers by Pringsheim, J/a¢h. 
Ann. Bd. XLIL p. 109. Math. Papers Columbian Exposition, p. 288. 
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pale ees in the rth subinterval of (1), in any manner, 
ny — 1 values x/, SoteenOrmw,  Lhen, as in J 


hal EAE), — x,_,) = (*%, — « Slee). (3) 


where &’, is some number in the subinterval (x,, x,_,). 

Form similar sums of elements for each of the 2 subintervals of 
(1). Let p =nm+...-+', Add the 2 sums of elements such 
as (3). 7 

Hence 


Beha, 
4 
— = f2,)(X, a Kya) 


SBE Ee Se) 


This is a new element sum containing p > 2 elements, which is 
to be regarded as a continuation of (1) by the interpolation of new 
numbers in each subinterval of (1). 

Subtracting (4) from (1), we have 


SS Se 3 (Ne) —/(& )\(%, = 4-1). 


Let 6 be the greatest absolute value of the difference between the 
greatest and least values of /(x) in the subinterval (x, — +x,_ 1)» 
elena. «, ws LY BEN, SINCE J ) and IG: are values of /(x) in 
(%,, Dy s)s 


Sn — S;| <|63 (2, — 1); 


| (6 — 2), (5) 
for all values of the integer , however great. But when each sub- 
interval converges to 0, then 6(=)o, since (x) is continuous, and 
at the same time 7 = o. 

Therefore, by the definition of a limit, S, converges to a limit 
when 7 =o. 


III. To show that the limit of S, is wholly independent of the 
manner in which the interval (a, 4) is subdivided: 

Let there be an entirely different and arbitrary interpolation 
Wale jt... Consider the element-sum 


1? m1 
St, = B fll xt — at.,). (6) 


Interpolate in (a, 4) the numbers 


é / / 
Pe es Kip 2 2 ey Xm x9 


occurring in (1) and (6), thus dividing (a, 4) into m -+ x intervals. 
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Interpolate in each of these m-+ ” intervals new numbers, thus 
dividing (a, 4) into m+n subintervals. Form the element- 
sum S,, +4, corresponding to these subintervals. 

Then, by II, S, and S,4,4, converge to the same limit. In 
like manner S,, and S,,4,,4, converge to the same limit. Therefore 
S, and S,, converge to a common limit. The uniqueness of the 
limit of (1) under any subdivision whatever of (a, 4) is demonstrated. 

This theorem gives the means of defining analytically the area and 
length of a curve, and the volume and surface area of a solid. 


NOTE 10. 


~ Supplementary to § 135. 


Formule for the Reduction of Binomial Differentials of the form 
x(a + bx") "dx. 


Put . P=GEEe. Then 
J Dxyt = axe" + nybxete—iyr-, 
= aaxt—ryr-* +. (aa + ny)bxet8—-tyy—x, (1) 
= (a+ nya — anyae—iyrs, (2) 


In (1), put a=m—n+1, y=pf+1, then 
Dam *tryptt = alm — n+ 1)x™ "yt + (mp + m+ 1)bx™y?, (A) 
In (2), put @=m+1, y.=p, then 
Dati = (np + m+ 1)x%y? — anpary, (B) 
In (1), put wm=m+1, y=p+1, then 
Dac iyt** = a(m + r)xMyt + (np +m +n + x)bam¥yh,  (C) 
In (2), put a=m+1, y=p+1, then 
Damriyt = (mp + mnt x)x%y — an(p+ x)x%y,  (D) 
Integrating the formule (A), ..., (D), we have the formule of 
reduction, where y = a + dx": 


ef eet (m ae “ 1)a fa 
frte= Eee oven oe 








- hes x tty? anp re 
[oe ee es fe 
a = ee Gib eee ae min 
fe Wax = Cee ae (a ie. J dt: Gy 


- ia Eli a apt+mtnati eae 
[O*"- san) =e 
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NOTE 11. 
Supplementary to § 165. 


If y = /(x) be represented by a curve, and y, Dy, D*y are uniform 
and continuous, then we can always take two points P and P, on the 
curve so near together that the curve lies wholly between the chord 
and the tangents at P and P,. 

Let x, y be the coordinates of P, and 
X, V those of P’, any point on the curve 
between P aud P,. 

The tangent at P has for its equation 

F,= f(x) + (X— x) F'"(*). 

At any point x, y of ordinary posi- 
tion, not an inflexion, the difference 
between the ordinate to the curve and 
the tangent is 


ees eS (Ss), (1) Fic. 162. 


where & is some a eate: between x and X. We can always take X 
so near to x that /’’(&) keeps its sign the same as that of f”’(x) for all 
values of §& in (x, X), Therefore the difference (1) keeps its sign 
unchanged in (x%, X) or the curve is on one side of the tangent, for 
this interval. 

The equation to the chord PP. is 


F=f *y + (X— %)f"(Ey)s 
where //(&,) is the slope of the chord PP,. The difference between 
the ordinates of the curve and chord is , 


KX) — Fo = (X — #) (6) — FS). (2) 

Let x, be so near x that /"(x,), /’(&,) have the same sign as /’(.v). 

Then this difference (2) keeps its sign unchanged for all values of X 

in (x, x,). It can now be easily shown that (2) and (1) have opposite 

signs, and there can always be assigned a number x, so near x that the 

curve PP, lies wholly in the triangle formed by the tangents at P, P, 
and the chord PP,. 





CSc 


NOTE 12. 
Supplementary to § 226, IV. 
Proof of the Properties of Newton’s Analytical Polygon. 


1. Let there be any polynomial in x and y, such as 


f= Ax + . he + Apxrrys, (1) 
wherein the exponents a, / of arch, term satisfy the linear relation 
an + 68 = ¢, (2) 


c being taken a positive number. 
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Let / be arranged according to ascending powers of y, so that 
Pi hme eh Cae 


Lari A, + Ag ye 4), 


_6 Ba—B, 
ae yt spar, eh +, Peete (3) 
ae b ) 
=x ie .— 2) Ce (yas eS RBm—B, A,, (4) 
& 
where 4,,..., 4g, are the roots of the equation in #¢ = yx *, 
Af A fit a BE fae 


Therefore the locus of /= o consists of x = 0, y = o, and the 
parabolic curves 


ye ee (7S 5h oe pee ee 
& 


2. In(3), lety = x7, & being constant. Then 
j= Axia A,xtapaghr a 4 tert 
= Ais A Prxttterey Bieieke 
= (4 Ape ) 


€. 
= Kx", & being constant. 


3. Let _/’ be a function A’x*’y8’, or the sum of a finite number of 
such functions, such that the exponents a’, 6’ of each term satisfy the 


linear equation 
aa’ + bp’=c’. 
b 


Then, asin 2, let_y = &v*, and we have in the same way 
Fa 
ee — Ye eae 
X’ being a constant. 
4. Let a, 4 and ¢, c’ be positive numbers. 
Then , 
f! tps 
ae 
Sf — ail , 
where x and y satisfy y* = hx, 
(1). If Se, then 


{=o when x( =)o, I(=)o. 





SUPPLEMENTARY NOTES. 473 


(2)s livee ce). then 
Te a h pao 
ae Oe 
5. We are now prepared to prove § 226, IV, (1), (2). 
Let PAS) == SC, x 9 = "0, 
(1). Let / represent that part of / which corresponds to a side of 


the polygon as prescribed in § 226, IV, (1), and F’ represent the 
remainder of /, Then 


afer’, 
or Fate 


Through each point corresponding to terms in /’’ draw a line 
parallel to the side corresponding to 7 
Then by 3, (1), we have 


f> I inc a 
—— since = 6 
Se ie 


when 2(—)-0, 9(=)o. 

Therefore in the neighborhood of the origin / = o and f=o 
are the same. 

But the form of f = o in the neighborhood of the origin is that of 
a parabola 

5 eo 

Hence /’ = o goes through the origin in the same way as does 
J = ©, whose form is that of a parabola of type y*7 = x’. 

(2). Let f represent that part of / corresponding to a side of the 
polygon as prescribed in § 226, IV, (2), and /’’ the remainder of /. 


/ 
Then ae I note, 


F wi 
Draw parallels to the side corresponding to /, through all points 
corresponding to terms in 7’. 
Then by 3, (2), we have 


ee ‘ ye 
f5= Teesluce yi O, 


WIEN A? \==):00),.Y == 00. 
Therefore /' = o and f= 0 pass off tow inthesame way. Also, 
7 = © passes off to 0, as does a parabola of type y* = hx’. 








Notre.—The same process can be extended to surfaces, using a polyhedron in 
space. The part of the equation corresponding toa plane face such that there are 
no points between that face and the origin gives the form of a sheet of the surface 
at the origin, Likewise the part corresponding to a plane face such that no point 
lies on the side opposite to the origin gives the form of a sheet at 0. The plane 
faces in each case cutting the positive parts of the axes, 


INDEX. 


[The numbers refer tothe pages.] 


Absolute number, 2 
Anticlastic surface, 360 
Appendix, 451 
Archimedes, 
spiral of, 117, 161 
area of spiral, 234 
length of spiral, 248 
Areas of Plane Curves, 
rectangular coordinates, 226, 396 
polar coordinates, 233, 397 
Asymptotes, 
rectilinear, I2I 
to polar curves, 125 
Auxiliary equation, 443 
Axes, of a conic, 323, 325 
_ of a central plane section of a coni- 
coid, 328 


Base of Expansion, 88 

Bernoulli, 
definite integral by series, 222 
differential equation, 424 

Binomial differentials, 193, 470 

Binomial formula, 67 

Binormal, 378, 379 

Bonnet, 131 

Boundary of region of convergence, 460 


Cantor, definition of number, 5 
Cardioid, 118, 163 
area, 234; length, 248 
surface of revolute, 261 
volume of revolute, 401 
orthogonal trajectory of, 438 


Catenary, 

normal-length, 116 

radius of curvature, 134 

center of curvature, 146 

curve traced, 152 

area, 228; length, 245 

volume of revolute, 258 

surface of revolute, 261 

differential equation, 446 
Cauchy, 

theorem of mean value, 79, 87, 222 

theorem on undetermined forms, 93 

on expansion of functions, 467 
Caustic by reflexion, 390 
Circle, 

area, 227, 234 

length of perimeter, 246 
Circle of curvature, 

for plane curves, 100, 134 

for space curves, 379 
Cissoid, 

tangent and normal, 115 

subtangent, 116 

curve traced, 151 

area, 229 
Clairaut’s equation, 429 
Coordinates of center of curvature, 133 
Computation of, 

e, 84; logarithms, 86; 2, 89 
Concavity and Convexity, 127 
Concavo-convex, 128 
Conchoid of Nicomedes, 160 
Concomitant, 312 
Convexo-concave, 128 
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Cone, 

volume of, 257, 266 

equation of, 349 
Conic, center of, 331 
Conicoid of curvature, 360 
Conjugate points. 334 
Connectivity, law of, 19 
Conoid, volume of, 266 
Consecutive numbers, 7 
Constant, 4 
Contact, 

of a curve and straight line, 127 

of two curves, 130 
Continuity, 

theorem of, 23 

of functions, 278 
Continuum, 3 
Convergency quotient, 14 
Cubical parabola, 135, 150 
Curvature, 130 

radius of, 133 

circle of, 134 

of surfaces, 365 

measure of, 370 

spherical, 381 
Curve tracing, 147, 340 
Curves in space, 375 
Cusp, 151, 155, 336, 337 
Cusp-conjugate point, 335 
Cusp-locus, 435 
Cycloid, 

tangent to, 114 

curve traced, 163 

area, 232 

length, 252 

surface of revolute, 261, 263 

volume of revolute, 262, 263 
Cylinder, equation of, 348 


Decreasing function, 74 

Definite integration, 215 

Degenerate forms of differential equa- 
tion of second order, 440 

Degree of differential equation, 409 

Descartes, 26 

Developable surfaces, 374 
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Devil, 161 
Difference, 
of the variable, 35 
of the function, 35 
quotient, 36 
Differential, 55, 63 
quotient, 55, 64 
coefficient, 55 
relation to differences, 57 
total, 294 
Differentiation of, 
logarithm, 41 — 
power, 42 
sum, 43 
product, 44, 69 
quotient, 45, 454 
inverse function, 46 
trigonometrical functions, 44, 45, 46 
circular functions, 48 
exponentials, 49 
function of a function, 49, 70, 453, 
455 
implicit function, 66, 296 
function of independent variables, 
282, 306 
under the integral sign, 391 
Differential equations, 
first order, 409 
second order, 439 
Discriminant equations, 434 
Double points, 334 
Double integration, 396 
Dumb-bell, 160 


Edge of envelope, 389 
Elements of curve at point, 147 
Elliott’s theorem, 236 
Ellipse, 

tangent and normal, 113 

subnormal, 115 

radius of curvature, 125 

evolute, 144, 154 

area, 228, 233 

arc length, 246 

length of evolute, 246, 251 

noriaal to, 331 

orthogonal trajectory, 433 


Ellipsoid, volume of, 268, 399° 
Elliptic functions, 208 
Elliptic paraboloid, 268, 280 
Envelopes, 

of curves, 138, 343, 435 

of surfaces, 385 
Epicycloid, 164, 248 
Equiangular spiral, 118, 162, 234 
Equilateral hyperbola, 

evolute of, 146 

area of sector, 228 
Euler’s theorem on curvature, 366 
Eulerian integral, 217 
Evolute of a curve, 144 

length of, 250 
Exact differential, 416 
Exponential curve, 150 


Family of curves, 138 
Finite difference-quotient 
Ae) — fia) 
x—a 
nth derivative of, 138 
Folium of Descartes, 
tangent, 113; asymptote, 122 
traced, 159; area, 232, 234 
Fort, 18 
Fresnel’s wave surface, 390 
Function, 
definition, I9, 273, 274 
explicit, implicit, 19, 277 
transcendental, 20 
rational, irrational, 20 
symbolism for, 21 
uniform, one-valued, 21 
continuity of, 22, 278 
difference of, 35 
derivative of, 36 
difference-quotient of, 36 
increasing, decreasing, 74 
Function of a Function, 
geometrical picture, 453 
mth derivative of, 455 


Gamma functions, 217 
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Gauss, 
theorem on areas, 241 
theorem on curvature, 372 

Geodesic line, 384 

Groin, volume of, 267 
surface of, 408 


Harkness, 451 
Helix, 376, 384, 405 
Holditch’s theorem, 238 
Homogeneous, 
coordinates, 339 
differential equation, 414, 431 
Horograph, 372 
Hyperbola, 
tangent, 113; asymptotes, 122 
radius of curvature, 137, 
area, 228, 233 
orthogonal trajectory, 432 
Hyperbolatoid, volume of, 269 
Hyperbolic sine, cosine, 29 
Hyperbolic spiral, 
traced, 162; subtangent, 117 
area, 234; length, 248 
Hyperbolic paraboloid, volume, 399 
Hy perboloid of revolution, volume, 258 
Hy pocycloid, 
tangent, 113; evolute, 146 
traced, 154, 164; area, 229 
length, 246 
volume of revolute, 258 
surface of revolute, 261 


Increasing function, 74 
Indicatrix of surface, 361 
Infinite, infinitesimal, 2, 7 
Inflexion, 128 : 
Inflexional tangent, 332, 355 
Integer, definition, I 
Integral, definition, 165 

indefinite, 173; definite, 215 

fundamental, 173 
Integration, definition, 167 

by transformation, 178 

by rationalization, 182 

by parts, 183 
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Integration by partial fractions, 185 
_under the /‘sign, 393 
Integrating factor, 420 
Interval of a variable, 4 
Intrinsic equation of curve, 251 
of the catenary, 252 
of the involute of circle, 252 
of the cycloid, 253 
Illusory forms, 95 
Inverse curves, 161 
Involute of a curve, 144 


Jacobi’s theorem on areas, 241 


Lacroix, 335 
Lagrange, 

theorem of mean value, 78 

differential equation of, 430 

interpolation formula, 241 
Leibnitz, 

nth derivative of product, 69 

symbol of integral, 170 

linear differential equation, 423 
Lemniscate, 99 

traced, 156, 159; area, 234; length, 

253; area revolute, 263 

Lengths of curves, 

plane curves, 243, 247 

curves In space, 404 
L’Hopital’s theorem, 94 
Limit, 

of a variable, 7 

principles of, 7 

theorems on, 8 

of (I + 1/2)4, 16 

of integration, 167 
Limagon, area of, 239 
Linear differentiation, 293, 301, 307 
Linear differential equation, 443 
Line of curvature, 384 
Logarithmic curve, 

traced, 150 ; length, 246 
Logarithmic spiral, 

area, 234; length, 248 
Loxodrone, 384 


Maclaurin’s series, 83, 467 


INDEX. 


Maximum and Minimum, 103 
independent variables, 314 
implicit functions, 321 
conditional, 322 . 

McMahon, 416 

Mean Value, 
theorem of, 76, 218 
formula by integration, 220 
for two variables, 309 

Mean Curvature, 371 

Meunier’s theorem, 366 

Modulus of a number, 3, 458 

Morley, 451 


Neil, 245 

Neighborhood, 7, 278 

Newton, : 
binomial formula, 67 — 
radius of curvature, 135 
rule for areas, 240 
analytical polygon, 340, 471 

Nodal point and line, 362 

Node, 156, 337 

Node-locus, 435 

Non-exact differential equation, 418 

Normal, 
to a curve, II14, II5, 330 
to a surface, 358 

Normal plane, 376 


Oblate spheroid, 

volume, 258; surface, 262 
Omega, 2 
Order of differential equation, 409 
Ordinary point, 

on curve, 329; on surface, 352 
Orthogonal trajectories, 43 
Osculation, 132 
Osculating plane, 377 


Parabola, 
tangent, 113; subnormal, 116 
radius of curvature, 134 
evolute, 144; area, 228, 234 
arc length, 245, 248 
length of evolute, 251 
orthogonal trajectory, 432 


Paraboloid of-revolution, 
volume, 258; surface, 260 
Parameter, 138 
Partial derivatives, 282 
Pedal curve, 239 
Plane, equation to, 347 
Planimeter, 239 
Pole of a function, 457 
Primitive of a function, 168 
Principal, 
sections of surface, 365 
radii of curvature, 365, 368 
normal, 378 
Pringsheim, 87, 467 
Probability curve, 
traced, I51; area, 395 
Prolate spheroid, volume, 257 
Pseudo-sphere, 
volume, 258; surface, 261 
Pursuit, curve of, 446 


Quotient of functions, 
mth derivative, 454 


Radius of convergence, $8 
Radius of curvature, 
plane curves, 100, 133, 250 
at point of inflexion, 135 
for surfaces, 365 : 
for space curves, 379, 389 
Real number, 3 
Reciprocal spiral, 117, 126 
Revolute, definition, 255 
volume, 256 ; surface, 259 
Riemann’s existence theorem, 468 
Roche, 222 
Rolle’s theorem, 75 
Root of a function, 457 


Saddle point, 336 
Scarabeus, 160 
Schlémilch, 222 
Semi-cubical parabola, 245 
Sequence, 14 
Singular points, 

on a curve, 158, 333 
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Singular points on a surface, 352, 362 
Singular solutions of differential equa- 
tions, 433 
Singular tangent plane, 362 
Singularity, essential and non-essential, 
457 
Solution of differential equations, gen- 
eral, particular, complete, 410 
by separation of variables, 410 
when // and JW are of first degree, 
415 
by differentiation, 426 
when solvable for y, 428 
when solvable for x, 430 
when solvable for 4, 431 
Specific curvature, 371, 372 
Sphere, 
volume, 257, 400; surface, 260, 403 
Spherical curvature, 381 
Steradian, 371 
Stewart, 238 
Stirling, 83 
Straight line, equations, 348 
Subtangent, subnormal, 115, 116 
Successive differentiation, 62 
Surface, definition, 349 
general equation, 349, 361 
of solids, 255, 402 
Synclastic surface, 360 


Table of derivatives, 52 
Table of integrals, 176 
Tac-locus, 435 
Tangent, 
to plane curves, 112, 116, 330 
length, 115 
to space curves, 375 
Tangent line to surface, 350 
Tangent plane, 351 
Taylor’s series, 82, 86, 87, 221, 457, 
467 
Tortuosity, 380, 382 
Torse (developable surface), 374 
Torus, 
_ volume, 259; surface, 201 
tangent plane to, 364 
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Total, 
derivative, 291, 294 
differentiation, 290 
differential, 294 
Tractrix, 
tangent-length, 119; area, 235 
arc length, 246 
volume of revolute, 258 
Trajectory, 431 
Transcendental function, 83 
Triple, 
point, 337; integration, 398 
Trochoids, 164 


Umbilic, 361, 369 
Undetermined forms, 92 


INDEX. 


| Undetermined multipliers, 
applied to maxima and minima, 323 
applied to envelopes, 343, 388 
Undulation, point of, 333 


| Variable, definition, 4 
difference of, 35 
Volumes of solids, 255, 398, 400, 401 


Weierstrass, 5 
example of derivativeless function, 
451 
Witch of Agnesi, 
tangent, normal, 115 
traced, 152; area, 228 
volume of revolute, 258 


Zero, 2 
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